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Third Sound on Substrates Patterned with Periodic and Random Disorder:
Evidence for Classical Wave Localization
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We report the results of measurements of the propagation of classical waves in thin helium films ad-
sorbed on silicon substrates with two different scattering patterns. Periodic scattering patterns show
band structure; random scattering patterns show classical wave localization in one dimension consistent
with theoretical predictions.

PACS numbers: 71.55.Jv, 43.20.+g, 67.40.Yv, 67.70.+n

The localization of Schrodinger waves (e.g. , electrons)
due to scattering from random static disorder has been
studied extensively. ' The analogous classical wave phe-
nomena (localization of electromagnetic waves, elastic
waves, etc.) has only recently commanded attentior. . ~ 6

In this paper, we report the results of experiments
which study the propagation of elastic waves in a one-
dimensional system. Our experiments involve the third-
sound ' modes of a thin superfluid He film adsorbed on
a silicon substrate; they permit us to verify quantitative
features of the theory of classical wave localization.

Third sound on a thin superfluid He film is the analog
of a shallow water wave or a tidal wave. It is driven not

by gravity, but by the van der Waals force between the
He fluid and the substrate on which the fluid resides.

For a film of thickness d4 on a smooth substrate, this
mode travels with a velocity C3 that depends both on the
strength of the van der Waals force per unit mass at the
surface of the film, f(d4), and on the film thickness as

C3 -(&p,&/p)d4f(d4). Here (p, )/p is the effective sup-
erfluid density in the helium film. ' Experimental stud-
ies'' of third sound on smooth silicon substrates have
verified this expression with f(d4) =3a/d4, where a
=37 (layers) K is the van der Waals constant for the
helium-silicon interaction and d4 is the distance mea-
sured in atomic layers (1 layer 0.36 nm) between the
free surface of the helium film and the substrate. On a
roughened silicon substrate, " third sound travels at
C ~ C3 because of the change in the film distribution
brought about by surface irregularity. The surface
roughness is characterized by the index of refraction
n =C3/C, which depends on d4.

In the experiments we describe here, patterns of one-
dimensional disorder are created by abrading a sequence
of strips of width ~ on an otherwise smooth silicon sub-
strate. N abraded strips constitute a sequence of N
scattering units. Each unit of length lj [Fig. 1(a)] con-
sists of an abraded strip of width w, on which the third
sound velocity is C2, and a segment of smooth surface,
on which the third sound velocity is CI, giving n =CI/C2.
The propagation of third sound across the jth unit in

g(co)

I

2
Ci 4

(n' —1)' '

Below we report the results of experiments that give
qualitative and quantitative support for this prediction.

The experiments are conducted at 1.35 K in a sample
chamber cooled by a standard He refrigerator. The

(a)

(b)

FIG. 1. Schematic representations of abraded substrates.
(a) Abraded strips of width w located on a silicon substrate,
viewed here in side cross section. (b) Schematic top view of an
abraded array located on a Si wafer; visible adjacent to the ar-
ray is the time-of-Aight apparatus used to measure CI.

such a system is described by a 2 x 2 frequency-
dependent matrix Ti (co), where T I I

=T22 = (cosp+
iasinIII)e' ', TI2 T2I ibsin(p)e' ', &=cow/C2, Oj =co
x(li —w)/CI, and a and b are amplitudes that depend
on the index of refraction as a (n + 1)/2n and
b (n —1)/2n.

Condat and Kirkpatrick have studied classical wave
localization on systems of this type. For the case of posi-
tion disorder, i.e., random variation in li, they find a lo-
calization length g(co) for modes of frequency co that is a
complicated function of co, n, w, and the density of
scatterers, I '. At low frequency (cow/C2 ~ 1, i.e.,
co/2tr ~ 50 kHz), their result' reduces to

1286 P& 1988 The American Physical Society



VOLUME 61, NUMBER 11 PHYSICAL REVIEW LETTERS 12 SEPTEMBER 1988

sample chamber contains two Si substrates that are coat-
ed with a thin He superAuid film. On one of these,
denoted P, 100 abraded strips are arranged periodically
over a length L =5.0 cm such that Ij =500+ 4.3 pm.
On the other, %, 100 abraded strips of average separa-
tion 500 pm are arranged over the length L with posi-
tions chosen from a random number generator. In both
cases, the abraded strips have width w =16~0.6 pm
and are 2.9 cm long. ' Third sound is generated and
detected with Al transition-edge superconducting bolom-
eters [2.1 cmx150 pmx(30-40) nm] that are evapo-
rated onto the smooth silicon surface between abraded
strips on both P and R [Fig. 1(b)]. The generators, lo-
cated near the middle of the arrays of strips, are driven
either by current pulses (-1 nJ) or in continuous-wave
(cw) mode (-20 pW rms). The detectors, at distances
of 0.25 and 1.0 cm from the generators, are biased with
direct current of nominally 100 pA. Modest changes in

these operating parameters do not change the qualitative
or quantitative features of the results. It is possible to
interchange the role of generator and detector; the im-
portant features in the results reported below are invari-
ant to this interchange. In a typical cw experiment, the
generator frequency is stepped (-3 h) so as to produce
third sound in the range 10 Hz ~ co/2ir ~ 80 kHz.

