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It is shown within the Hartree-Fock method with the Skyrme force that the quadrupole-quadrupole
neutron-proton interaction gives the leading term in the nuclear deformation energy. The quadrupole-
quadrupole coupling constants are derived and shown to agree with those obtained within the simple

harmonic-oscillator model.
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The supposition that the long-range neutron-proton
(n-p) interaction is the main reason for the nuclear de-
formation was formulated long ago within the nuclear
shell model.'™® In terms of the conventional deformed-
mean-field approach the n-p features are hidden in the
parametrization of the neutron and the proton phenome-
nological one-body potentials. On the other hand, the
self-consistent Hartree-Fock (HF) method with realistic
effective two-body interaction allows for a transparent
analysis of the n-p effects on the nuclear deformation.
The results of such analysis are presented in this Letter.

Let us first discuss the model Hamiltonian with the
quadrupole-quadrupole (Q-Q) interaction

1A1=PA10+%K0QOQA0+§“K1QA!QAI, M

where Qo=0,+0, and Q|=Qn—ép are the single-
particle quadrupole isoscalar and isovector operators, re-
spectively, kg and x| are the corresponding coupling con-
stants, and H) is a spherical single-particle Hamiltonian.
Hamiltonian (1) can be employed in the description of
low-frequency quadrupole vibrations (leading to a possi-
ble quadrupole instability and a stable deformation of
the nuclear shape) or high-frequency quadrupole oscilla-
tions (giant quadrupole resonances). In the latter case
the coupling constants xq and x| can be estimated* by
use of the harmonic-oscillator Hamiltonian with the fre-
quency wo for Ho. The result is’
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where V| is the symmetry potential.

When we calculate the low-frequency quadrupole os-
cillations the quadrupole polarizability should be taken
into account.* Consequently, the strength coefficients in
Eq. (2) should be renormalized by factors (1+X) and
(1+x,), where Xo and x; are the polarizability co-
efficients for isoscalar and isovector quadrupole modes,
respectively. They can be estimated with the random-
phase approximation and the experimental frequencies of
the giant isoscalar and isovector resonances (see Sect. 6
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of Ref. 4), which gives Xo=1 and ¥;= —0.64. Com-
bining this with Eq. (2) and assuming* V|, =130 MeV,
Mw§=40.554 " MeV fm 2, (r2)=0.874%3 fm? and
(r*)=0.954*" fm* one obtains the values of ko and x|,

xo=—23.34""*MeV fm 74,

- (3)
x1=15.44 77 MeV fm ~*,
which gives the mass-independent ratio
K']/K‘oz —0.66. (4)

In the next step we rearrange the quadrupole part of
Hamiltonian (1) in the following way:

£ x000Q0+ + 1010,
= ;— KannQn + % Kprpr + KannQp’ (%)

with K =kpp =xo+ k1 and kn, =xo—x1. Using Eq. (4)
one obtains the ratio of the coupling constants

Knnl Knp =Kpp/Kknp = 0.2, (6)

i.e., the n-p part of the Q-Q interaction is about 5 times
larger than the n-n or the p-p parts. We can thus con-
clude that the 9,0, force may indeed be viewed as being
responsible for the development of the nuclear deforma-
tion.

Since the isovector coupling constant « is positive, the
equilibrium neutron and proton deformations tend to be
similar, i.e., Q, = 0, and Qo> Q. Hence, by neglect of
the like-particle interaction the readjustment of «u, of
the order of 20% is necessary. On the other hand, the
isovector term is much smaller than the isoscalar term,
which justifies the use of the QoQo interaction in all
models which incorporate the assumption of equal neu-
tron and proton deformations.

