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Contours of Constant Scattering Angle
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Traditionally, radiation-scattering experiments are conceived in terms of cylindrical geometry where

the symmetry axis is the line between the source and the target. When the target becomes extended, as
is the case in many real-life measurements, the analysis or the prediction of spectra becomes difficult.

By definition of the axis of symmetry as being between the source and the detector, the extended target
can be described in toroidal geometry with the surface of each toroid being a contour of constant scatter-
ing angle. With the scattering cross section constant over each contour, the calculation of total scatter-
ing intensities is greatly simplified.

PACS numbers: 03.80.+r, 07.85.+n, 32.80.Cy

The choice of proper geometry is crucial for the
analysis of radiation scattering, the scattering being an-

gle dependent. Traditionally the geometry of choice, for
either analysis of data or prediction of spectra, is cylin-
drical with the source-target line serving as the symme-

try axis. While being the most appropriate geometry
when we deal with point targets, it loses its usefulness
when the target is extended since now the target lacks a
well-defined symmetry. This is the most common case in

real-life measurements.
It turns out that some of the problems arising from ex-

tended targets can be circumvented by definition of the
line between the radiation source and the detector as the
main axis of symmetry. The scattering geometry relative
to this axis is then best defined in terms of contours of
constant scattering angle. These contours are meaning-
ful regardless of the shape and extent of the target. Use
of them can greatly simplify the formidable geometrical
problems traditionally encountered in the analysis of
scattering by distributed targets. Moreover, since they
offer a new, and in many cases more general view of the
scattering geometry, these contours can be extremely
helpful in the determination and optimization of ap-
propriate experimental geometries. In this Letter the
geometrical properties of these contours are derived and

discussed in the context of electromagnetic radiation
scattering. It should be borne in mind, however, that,
being defined by the scattering geometry alone, the con-
tours of constant scattering angle can be applied equally
well to any scattering process.

The coherent scattering of photons by bound electrons
does not result in a change of either the phase or energy
of the photon. The only angular dependence then is em-
bedded in the scattering cross section. For kiloelectron-
volt photons, the coherent scattering is strongly forward
directed. In contrast, the incoherent scattering of pho-
tons by bound electrons results in a change of the phase
and usually the energy of the photons. For the case of
incoherent scattering, not only is the cross section angle
dependent, but the magnitude of the change in energy is
also angle dependent. This incoherent scattering is many
times referred to as Compton or inelastic scattering.

Analysis of spectra resulting from the Compton
scattering is compounded by an inherent width of the
Compton-scattered x rays. This width results from a
convolution of the "Compton profile" with geometrical
effects. The Compton profile reflects the energy spread
caused by the distribution of momenta of the bound elec-
trons with respect to the initial photon. The geometry of
the system can affect the width since the energy of the
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scattered photon depends on the scattering angle. For
most experimental systems, acceptance of larger solid
angles means acceptance of larger spreads in the energy
of the incoherently scattered photons. To first order, the
spread in energy, hE, about the mean Compton-
scattering energy of E, resulting from the acceptance an-

gle h, 0 about 0, is

(ep/mpc ') sin 8a8
Ep [I+ (Ep/mpc )(1 —cos8)]

Understanding of spectral peaks from coherently and
incoherently scattered photons is important in many
areas of physics. The measurement of the intensity of
scattered radiation is being used as an analytical tech-
nique in materials sciences for characterization pur-
poses' and in medical physics for bone-mineral and
tissue-density determinations. 2'3 Measurement of the
width of the incoherently scattered radiation has become
an important technique in materials science which is
known as Compton profile measurements. 4 7 Adequate
modeling of the scattered radiation is essential to the un-

derstanding of the background in x-ray and y-ray spec-
troscopy.

