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A series of stable multichromatic solutions is presented explicitly based on a band model for cw dye
lasers. The results explain recent experimental observations of bichromatic operation in cw dye lasers

and predict still higher-order multichromatic steady states.

PACS numbers: 42.55. Mv, 42.55.Bi, 42.60.Gd

PUM

d

LASER

Recently, a series of experiments demonstrated a
single-frequency laser bifurcating into a bichromatic
laser with 20-340-A spectral splittings in cw rho-
damine-6G ring dye lasers. ' 4 The main signatures of
the experiments have proved resistant to a qualitative
understanding on the basis of the usual laser theory for
two-level atoms.

To explain these experiments, we proposed a band
model for dye lasers and showed that there may exist
multichromatic solutions. It is assumed that the rel-
evant energy-level diagram of cw dye lasers consists of a
multilevel ground state and an excited single level as il-

lustrated in Fig. 1. The upper level can interact with

each of the lower sublevels, but there is no interaction
among the sublevels themselves.

In this paper, we shall present analytically a series of
stable multichromatic solutions which will operate in se-

quence with increasing pump power in cw dye lasers.
Our results not only fit the well-known experimental ob-
servations, but predict even higher-order stable states;
e.g. , we predict that the bichromatic operation will be-

come unstable at a threshold, above which a stable tri-
chromatic solution will operate. This prediction provides
a criterion for experimentalists to check the three
different theories proposed so far. '

In comparison with our previous work, where the re-
fractive indices were in fact assumed to be unity, we

shall solve for them in a self-consistent way in this paper.
This is crucial to ensure the stability of the solutions.
We point out in advance that the bifurcation point to be
given here differs essentially from the instability dis-

cussed in Ref. 6.
The Maxwell-Bloch equations of the band model read

as follows

E —tcE —c 8,E + tc+„P„,

P& = ( —y&+id„)P„+ytpEf„(D —A„),

y~An+ (yd/4) (P,E'+P, E),

D=yd Dp —D ——,
' g„(P„E+P„E )

(2)

(3)

(4)

Here E is the electric field strength, P, and A„ the polar-
ization and population with respect to the nth sublevel,
respectively, and D the population of the upper level. Dp
is the unsaturated population of the upper level due to
pump and relaxation processes. All the E, P„, A„, and D
are normalized quantities. tc, yt„y„and yd are the re-
laxation rates of E, P„, A„, and D, respectively. 6„ is the
detuning of the nth sublevel from the band center. f„ is

proportional to the absolute square of the dipole moment
between the nth sublevel and the excited level and
satisfies g„f„/( I +6„) l.

The lower lasing band is characterized by the detun-
ings jA„I and the dipole moments ff„I. For brevity, we
assume the sublevels to have an equal spacing 6, and the
distribution of the dipole moments to be a Lorentzian of
width I within the band and to vanish beyond it, i.e.,
f„cr I/[I+(6„/I ) ] for ~n (

~ L and f„0for )n ) )L,
where N, =2L+ I is the number of the sublevels. In this
case, the band is characterized by N„ the bandwidth
8 =N, h, and I . The band shape is sketched in Fig. 2.

In what follows, we discuss (1)-(4) under the approxi-
mation

(s)

FIG. 1. The relevant energy-level diagram of a dye molecule

in a cw dye laser.

and under the periodic boundary condition and the
mean-field limit.

We assume that E(z, t) and P„(z,t) are composed of
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several modes:

E(z, t) =Q~E(J') exp[ —i Ql(t —z/c)+ixK~z/c],
(6)

P„(z,t) =Q~P„(j ) exp[ —iQJ(t —z/c)+irKJz/c],

where the summations include all the lasing modes, e.g. ,
one mode j 0 in the single-frequency case and two
modes j =+ 1 in the bichromatic case; E(j) and P„(j)
are functions of z and t; 0, and 1+IcKi/co are the split-
ting from the central frequency t0 and the refractive in-

E(j) — (1+tK )E(j ) —c8,E(J')+ Q„P„(j),
P„(J)=[ I+i-(~„+n,,)IP„(J)+f„E(f)(D ~.),
A, = —y,A, +(yd/4)g, [P, (j )E(j)+P,(j)E (j)],

D=yd'Do D —'g g [P,*(j)E(j)+P„(j)E*(j)

dex of the jth mode, respectively. All E(j), P„(j ), Q~,
and KJ are to be solved. The hypothesis (6) implies a
self-consistency requirement; i.e., the resulting mode
configuration must be stable. This requirement not only
puts constraints on a multichromatic solution, but also
determines the actual occurrence of specific mul-
tichromatic operations. If we take (6) in (1)-(4), it can
be shown under the limit (5) that, unlike the Rabi oscil-
lation, the populations A„and D do not pulsate at the in-

1

termode frequency. This fact decouples the different
modes in (1)-(4) and leads to

(7)

(10)

D„=D I++
& I+(a„+n,)'

z
=1 for all j. (14)

n 1+ 6„+ni
However, (11)-(14)do not uniquely determine thc solu-
tion. The additional condition is provided by the re-
quirement of the linear stability of the solution.

