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Existence of Long-Range Order in the XY Model
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The existence of long-range order (LRO) at low temperature in the isotropic XY model with spin
S =1 on simple cubic lattice in three or more dimensions is shown. This completes the proof of the ex-
istence of LRO at low temperature in the isotropic XY model with arbitrary spin size in three or more
dimensions, as the proof for S =3 was given earlier by Dyson, Lieb, and Simon. The existence of LRO
in the ground state is shown for S = 2 in two dimensions.

PACS numbers: 64.60.Cn, 05.30.—d, 75.10.Jm

Although the existence of phase transitions in the
Heisenberg ferromagnets or antiferromagnets (AF) in
three dimensions is taken for granted by many physicists,
the rigorous proof of the existence is far from a simple
problem. The proof for the Heisenberg ferromagnet,
which is most likely to have the long-range order (LRO)
at low temperature, is not yet known, while the proof for
the classical counterpart is known.! The existence of
phase transitions in quantum spin systems with a con-
tinuous symmetry group was first shown rigorously by
Dyson, Lieb, and Simon (DLS).? They showed the ex-
istence of LRO at low temperature in the spin-§ iso-
tropic XY model and the AF Heisenberg model with spin
S'=1 in three or more dimensions.

Recently the existence of LRO in the ground state in
two dimensions has been questioned in the isotropic XY
and the AF Heisenberg* models from the numerical re-
sults of finite systems. The existence of LRO in the
ground state was proved for the AF Heisenberg model in
two dimensions for S= 3 by Neves and Perez.> Their
proof applies also for S=1.6

In this Letter I report the existence of LRO at low
temperature in the isotropic XY model with S=1 in
three or more dimensions. Also LRO is shown to exist in
two dimensions for S= 2.

The model we consider is described by the Hamiltoni-
an

SiSits,, (1

M<
1M

H=—%

a€EAm=1i=]

where A is a hypercube in the simple v-dimensional cu-
bic lattice:

A={a|0=aq;=L—-1,...,05a,=L—1}.

There is a spin S, with size S on each site a € A in-
teracting with the spins at a £8;, i=1,...,v. Here §;
is the unit vector whose ith component is 1 and I use the
convention that if a; =L — 1 then (a+§;); =0.

I define

gp=(SpS-p)

with

Sp= Lv/2 Z e 2S%, p € A* (dual lattice),

where (A4) denotes the expectation value of an observable
A at inverse temperature f:
(4)= ——Tr[e TPHAY, Z=Tre P4

A ferromagnetic LRO, m', is defined as

[mi]2=Llew<[ by S’] >=Llim L gh=0. (2)

Va€A —~ o [V

Existence of LRO, i.e., m'>0 is equivalent to

Jim ng <(SLSL)

L— oo LV

because of the sum rule
2 gp=(SuSh).

L Y peA*
With help of the Falk-Bruch inequality,’ a sufficient con-
dition for (2) was derived and stated as Theorem 5.1 of
DLS.? The theorem is given as follows:

Suppose the model (1) satisfies the following condi-

tions:
(i) “Gaussian domination,”

(S5,S-p) =Bi/B, p=0 for all g, 3)
where
1
(4,B)=Z "~ 'j; Tr(e ~*fH g4e ~(1 ~0BHB) 4y

is the Duhamel two-point function.
(ii) Existence of an upper bound for the expectation of
the double commutator,

(Ish,[H,S- 1) = Ci, (@)

(iii) Existence of a lower bound for the usual two-
point function

(SLSLYZ DU(B). (5)
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Then there is LRO at any 8 such that

iy1/2 iy1/2

D'(E)> <o 1,1 < (BHCH) Vicothl s p(Ch/BY) as. ®)
One easily sees from (6) that B} and Ch, must satisfy the |
condition Be<oe for S=1 and v=3. I fully utilize below the

| symmetry properties, i.e., {(S%)?) =((S3)?) and

1 i i) Y/2gv o .

