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New Phase of Quantum Electrodynamics: A Nonperturbative Fixed Point in Four Dimensions
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Finite-size studies of noncompact quantum electrodynamics with four species of almost massless fer-
mions suggest that there is an ultraviolet-stable, nonperturbative fixed point in four dimensions which
describes an interacting field theory of bound states. This theory may be relevant to grand unification
schemes, technicolor, and recent anomalous heavy-ion experiments.
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There are very few candidate field theories which are
believed to have sensible infrared and ultraviolet behav-
ior and which, in addition, describe interacting physical
systems. Quantum chromodynamics is one such candi-
date. It is asymptotically free at short distances and

presumably describes interacting hadrons at large dis-
tances. In this Letter we shall describe numerical evi-

dence that quantum electrodynamics possesses a new,

strong-coupling phase where chiral symmetry is broken.
We present arguments using the size dependence of
simulation data that the phase transition is associated
with an ultraviolet-stable, nonperturbative fixed point
which describes an interacting theory of meson bound
states. If our speculative interpretation of these numeri-
cal studies is true, then a rich family of field theories in

which there is dynamical symmetry breaking, anomalous
scaling laws at short distances, and composite low-energy
states exists.

Our results should be assimilated into a classification
of ultraviolet-stable fixed points in four dimensions. Our
bare Lagrangean is conventional quantum electrodynam-
ics, but the renormalized Lagrangean at the fixed point
may bear little resemblance to it, aside from sharing the
same global symmetries. In fact, our numerical data
suggest that there is no photon in the renormalized
theory. Instead, we suggest below that multifermion
operators, as in the Nambu- Jona-Lasinio model of
chiral-symmetry breaking, ' become renormalizable at
the new fixed point and lead to an interacting theory. A
multidimensional coupling-constant space which includes
the bare charge and couplings of four-fermion interac-
tion terms will be essential in the study of the renor-
malization-group flows of this theory.

Consider noncompact quantum electrodynamics for-
mulated on a four-dimensional hypercubic lattice with
four species of light fermions,

S=Sp+ gz y IpzMz y I/ty,

where M is the Dirac operator defined as

1

Mg y z ~p t/z p(Uz @by,/+p Uy, @by,z —p)

and

Sp= —
2 Pgp 8p, (3)

where, x, lt, and p denote sites, directions, and pla-
quettes of a four-dimensional hypercubic lattice and U„„
=exp(i8„„) 8„„.are variables proportional to the
gauge fields living on links, while y„,yt„are Grassmann
variables on sites (we use the staggered formulation of
lattice fermions and rl„„ is the appropriate phase). 8y is
the sum of the four 8„„taken around a plaquette and
P= 1/e . The rest of the notation is standard. The ac-
tion is locally gauge invariant and because the gauge
variables are noncompact, —~ & 8„,„&+ ~, and So is
a quadratic form, the pure gauge sector of the theory is
free of topological excitations. The noncompact charac-
ter of the theory does not complicate the lattice formula-
tion or the numerical methods as long as we consider
only gauge-invariant quantities.

The quenched theory, Eq. (3), was studied by simula-
tion methods several years ago and chiral-symmetry
breaking was discovered at strong coupling. The
quenched theory has also been studied analytically in
continuum space-time by use of the Schwinger-Dyson
equation to sum the planar-photon-exchange graphs.
It was found that the theory has a line of fixed points
emanating from the origin e =0 and terminating at
e 2 = tt/3, where the theory breaks chiral syinmetry
dynamically and has an interesting continuum limit.
This critical point is nonperturbative and interacting be-
cause the pion is made out of quarks and antiquarks with
the z-q-q coupling being nonzero as a consequence of
Goldstone's theorem. Of course, the quenched theory
has some trivial features. For example, the numerical
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simulation showed that it lacks real temperature depen-
dence because the underlying dynamics is free and scale
invariant. In addition, it lacks the fermion contribution
to coupling-constant renormalization, so it does not ad-
dress the crucial question of whether nonasymptotically
free field theories with light fermions exist.