To this end, we put the deviations e(j), p„(j), a„, and
d, which correspond to E(j ), P„(j ), A„, and D, respec-
tively, and have the form exp[Xt+ipz/cl, in (2)-(10)

n=O 8

FIG. 2. The distribution of dipole moments on the sublevels.

In terms of the notations R =—yd/y„ l(j )= (R/2)
x ~E(j) ~, and D„=(D —A„),—a stationary solution of
(7)-(10) is seen to satisfy the relations

Do =D+ (I/R)QJ I(j),

~ f„D„(a„+n,) =Kj ora j,1+(A„+n, )'

G(,j) —1+
n I +(Apg+ Qj+p)

(17)

In consideration of (14), a stable solution must satisfy
a,G(P,j) I &-o-0, i.e.,

~ f„D,(A. +n, )
(is)

~ [1+(~.+ n jj'
A multichromatic solution is completely determined by
(11)-(14)and (18) for a given pump.

The stable multichromatic solutions up to the tetra-
chromatic operation are shown in Fig. 3. From Fig. 3(a)
we see that (i) the spectral splittings are on the order of
y~, which, for rhodamine-66, corresponds to some 100 A.

splitting in wavelength; (ii) each instability threshold of
a multichromatic operation is precisely the operation
threshold of the next higher-order multichromatic solu-
tion; i.e., there is no bistability. More detailed study
shows that there is no jump in the laser intensity either.
This result agrees with some of the experiments, but
disagrees with others. We mention in passing that the

and find that p„(j), a„, and d affect the eigenvalue
through thc factors y~/(t'p —yz), yd/(ip —y, ), and

yd/(ip yq), resp—ectively The. refore, if p= yq, y„ then,
because of (5), we can adiabatically eliminate P„and
show that there is no instability; if p=y~, then a„and d
would have negligibly small influence on k, so that & is
determined by

Ae(j) —x(1+iK~)e(j ) iPe(j—)+a+„p„(j), (15)

&p, (j)= [—I+i(A, + n, )jp, (J')+f„e(j)D„. (16)

The sign of the eigenvalue is identical to G(P,j)—:Rek~,
where Xl is defined by k = —ip+A, l x+ . From (15)
and (16) we find
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discontinuity shown in the experiments' may be caused

by the dispersive prism in the laser cavity and the
excited-state absorption of the dye molecules, which have
not been taken into account in the present model.

Figure 3(b) shows the energy partition among the
modes of a multichromatic operation. Clearly, the insta-
bility of a multichromatic solution is always related to
the emergence or bifurcation of the central mode.

Physically, the multichromatic solutions can be viewed

as the consequence of the balance of two distributions on
the sublevels, namely, the dipole moment ff„J and the

population IA„I, which determine the activity of the sub-
levels. The former tends to prevent a splitting because
the central sublevels have stronger dipole moments while
the latter, being determined by the stimulated emission,
is conducive to the splitting

For example, in the weak-field case the distribution of
the dipole moments dominates and hence the single-
frequency operation is expected. This single mode then
induces a peak in the distribution of population in the
center of the band. When this peak is so high that the
sublevels on the two sides of the center become more ac-
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FIG. 3. Multichromatic solutions as functions of the dimensionless intracavity intensity I&. A, 8, C, and D indicate the stable re-
gions for the monochromatic, bichromatic, trichromatic, and tetrachromatic operations, respectively.
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tive, the bifurcation will inevitably occur. In the case of
the bichromatic operation, two such peaks are induced

by the modes of the field. These two peaks tend to move

away from each other so that they do not pile up to deac-
tivate the sublevels. This effect becomes more prominent
with an increasing lasing field. Therefore, the splitting
between the two modes increases with the increasing
pump. When these two peaks are separated far away
from each other, the center of the band will lose the pop-
ulation and retain the activity. Consequently, a new cen-
tral mode will grow, leading to the trichromatic opera-
tion.

To make a one-to-one comparison with the experi-
ments, data for rhodamine-6G in ethylene glycol are
necessary. However, the energy relaxation rates and the
density and the dipole moments of the sublevels are not
well known as yet; e.g. , only the lifetimes of higher vibra-
tional levels have been measured, which may be several
orders of magnitude shorter than those of the lower sub-

levels. If this is indeed the case, then the sensitivity of
the bifurcation to the detuning' may be explained by our

saying that there are some long-living sublevels which

are responsible for the bifurcation.
Even assuming the band structure to be of the simplest

form as treated in this paper, and using the data of the
higher-energy sublevels, i.e., y, '=1 ps, and taking

yd
' = 1 ns, which yields R =0.001, we are still able to

explain the low bifurcation threshold, which was 2 or 3
times the lasing threshold in the experiments; e.g. , a

band with lV, =201, 8 =69y&, I ee, and R =0.001
leads to a bifurcation threshold Do=2.4 times the lasing
threshold.
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