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Model-Independent Constraints on Possible Modifications of Newtonian Gravity
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New model-independent constraints on possible modifications of Newtonian gravity over solar-system
distance scales are presented and their implications discussed, The constraints arise from the analysis of
various planetary astrometric data sets. The results of the model-independent analysis are then applied
to set limits on a variation in the 1/r2 behavior of gravity, on possible Yukawa-type interactions with

ranges of the order of planetary distance scales, and on a deviation from Newtonian gravity of the type
discussed by Milgrom.
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a~i =Itp(a ta) (T~/2tr) '. (2)

This procedure gives the semimajor axis relative to a
standard orbit at 1 AU, and this is all that can be deter-
mined with period data alone. However, for several
planets there are also range data available —either
planetary radar or spacecraft tracking to a planetary or-

We present here the results of an analysis of high-
precision solar-system data in which we test for an ap-
parent variation of the effective value of Ito=GMO with
distance, where G is the Newtonian constant of gravity
and Mo is the mass of the Sun. We also present new

limits on an anomalous precession of the perihelia of
Mercury and Mars, obtained by studying how closely the
orbits of these planets complied with the predictions of
general relativity. Both of these results are then inter-
preted in terms of constraints on a deviation of the law

of gravity from Newton's 1/r behavior, on possible
Yukawa-type intermediate-range interactions, and on a
modification of nonrelativistic gravitation of the type
suggested by Milgrom.

One of the consequences of a variation of Ito with dis-
tance is a modification of Kepler's third law:

ap3 =Ito(ap) (Tp/2tt) ',

where T~ is the period and az is the physically measured
semimajor axis of the orbit of planet p. Given a set of
values for at, and TI„Eq. (1) can be used to determine
Ito(r). However, the period of a planet has historically
been determined much more accurately than has the
semimajor axis. For this reason the standard method of
analysis of solar-system astrometric data' has been
to define Ito to have a particular (constant) value,

Ito(r) =po(a @)= tc, where tc is Gauss's constant
(0.01720209895 AU I /day, where AU denotes the as-
tronomical unit), and to derive a "semimajor axis pa-
rameter" via

biter, lander, or flyby. In these cases it is possible to
measure az directly (and to thereby determine the size of
the AU in kilometers).

If po is a function of distance, then the scale of the
semimajor axes will be different for each planet, and we
can combine Eqs. (1) and (2) to yield

t/3

-=(1+ ) = (3)
ap K

Thus, the signature for a variation of Ito with distance is
a disparity rip in the conversion from AU's to kilometers
appropriate to each planet. We note that Eq. (3) as-
sumes no particular functional form for po(r), except
that po(r) varies such that rlt, may be treated as a con-
stant over the orbit of planet p.

In addition to the prediction of a variation of po from
planet to planet, the various modifications of Newtonian
gravity that have been suggested also predict an anoma-
lous secular precession of perihelion within the orbit of a
single planet. As is well known, most relativistic theories
of gravity also predict a secular perihelion precession.
Although the dynamical effects both of relativistic gravi-

ty and of these modifications of Newtonian gravity are
not exactly described as simple perihelion precessions,
the precession is still the dominant term. Since this is
the case, and since we would like to present results in as
model independent a way as possible, we have chosen to
ignore the small periodic terms and to model the orbital
effects of these theories in an approximate way by as-
suming that these eflects are identical to the usual rela-
tivistic perihelion precession. The level of approximation
involved in this approach is the same as that obtained by
representation of the dynamical effects of relativity as a
pure secular precession.

In the parametrized post-Newtonian formalism of
metric theories of gravity, the relativistic planetary per-
ihelion precession is proportional to (2 —P+ 2 y)/3,
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where P and y are parametrized post-Newtonian param-
eters (both equal to 1 in general relativity). Unlike y,
the first-order eff'ect of P in planetary data only enters
through this dynamical term. Hence, if we determine P
separately for each planet, we can determine the anoma-
lous (non-Einsteinian) precession via

(6y ) —= (6y) (6yp) = (8yp) (1 P )/3, (4)

where Pp is that value of P obtained from only the data
relevant to planet p and (8&a)~ is the general-relativistic
perihelion precession for planet p.