Figure 1 shows the proposed geometry. Both the
source and the detector are assumed to be points. If we
define coordinates so that the source and the detector are
on the Z axis, we have cylindrical symmetry about the Z
axis. For any given r, the value of 8 will be constant as
we rotate about the Z axis. If we normalize r and z to b,
the angle 8 can be related to r/b and z/b as

tan0= r/b
(2)

(z/b ) (1 z/b ) —(r/b —)

axis at the midpoint between the source and the detector.
The intensity of the coherently scattered x rays from a

distributed source, normalized to the total number of in-
cident x rays can be determined from the integral

r

r z da«h
IF., „h = e (Ep, Ep) g —,— d V, (4)

where e(Ep, Ep), is the efficiency, g(r/b, z/b) is the
geometry function, da«h/d Q is the differential coherent
scattering cross section for an x ray with an incident en-

ergy Ep, and V is the volume of the scatterer. In con-
trast to coherent scattering, incoherent scattering results
in an energy distribution of the scattered x rays. The
normalized intensity distribution (in energy) of the in-

coherently scattered x rays can be determined from the
integral

r
fO 2

~here d cr;„„h/dE do is the double-differential scatter-
ing cross section9 for incoherent scattering. The double-
diff'erential scattering cross section includes the probabil-
ity of scattering of a photon of energy Ep into E. Both
the coherent and incoherent cross sections depend on the
Z of the scatterer, the energy of the photon, and the an-

gle of scatter. The volume, V, of the scatterer and the
placement of it with respect to the contours of Fig. 2
determine how many contours lines are subtended. By
our representing V in toroidal coordinates the integrals
(4) and (5) are greatly simplified, since der„h/dQ and
d rr;„„h/dE do become constants over each contour.

The geometry function is the product of the solid an-

This can be written as the equation of a circle:

(r/b+1/2tan8) + (z/b —
—,
' ) =(1/2sin8) . (3)

The circle is centered about r/b =1/2tan8, z/b = —,
' with

a radius of 1/2sin8. For any angle 8 we can now calcu-
late contours, in r/b and z/b, of constant scattering an-
gles. Figure 2 shows plots of the contours as functions of
r/b and z/b. Since we have cylindrical symmetry about
the Z axis the three-dimensional contours are toroidal.
The contour for 8=90' is a sphere centered on the Z
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FIG. 1. Geometry being oonsidered.
FIG. 2. Contours of constant scattering angle as a function

of r/b and z/b The label for each contour is i.n degrees.
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gles subtended by the source and the detector (for non-

point sources and detectors). If Ad is the area of the
detector, A, is the area of the source, d is the distance
from the scatterer to either source or the detector, and a
is the angle from the scatterer to the axis of respective
aperture, then as long as A «d, g(r/b, z/b) can be ap-
proximated as

z AdAs COSas Cosad

b'b (6)

Even though r/b and z/b are independent variables, if we

select a constant scattering angle, then r/b and z/b will

be related through Eq. (3).
The contours will be useful in the selection or in the

attempt to understand a particular geometry not only for
the analytical techniques previously mentioned, but also
for measurements of scattering cross sections and for
determination of geometrical effects. By our determin-
ing the dimensions of the sample with respect to r/b and

z/b, Fig. 2 and Eq. (2) can be used to determine 68 sub-
tended by the sample. This aspect is important since 58
is influenced not only by the width of the beam, but also

by the thickness of the target being sampled. By writing
the angle-dependent formula for the energy of the scat-
tered photon or ion, we can now analytically determine
the geometrical effects on the energy distribution of the
scattered species (d E/dr dz).

As far as Compton profile measurements are con-
cerned, this work also tells us that by fabricating the
sample properly, we can make physically large, curved
samples while subtending small 68's. Fabrication of
large samples is important in Compton profile measure-
ments made with radioactive sourcess'o since counting
statistics often limits Compton profile investigations.
However, even for high-intensity sources, such as elec-
tron synchrotron storage rings, the counting statistics
limits the investigations of the broad tails of the peaks,
which result from the inner-shell electrons. Improve-
ment of the statistics of the tails will not only help in the
understanding of the changes of the inner-shell electrons,

but also will help the unfolding of the data into contribu-
tions from each energy state.

While repeating of this analysis for other types of
scattering problems is clearly beyond the scope of this
Letter, the contours of constant scattering angle could be
generally useful whenever extended targets are being
used, regardless of the physical process being studied. In
many cases their use may simplify the problem
sufficiently to render the traditionally troublesome
Monte Carlo techniques unnecessary. Finally, it is hard
to avoid mentioning that by defining the axis of the
geometry as the line from the source to the detector in-
stead of the line from the source to the target, this ap-
proach offers a perception of scattering which is closer to
the experimentalist view than the traditional one. While
not necessarily offering practical benefits, this feature is
nevertheless esthetically pleasing.
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