During routine operation of an experiment, He could
be admitted or removed from the sample chamber so
that the film thickness, C~, and C2 could be varied. C~,
and hence the film thickness, is measured in situ with a
third-sound time-of-fiight apparatus located on a smooth
region [Fig. 1(b)] of the silicon substrate.

Measurement of the third-sound amplitude A(co) at
distances Sl 0.25 cm and 20l =1.0 cm from the genera-
tor were made on both the periodic array, reported as
P5(co) and P2o(co), and on the random array, reported as
R5(ro) and R2o(co), for films of thickness 3.9 ~ d4
~11.8 layers. In Figs. 2(a)-2(c), we show P5(co),
R5(co), and R2o(co), respectively, versus co/2ir for
d4 5.0 layers.

Let us begin by looking at the result in Fig. 2(a) for
the periodic array. The most apparent feature of P5(co)
vs co/2z is the band structure. We can use the several
prominent edges of the band structure and the transmis-
sion matrix model described above to estimate the
scattering strength of a single abraded strip. For the
particular case with d4 =5.0 atomic layers shown in Fig.
2(a), we find n = 3.4.

There is a particularly notable feature in the Ps(co) vs

co/2x band structure that suggests that the abraded
strips are not all equivalent; the amplitude seen at the
high-frequency band edges is suppressed relative to that
at the respective low-frequency band edges. Site disor-
der, i.e., different values of C2 on different strips, would
couple strongly to the modes at the upper band edges
(the upper-edge modes have maximum amplitude on the
strips), but not at all to the modes at the lower band
edges (the lower-edge modes have nodes on the strips).

(b)

Frequency (kHz)

FIG. 2. Amplitude of detected third sound in arbitrary units
vs frequency. The amplitudes at distances 5l and 20I from the
generator are plotted vs co/2z for a film thickness d4 5.01ay-
ers: (a) P substrate, Pq(co); (b) % substrate, R5(co); (c) R
substrate, Rqo(co).

We believe the band-edge asymmetry seen in Fig. 2(a) is
due to site disorder. ' Thus, the value of n obtained
from the prominent band features is to be regarded as an
average value. Because of the presence of site disorder,
we might expect to see incipient localization of the third
sound on the periodic substrate. Indeed, we believe that
the general decay of P5(ni) as co increases within a band
is caused in part by this localization. We return to this
point later.

Let us now turn to Figs. 2(b) and 2(c), which show
the amplitudes Rs(co) and R2o(co) for third-sound prop-
agation on the random array. Examination of R5(co)
[R2p(co)] shows that almost no modes at a frequency
greater than 20 kHz [15 kHz] are detected 0.25 cm [1.0
cm] away from the generator for the % array, in strong
contrast to what is seen on the P array. We believe this
to be due to localization on length scales less than 0.25
cm [1.0 cm] of most modes at frequencies above 20 kHz
[15 kHz] brought about by the position disorder of the
abraded strips on the R array. We are unable to do an
experiment on an ensemble of realizations of the system
in order to report realization-averaged measurements of
this behavior. However, by changing the film thickness,
we can change the system, i.e., C& and C2. While the de-
tailed behavior of A(co) vs co is different for different
values of d4, we observe the qualitative features seen in

Figs. 2(a)-2(c) to be present for every film thickness we
have studied. '
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To extract quantitative information from data like
that in Figs. 2(b) and 2(c), we carry out an analysis of
the data based on the hypothesis that the amplitude
measured at distance ml away from the generator,
A (m), scales with a single, m-dependent frequen-
cy co (d4), i.e., A (ro) =g(ro/co ). Then, I (ro)
=fp A (rp)de =co G(co/ro ), where I (ro)/rp is a
universal function of co/co . We treat the data for each
film thickness as follows: (1) Integrate the A (rp) vs rp

data as called for immediately above [see Fig. 3(a)]. (2)
Fit I (ro) to a convenient analytic form in order to ob-
tain values for co . For convenience, we choose this
form to be IF(co) =8 [1 —exp( —co/i0 )].

