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Self-Induced Stimulated Light Scattering
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The laser-induced collective rotation of molecules in a liquid crystal is treated as a novel stimulated
light-scattering process in which the Stokes shift is not constant but is induced by a pump field. The
solution following the usual coupled-wave approach appears as a nonlinear eigenvalue problem and ex-
hibits bistable behavior.

PACS numbers: 61.30.6d, 42.65.Dr, 64.70.Md

We present in this paper a theoretical discussion on a
novel stimulated light-scattering process in which the
material excitation has a frequency depending on the
pump laser intensity. In a recent publication, it was
demonstrated that when a sufficiently intense circularly
polarized laser beam is normally incident on a liquid-
crystal medium, the output becomes elliptically polar-
ized; the polarization ellipse rotates with a constant an-
gular velocity that depends on the input laser intensity.
This phenomenon arises because the laser beam transfers
parts of its angular momentum to the medium and
causes the molecules in the medium to rotate. In doing
so, the beam must also lose energy to the medium. Since
the medium is transparent, the energy loss must appear
in the form of a red shift on part of the beam. This red
shift was also measured. We realize that the rotation of
the polarization ellipse at an angular velocity 0 can be
understood as being the result of the presence of both
right and left circular polarization components in the
medium, one with the incoming laser frequency to and
the other with the shifted frequency ta —20. Obviously,
the component at co —20 must have been generated by
the pump beam via the laser-induced molecular rotation
in the medium. Such a process is generally known as
stimulated light scattering but, in the present case, since
the rotation is induced by the pump field with ri depend-
ing on the laser intensity, we call it self-induced stimu-
lated scattering. In contrast to the usual stimulated
scattering, the present process involves a material excita-
tion which is not an intrinsic resonant excitation of the
medium but is induced by the pump field, and in the pro-
cess, only the first Stokes component is generated, the
higher-order Stokes and all anti-Stokes components be-
ing suppressed. Although self-induced stimulated scat-
tering has only been observed in liquid crystals, we ex-
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no and n, being the ordinary and extraordinary refrac-
tive indices of the liquid-crystal medium, respectively. It

pect that the same process could exist in all transparent
birefringent media whose molecules are free to rotate.

We can use the usual coupled-wave approach to de-
scribe such a stimulated scattering process. Let us con-
sider a liquid-crystal film in a mesophase with its average
local orientation of molecules defined by the unit director
n=(sin8cos4t, sin8sinp, cos8), where 8 is the angle be-
tween n and the surface normal z and p is the azimuthal
angle of n with respect to the x axis lying in the film. In-
itially, n is uniform throughout the film. In the presence
of a normally incident laser beam, n can be reoriented as
a function of z. We assume here that only the azimuthal
angle p can be varied. This corresponds, for example, to
the case of the smectic-C film with its layers parallel to
the film faces; an extremely strong field would be re-
quired to change the angle 8 appreciably.

The wave equations for the right and left circularly
polarized components, Ett = (E„+t'Ey)/J2 and EL =(E„
—t'Ey)//J2, of a plane wave propagating in the liquid-
crystal film along z can be shown to have the form

2Ett
1 g2 e egg ER

(1)
tlz EL, c2 Qt, eaQ e L,

where
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is seen in Eq. (1) that Eg and FL are coupled via the Q
and Q* terms, but Q (or p) can actually be varied by
the applied optical field. The equation of motion for y
comes from the balance of optical, elastic, and viscous
torques in the medium, namely

aBQ/Bt =r, +k8 p/Bz, (4)

where a is the effective viscosity coefficient, k the
effective elastic constant, and r, the optical torque per
unit volume on the medium along z. ' Since the time-
averaged optical torque on an anisotropic medium is

r =[(n, —nj)/Sz]Re[(n E )(nxE)],

we can show that

r, = —(e,/4x)im(EgE Q2).

(5)

dG&/dz = —,
'

igq GL exp(ikLz ikRz)—,

dGLldz = —,
'

igq Gp exp(ikgz —ikLz),
(7)

where g=(rogcoL/e)'i (e,/c). With the help of the
above equations, the expression for r, in Eq. (6) can be
written as

r, =sr, /dz (8)

with L, =(c/Sz)(I Gg I

—
I Gl. I ). We recognize that

L, (z) is actually the angular momentum flux carried by
the beam at position z, and therefore Eq. (8) simply de-
scribes the usual relation between torque and angular
momentum. Equation (4), with p=y(z) —Qt and r,
given by &~. (8), can then be integrated to yield

kdy/dz+(c/8~)(IGR I I GL I +C)+ariz =0,

(9)
with C an integration constant. Since dy/dz=(dq/
dz)/ig, we have

dq/dz+(ic/S~k)( I G~ I

' —
I GL I

'+C)q

+ (ia 0/k)zq =0. (io)

Our stimulated light-scattering process is now fully de-
scribed by the nonlinearly coupled set of equations (7)
and (10). Note that the anti-Stokes and higher-order
Stokes fields never appear in the equations.