Using the formulation of Eqs. (1)-(3), we simulated
the theory with four species of light fermions by use of
the hybrid stochastic algorithm. The fermions were in-

cluded in the system by the use of stochastic complex
fields as discussed in the work of Gottlieb et al. and ap-
plied in the work of Dagotto and Kogut to compact
quantum electrodynamics. The continuous evolution of
the system in "molecular-dynamics time" was replaced

by discrete time steps of size dt =0.02 with the analysis
of Ref. 6 indicating that systematic errors in expectation
values are O((dt) ). The bare fermion mass was taken
to be 0.0125 in lattice units which is small enough to
study the chiral properties of the theory. A thorough
discussion of our simulation methods and error analysis,
including systematic eff'ects and statistical errors ac-
counting for correlation times, will be given elsewhere.
There we will also discuss the influence of the number of
flavors (Ny) on our results. We have already observed
that e, moves toward stronger couplings as Xf increases
from 2 to 12.

We have done extensive measurements of (yy), the
Polyakov-line correlation functions, and Wilson loops
from size 1&&1 through 4x4 on 6, 8, 2X8, 4X8, and
6&&123 lattices. Tables of results and fits must be de-
ferred to a lengthier publication.

In Fig. 1 we show the chiral condensate (yy) comput-
ed on both 6 and 8 lattices. Each data point on the 6
lattice consisted of at least 100000 sweeps of the algo-
rithm and the error bars on the data account for correla-
tions between sweeps. The curve falls to zero rapidly as

p 1/e increases from p =0.16 to 0.20, but we found no

sign of metastability so the transition to a chiral-
symmetry-broken phase appears to be continuous. The
8 data are less extensive (10000-20000 sweeps per
point) but also support this view. Recall that the com-

pact theory has a first-order chiral transition and does
not pass this test. It is important to note that the 8

data points are shifted toward weaker coupling as com-

pared with the 6 points. Such considerable finite-size
eff'ects are not expected in a theory which suffers from a
zero-charge problem (the Landau ghost) and is free. It
is interesting to make this point quantitative. According
to traditional wisdom, weak-coupling quantum electro-
dynamics suffers from Landau's ghost, which means that
its renormalized coupling vanishes no matter how large
the bare coupling is chosen. This is interpreted in per-
turbation theory as complete screening —the strength of
the fermion-photon coupling is screened to zero. If the
theory has a cutoff, then a theory with a zero-charge
problem is expected to have nonnegligible interactions
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FIG. 1. Chiral condensate (yy) calculated on 6 and 8 lat-
tices in noncompact quantum electrodynamics with four
species of fermions. The mass of the fermion is 0.0125 in lat-
tice units.

only over distances comparable to the space-time cutoff.
This smearing effect can make cutoff theories interacting
although they become free in the continuum limit. Can
the data of Fig. 1 be interpreted in this way? We answer
this question by simulating a zero-charge theory whose
short-distance features match those of the full theory.
Consider a free massive vector meson,

S = ——,
'
Pgp Hp

——,
' m gt H„„, (4)

where the screening length m ' is comparable to the
cutoff a. The heavy-quark potential implied by Eq. (4)
is V(r) p 'e ™/r,so its effective charge squared

p 'e™is exponentially small for any physical dis-
tance. To determine m 2 we match the average plaquette
(Hp) of this model to the full model of Eqs. (1)-(3) and
allow m2 to have p dependence. We find that for p be-
tween 0.16 and 0.30, m(P) is always close to 0.500,
ranging from 0.445 at p=0. 16 to 0.530 at p=0.300.
Given m(p) we then calculated (yy) by simulating the
massive vector meson theory on 6 and 8 lattice and

Fig. 2 resulted. We found small finite-size effects with

the opposite sign compared to Fig. 1. We anticipated
this result —the range of the attractive interaction
caused by Eq. (4) is only a few lattice spacings, so the
symmetry breaking on the larger system (8 ) is less than
that on the smaller (6 ) system. Presumably, (y7y) mea-
surements on larger lattices will approach from above a
limiting mean-field curve (p —p, ) characteristic of a
free field. In conclusion, our zero-charge model which is

fitted to the short-distance data fails to explain the sym-
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FIG. 2. Chiral condensate calculated on 6 and 8 lattices in

the cutoA', zero-charge model.

metry breaking in the full theory. The chiral, light-
fermion properties of the full theory appear to be non-
trivial.