The result computed in Eq. (4) for (Bp, )~ may be
compared to that predicted by various theoretical models
via the following prescription. If we have a potential
V, (r) which deviates from the Newtonian potential only
slightly (as it must to be consistent at all with experi-
ment), then it can be shown that the anomalous preces-
sion predicted by V, (r= 1/u) is given approximately by

BV, 8V,
(Sy, )p =+rru (5)

8u u -1/ap

TABLE I. Results of an analysis of planetary data search-
ing for an anomalous variation of po=GMO with distance
(given in column two in terms of tt, as discussed in the text)
and an anomalous perihelion shift BtII, (given in column three
in nanoradians per orbit).

Planet

Mercury
Venus
Mars
Jupiter

g
(units of 10 ' )

+40~ 50
—55~35
—0.9+ 2.8

+200 ~ 400

By.
(n rad/orbit}

—80 ~ 210

—130~ 180

In the studies testing for a variable po, a scaling fac-
tor q~ was assumed in the range data for each planet ex-
cept the Earth (q~ is zero for the Earth by definition).
This parameter was then added to the list of parameters
which are usually determined in adjusting the solar-
system model to fit the data, and least-squares fits for all
parameters and all data sets were performed. The
planets for which ri~ values could be determined were
those for which good physical distance measurements
have been made, namely, Mercury (radar range and two
ranges to Mariner 10 during Mercury flybys), Venus
(radar range), Mars (ranging to the Mariner 9 orbiter
and, especially, to the Viking landers), and Jupiter
(ranging to Voyagers I and II during Jupiter flybys).
The results of our analyses are shown in Table I. All of
our quoted values for ri~ are less than la from 0, except
for the Venus datum, which is a 1.6a result. Since these
results are consistent with a null hypothesis at the 49%
confidence level, we conclude that we find no evidence
for a variation of po over the planetary scales under
study.

where g= ~VV~ is the magnitude of the gravitational
field due to the Sun. We then have

po(r ) =po(a@) (a @/r ), (7)

and

(ay, ), =~a. (8)

Fitting of Eqs. (7) and (8) to the data from Table I gives
6=(—1.8~ 3.6) x10

Recently, there has been much interest generated by a
reanalysis of the experiment of Eotvos, Pekar, and Fek-
ete. The original experiment was designed to test the
equivalence principle between inertial and gravitational
mass. The recent reanalysis pointed out that there was
evidence of a hitherto unnoticed correlation of the results
of Eotvos, Pekar, and Fekete to baryon number. This
suggested the possibility of a new intermediate-range in-

teraction coupling either to baryon number or hyper-
charge. Such a coupling could be described by a poten-
tial energy between two point sources 1 and 2 of the
form

( )
aG m[m2e

—r/X

V5 r

where V5 is the potential associated with the new in-

teraction, G is the Newtonian gravitational constant
measured at r ~, m~ and m2 are the masses of the at-
tracting bodies, and a and X characterize the strength
and range of the proposed new coupling.

The variable-po and anomalous-perihelion-precession
results may also be applied to such a coupling, with
solar-system-scale X's. Starting from Eq. (9), we write
the net gravitational acceleration felt by a planet as a
sum of the usual Newtonian part and an anomalous V5

The perihelion-precession analysis was done separately
from the study of the variation of po. A value for P~
was determined for Mercury and Mars in similar least-
squares fits to all data and all parameters. Equation (4)
was then used to infer the values quoted in Table I for
(8p, )z. As with the determinations of rI&, we find no
evidence for any deviation from Newtonian gravity.
Comparing these results to previous studies, 34 we see
that the new result for Mercury has improved only mar-
ginally from the Bp, M„,„,&=130~250 nrad quoted by
these previous authors, while the value for Mars has im-
proved by a factor of 30 over the previous result
8&,, M -0 5600 nrad.

We turn now to the applications of these results to
several particular models of non-Newtonian gravity. We
first consider the case of a simple excursion from the
inverse-square law of the form

( )
po(ae)ata

2+ar
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part:

g(r) = —r
G~~
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analysis could be used to set limits on several possible
distributions of dark matter trapped in the vicinity of the
Sun. While a detailed treatment of this idea is beyond
the scope of this paper, we would suggest that Eq. (15)
provides a possible formulation of the eÃect of matter
distributed around the Sun with a spherically symmetri-
cal monotonically decreasing density, and that the limits

quoted above would therefore apply to such distributions
as well.
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