For a right circularly polarized input beam with inten-
sity I and frequency ro the boundary conditions are

To solve the coupled equations (1) and (4) for a
steady-state solution, we first reduce them to first-order
differential equations. Let

Eo = (cop/ j~) 'i'Gp(z)exp(ikpz ironer
—),

with ko=ropJe/c (P=R,L) and Q=q(z)exp( iot)—
with q(z) =sin8exp[iy(z)]. Then the slowly-varying-
amplitude approximation in Eq. (1) gives roR

—
roL, =20

and

IGg(0) I
=(SnI/roc)'i and GL(0) =0 at z=0. The

conservation of the total number of photons in such a
scattering process requires I Gg(z) I

+
I GL(z) I=

I GR (0) I, which can be easily obtained from Eq. (7).
For the molecular reorientation, we notice that the term
kdy/dz at the boundaries z=0 and z=d actually de-
scribes the mechanical torques exerted by the liquid-
crystal molecules on the sample walls. If the molecules
are free to rotate at the walls, then we should have
dy/dz =0 at z =0 and z=1. The former condition leads
to the determination of the integration constant
C= —

I GR(0) I in Eq. (9) or (10). The latter condi-
tion yields

«d =L, (0) —L, (d) =(c/4~)
I GL(d) I

',

which describes the conservation of the angular momen-
tum flux. The elastic torques are absent in the above re-
lation because they come from internal forces. With the
ellipticity of the beam polarization given by the Stokes
parameter

s3 ( I GR I

' —
I GL I

')/(
I GR I

'+
I GI. I

'),

Eq. (11) can be written as

n =(I/road)as(,

where As3 =1 —si(d) is the change of ellipticity suffered
by the beam in traversing the sample. The above equa-
tion shows that 0 is directly proportional to hs3, both
being easily measurable quantities.

Equations (7) and (10) can now be solved with the ini-
tial conditions Gg(0) =(Szl/roc)', GL(0) =0, q(0)
=sine [with y(0) chosen as 0], and a prescribed value of
Q. In particular, the ellipticity change As& across a sam-
ple thickness d can be calculated. In view of the con-
straint of Eq. (13), this means that 0 cannot have any
arbitrary value. In other words, the solution of Eqs. (7)
and (10) must be consistent with Eq. (13). Therefore,
what we have here is a sort of nonlinear eigenvalue prob-
lem with 0 being the eigenvalue which depends on I and
the process itself.

Analytical solution of the problem is difficult, but nu-
merical solution is straightforward. A standard Runge-
Kutta subroutine can be used to integrate Eqs. (7) and
(10) for given I and d. The function s3(Q) and hence
As 3 (0 ) can be calculated for various 0 . The result,
coupled with Eq. (13), then allows us to find the values
of A$3 and 0, either numerically or graphically.

In the limit of small intensity I, Eqs. (7) and (10) can
be solved analytically, yielding s3(d) =cos(gd) and
0 = {[I—cos(gd)]/broad]I. We see that 0 starts to in-
crease linearly with I for small I, unless cos(gd) =1,
which corresponds to a sample of optical thickness nX,
with integer n. In this case, for an undistorted sample,
the polarization of the beam remains unchanged in
traversing the medium and no angular momentum is
transferred. Therefore, for an optical thickness of nX, ii
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Ar+ laser beam.
A cyclic behavior is also seen in the function Q(I) for

the k/2 sample [Fig. 1(b)], but now the multivalued be-
havior appears at lower intensity. The branch starts
linearly from fl =0. This is expected, since in this case
we have a large angular momentum transfer at low in-

tensity, because of the linear birefringence of the sample.
As seen from Figs. 1(b) and 2(b), switching from the
first branch to the second branch occurs at =7.15
kW/cm2 as I increases, and back to the first branch at
=0.5 kW/cm2 as I decreases.

In summary, we have described a self-induced stimu-

lated light-scattering process in which the Stokes fre-

quency shift is not a characteristic constant of the medi-

um, but depends on the pump intensity. The solution of
the coupled-wave equation appears as a nonlinear eigen-
value problem and can exhibit bistable behavior at
suIIiciently high pump intensity. The description should

apply to the process of laser-induced collective rotation
of molecules in a liquid-crystalline medium. Such an

effect has been experimentally observed in a nematic
film. This latter case is, however, more complicated be-

cause both the polar angle 8 and the azimuthal angle p

of the molecules can be reoriented by the pump field.
When the variation of 8 is small, one could indeed ob-

serve an azimuthal rotation of molecules with a constant
velocity Q(I) in effective agreement with the theory
presented here.
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The effective constants a and k are related to Leslie's

viscosity coefficient y & and Franck's elastic constants k22 and

k33 by a-ylsin'8 and k =(k22sin 8+k33cos 8)sin 8 [see, for
example, P. G. de Gennes, The Physics of Liquid Crystals
(Oxford Univ. Press, Oxford, 1974)].
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