Next we studied the finite-temperature features of the
full theory Eqs. (1)-(3). Figure 3 shows the chiral con-
densate calculated on 2X8, 4X83, and 6X12 lattices.
As the number of lattice spacings in the temporal direc-
tion (N, ) increases, the temperature varies (aT=I/N, )
and the critical coupling shifts to smaller values (Fig. 3).
It is interesting to contrast this result to the quenched
quantum electrodynamics simulations which showed no
shift as a function of coupling. Figure 3 suggests that
the full theory dynamically generates physical correla-
tion lengths which diverge as e approaches e, . The sys-
tematics resemble lattice simulations of quantum chro-
modynamics where the correlation lengths diverge at
zero coupling rather than at e, = QP, '=2.0 as ob-
served here.

Finally, we studied the heavy-quark potential through
Wilson-loop correlation functions and Polyakov lines on
all the lattices simulated. We found a simple and puz-
zling result —a screened Coulomb potential as described
by Eq. (4) with a screening length of approximately two
lattice spacings fit the Wilson loops and Polyakov lines
even at spatial separations of 4, 5, and 6 lattice spacings.
There was no indication of a Coulomb potential associat-
ed with a massless photon or even of a short-range poten-
tial associated with a massive photon whose mass could
be held finite as the cutoff is removed. Tabulated data
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FIG. 3. Symmetry restoration at finite temperature. Lattice
simulations of (yy) on 2X8', 4x8, and 6X12 lattices in the
full theory.

and plots of heavy quark potentials will be presented in

our lengthier article. These results suggest that the
theory does suffer from a zero-charge problem and that
there is no vector field in the renormalized Lagrangean!
How can such a theory be nontrivial? An interesting
possibility is that there are renormalizable multifermion
terms in the renormalized Lagrangean at e, . We have in
mind Nambu-Jona-Lasinio models in which the four-
fermion interaction term is induced by the basic bare
Lagrangean and the four-fermion term becomes renor-
malizable as e is increased to e, where that term causes
chiral-symmetry breaking. This mechanism occurs in

the quenched planar approximation to the model5 —at
the end of that theory's fixed line of critical couplings the
chiral invariant operator (yy) +(gipsy) has scale di-
mension four. This hypothesis can be tested in the full
theory by the simulation of multipoint correlation func-
tions in the scaling region of the lattice theory. This will
not be easy. If this speculation is true, then the Nambu-
Jona-Lasinio model' when viewed from a modern renor-
malization-group perspective will have unforeseen rele-
vance.

The result that chiral-symmetric products of four-
fermion fields become renormalizable at the critical
point in the quenched, planar model can be understood
intuitively. That theory's critical point has been visual-
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ized as a collapse mechanism, similar to the relativistic

hydrogen atom with a bare proton charge of Z =137. At
this coupling the bound-state fermion-antifermion wave

function collapses under the stress of attraction and the
fermions collide with probability one. This effect is,
therefore, equivalent to a four-point coupling which

causes O(1) effects, i.e., a renormalizable four-point in-

teraction. Our computer data suggest that this mecha-
nism persists when dynamical fermions are included in

the dynamics. In that case, strong coupling creates the
screening pairs which collapse and generate the point-

like, multifermion couplings at the critical point.
It would be useful to have a generalization of the

Schwinger-Dyson equations to the full theory (the four-

point-interaction terms must be included in the self-

consistent coupled equations) where the screening and

collapse mechanisms occur together. Are these phenom-

ena consistent and can they generate a nontrivial fixed

point? The computer simulations suggest a positive

answer, but analytic insights are needed. We plan to
probe the scaling region of the lattice theory next and

measure f„etc. We will also study the fermion propa-
gator since there are quenched planar calculations which

state that the fermion is confined at e, . It would be
particularly interesting if this theory illustrated "ultra-
violet confinement" where strong forces at short dis-

tances screen the photon completely and collapse of the
wave function eliminates low-momentum poles and cuts
in the fermion propagator.

If our results and their interpretations are correct,
they will be useful in grand unification schemes. Ultra-
violet-stable fixed-point theories are needed in Tech-
nicolor and preon dynamics. One can also speculate
that this new phase of quantum electrodynamics is

relevant to the properties of ordinary, weakly coupled
electrodynamics in strong external fields and it may play
a role in the interpretation of the narrow peaks in elec-
tron and positron spectra observed in heavy-ion col-

lisions. ' We are investigating this possibility through
additional simulations.
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