In Table I we tabulate co found from this analysis for
m 5 and m=20 at film thicknesses 3.9(d4~11.8
layers. We note that the values for co are consistent
with [/Jm scaling as called for by Eq. (1); ru5/rp2p —2

for each d4. That is, we expect to detect only those
modes co~ co that are of a size comparable to or
greater than ml at a detector located a distance ml away
from the source; such modes are not localized on a
length scale less than ml. In anticipation of the fact that
we are seeing evidence for localization characterized by
Eq. (1), we form the quantity (Cl/wctu ) /m =y. Mea-
sured values for y are recorded in Table I. To the degree
that Eq. (1), an asymptotic relation between the locali-

zation length and co, correctly describes the dependence
of the frequency scaling on m, we expect y= (n —1) /4,
independent of m. From column (d) in Table I, we see
that for the four film thicknesses studied, y5=y20 with
no systematic deviations. The universal character of
I(co) is clearly illustrated' in Fig. 3(b). We take these
results as strong evidence that the third-sound modes on
the % array are localized with a localization length
which has the ro dependence of Eq. (1).

Is there an alternative explanation of these results in
terms of an ordinary third-sound attenuation mecha-
nism. The qualitative appearance of the % data, i.e., its
"raggedness" as a function of frequency, makes such an
explanation implausible. However, in order to make a
quantitative assessment of the possible inAuence of at-
tenuation, we have analyzed the data on the periodic ar-
ray in two ways. (1) We took the departure of the data
on the periodic array from the ideal periodic response to
be due entirely to attenuation. We then fit the data with
two attenuation coefficients, one describing attenuation
on the flat Si surface and the other on the abraded strips.
Introduction of these attenuations into a numerical simu-
lation of the behavior of an % array led to the destruc-
tion of all vestiges of localization; the delicate balance of
interferences that lead to the "ragged" response charac-
teristic of the data was gone. (2) We took the departure
of the data on the periodic array from ideal to be due to
a combination of site disorder and attenuation. For ex-
ample, at d4 5.0 layers, a fit to the data leads to an es-
timate of the strength of the side disorder, bn =1, and of
the attenuation. When this site disorder and attenuation
were introduced into a numerical simulation of an % ar-

ray, results in qualitative agreement with the data were
found. This attenuation alone, however, would lead to a
decay of the detected signal 1 cm from the source at
characteristic frequency co~/2m=40 kHz. This frequen-

cy is -8 times larger than the value of co20 reported in
I

$Q 40
Frequencv (kHz)

50

TABLE I. Parameters relevant to the analysis of third
sound on the 8 array; (a) third sound velocity from time-of-

flight measurements; (b) distance between generator and

detector in units of I; (c) scaling frequency determined from

the fit to 1(co); (d) y (Cl/wro ) /rn, using the data in

columns (a) and (c) with w =16 pm.

().4

Cdm

FIG. 3. 1(co) vs ru. (a) 1(cu) calculated from the data in

Figs. 2(b) and 2(c) is plotted vs co/2x. The dashed curves are
fits to the form I (co) =8 [l —exp( —co/co )l, and yield the
values of co in Table I for d4 5.0 layers. (b) 1*(ro)
[—:I (co) normalized (Ref. 16) to 1.0 at large co] vs r0/co for
m 5 and m 20 for the four coverages listed in Table I.

d4
(layers)

3.9

5.0

8.5

1 1.8

(a)
CI

(cm/sec)

2529

1945

994

646

(b)

5
20

5

20
5

20
5

20

(c)
co /2z
(kHz)

13.9
7.4

10.3
5.3
5.6
2.7
3.4
1.8

(d)

65
57
71
66
62
68
72
63
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Table I. Similar ratios of cup/c02o are found for the other
thicknesses. Thus, although attenuation is present in this
system, we find no evidence that it acts to seriously pros-
cribe our basic conclusion.

As a final point, we note that the magnitude of y in
column (d) of Table I is somewhat larger than we would
expect based on Eq. (1). Recall that Eq. (1) is appropri-
ate to the case of position (p) disorder alone. We noted
above that there was strong evidence for site (s) disorder
on the P array; an estimate of its magnitude, bn, was
found above from analysis of the 'P array. Site disorder
is also present on the % array, and will operate as an in-

dependent mechanism working to bring about localiza-
tion. Since site disorder and position disorder are in-

dependent, the measured y reported in column (d)
should be the sum of a position contribution and a site
contribution. For d4 =5.0, we estimate y, =24+ 10
from analysis of the data on the P array. Combining
this with the value of y from Table I, we find ye=45.
This value of y~ is consistent with n =3.8 in Eq. (1), and
compares quite well with the average value we estimate
from the band structure, n =3.4.

We have shown that third sound on substrates with
various scattering patterns can be used to explore quali-
tative and quantitative features of classical wave locali-
zation. Quantitative predictions, g(co) cx: 1/co and y in-

dependent of m, are confirmed by the measurements. It
appears possible to extend measurements of this type to
two-dimensional systems where, in addition to localiza-
tion, interesting fluctuation and correlation effects have
been predicted. '
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