20 Jint < B Prp < o0 (S4Sh+s,) =(SiSa+s,)
as cothx > 1 (x>0). It must be noted that m‘=0 does for any 1 =i, j=2, a, B, m, and m'. These relations are
not immediately imply existence of a spontaneous mag- easily shown to hold the use of obvious unitary transfor-
netization since the total magnetization X, e x S5 (i=1 mations. The condition (i) is satisfied with B}
or 2) does not commute with the Hamiltonian (1).? =(2Ep) ! where
Even in such a case, it was shown by DLS that existence Y
of a phase transition can be deduced from inequality (6) Ep= Y [1—cos(8,-p)l, (7
by showing the absence of clustering. m=I

I prove that (6) holes for i=1 at > 8. for some | as was shown by DLS. T take C,} as the expectation it-
self:

Cp=(Sp,[H,S 1) =2L "} Z (S282+5,) —cos(p- 8, )(S3S3+5,)}. ®)
The right-hand side of the inequality (6) is evaluated as

L= O )vfdpz (BCY)V2cothl§ B(CH/BY) 21 < 2i)vfdv1;[;-(B;cg)1/2+;3—13p], )
Here I have used cothx < 14+x ~! for x > 0.2 For v 3,

d’
G.(0)= —P— (10)
(Zn)"

Therefore it follows that

B<l| GO L feig, L0 = (116,008 1S+ L 6,0) (11)

v 2 2 (2 )v P Zﬁ v 4 v adaté, Zﬁ v .

Here the Schwarz inequality

2
Japic )'/2] =

1 v 1 1 v |
[(2 ) (ZE)Vfdep][(Zn)"fdep}

has been employed. Also the second term of (8) van- |
ishes after p summation and the symmetry relation 3G3(0)=0.379< +S? for S=1, it can be deduced

(SiSd+s,)=(S2S824+5,) has been used. from (11) and (12) that there exists an inverse tempera-
From the symmetries, (S S,,+.;m) is related to the ex- ture B, < oo such that

pectation of the energy as 1) <(S1Sdes)
(SaSa+s,)=—0v) 'L ™Y (H),

holds at 8> B.. Taking account of the Schwarz inequal-

and therefore ity
llm (S Sa+5 )__(2V)—1L V(H)O, [((Si)zn2=<(S:)2><(S¢1+5m)2>;(<S¢lS¢l+5m))2,
ﬂ—— oo
where (H)o is the ground-state energy of the system. one concludes that (6) holds at 8> g.. (13)
Since the wave function with all the spins directed in the It is well known that no LRO exists in two dimensions
same direction gives the upper bound of (H)y as at finite temperature.® It is sufficient for LRO to exist in
—vL'S?, we have the ground state that the T=0 version of (6) is
. 5 .
Jlim (S4Sivs,)Z ¥ S2 (1  satisfied,ie,
— OO 1
D'(p=o0)> d’p(BiCI)'2. (14)
As vG,(0) is a decreasing function? of v and h 2(27)? f P Zptp
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One has [(S3S3+5 )| =(SiSl+s,) applying Cp=0 to
(8) for p=0 and (x,7). By use of the upper bound

2
Cp=2SiStss,) X {1+ |cos(p-8,) |3,
m=1

a sufficient condition for (14) is written as

2+ | cospi | + | cosp, |

Jis >
2—cosp| —cosp3

2rn)? fdzp

As the right-hand side is evaluated numerically as 1.67,
LRO exists for S= .

I have shown above that LRO exists at sufficiently low
temperature for S=1 and v=3, which implies the ex-
istence of a phase transition at finite temperature.? Also
the existence of LRO has been proved in the ground
state in two dimensions for S= 3. In the proof I have
assumed that the thermal averages are continuous func-
tions of B and approach the value in the ground state
when B8— oo, If the ground state is not singlet the proof
applies for equally weighted averages over the ground
states for v=2.

In the above proof the condition (6) has been related
to the upper bound of {(H)y by use of the Schwarz in-
equality (13) rather than the lower bound employed in
earlier works.>® The same argument gives LRO for
S= 2 in three and more dimensions and for S=2 in

112

two dimension for the AF Heisenberg model. These
cases are included in already known results.

I would like to thank Professor S. Takada for useful
discussions.
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