Let us now discuss the self-consistent mean-field
theory for which the energy of a fermion system has the
form

E=Tr(Tp)+ L TrTp+E pir, @)

where p is the one-body density matrix, 7 is the kinetic
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energy operator, I' is the one-body potential-energy
operator, related to the two-body interaction V by
I'=TrVp, and E ;i is the energy of pairing correlations.
The potential energy § TrI'p can be split into three parts

+TiTp=E™+EPP+E™, (8)

where E* =Trlp Tr(Vp*)1/(1+6,,), and 7,7'=p or n.
In order to study the quadrupole deformation energy one
can decompose the proton and neutron density matrices
into different multipole components®

pr=p§+pitpit -, )

where pjJ is the rank-J tensor operator. In the present
study we consider the axial, reflection symmetric shapes,
and therefore expansion (9) contains only the even-J
terms and the magnetic quantum numbers (not shown
explicitly) are equal to zero. Expansion (9) allows us to
express the potential energy as the sum

E™=EF +EF +Ey + - -, (10)
where

(146, )Ef" =TiT "pj =TrTjp}
and I'j is the rank-J multipole component of T*=TrVp".
Finally, energy (7) can be written as

E=EP'+EV+EY+EP+ -, an

where E;®=Tr(Tp)+Eo+Epi: is the total monopole
energy of the system, composed of the kinetic energy,
monopole potential energy, and pairing energy.” The en-
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FIG. 1. Hartree-Fock deformation energies 6E =F

— E(Qo=0) for the doubly even ®-82Ge isotopes as functions
of the quadrupole moment Qo.

ergies EJ* for J > 2 are usually very small® and will be
neglected in the following discussion.

We have chosen the germanium isotopes *°-32Ge for
our analysis because these nuclei show interesting
prolate-oblate and spherical-deformed competition of
shapes. The deformed states of these nuclei were ob-
tained with the constrained HF method with the Skyrme
S III interaction. The pairing correlations were included
by means of the BCS approximation with constant gap
parameters.® The isoscalar quadrupole moment Qo was
used as the constraining operator.

The dependence of the deformation energy SE =E
—E(Q¢=0) on the quadrupole moment Qo=(Qo) is
shown in Fig. 1 for the considered germanium isotopes.
The deformation energies exhibit a characteristic pat-
tern, which can be easily related to the shell structure for
neutron numbers between N =28 and N =50. From the
nearly spherical semimagic isotope *°Ge one observes a
sequence of deformed nuclei ending at the spherical
semimagic isotope of ¥2Ge. The effect of the shell clo-
sure at N =40 is clearly visible.

The quadrupole energies E%", E8, and E% and the
monopole energy relative to the spherical point, SE{™
=E{' —EP'(Qo=0), are presented in Fig. 2 as func-
tions of the quadrupole moment Qg for "?Ge. In the in-
set of Fig. 2 the isospin components E§", Ef?, and EF of
the monopole potential energy are shown as functions of
the mass number 4 for Qo=0. It is seen that the
unlike-particle potential energy E@ is about 5 times
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FIG. 2. The total monopole, E{™, and the quadrupole, E%",
E%, and E¥, energies for °Ge as functions of the quadrupole
moment Qo. In the inset, the potential monopole energies E§",
EfP, and Ef are shown for Qo=0 as functions of the mass
number.
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larger than the sum of like-particle potential energies.
Hence the nuclear binding results mainly from the n-p
effective interaction. The quadrupole n-p energy is also
much larger than the n-n and the p-p quadrupole ener-
gies. The monopole energy SE§ increases with | Qo]
and all the quadrupole energies decrease with |Qol.
The total deformation energy of the order of a few
megaelectronvolts shown in Fig. 1 originates from a can-
cellation between the monopole and the quadrupole ener-
gy. Since the E% term is the component most decreas-
ing with | Qg |, one can say that the nuclear deformation
is caused by the quadrupole n-p interaction. Similar
conclusions can be drawn for all germanium isotopes
studied here.

Comparing expression of the HF energy, Eq. (11),
with Hamiltonian (1) expressed in terms of the n-n, p-p,
and n-p interactions, Eq. (5), one can identify the ener-
gy E§" with the mean value of Hy and the quadrupole
energies E3° with the corresponding mean values of the
isospin components of the Q-Q interaction. Based on
such identification the coupling constants can be deter-
mined from the HF results as &n =2E%/Q7, Kkpp
=2E%/Q2, Knp=E¥/(Qn0Qp), where Q,=(Q,) and
Qp =(Q,). The values of kun, kpp, and knp, calculated at
Qo=-175 fm?, have been used to determine the isoscalar
and isovector coupling constants, xo and «;. They are
plotted in Fig. 3 together with the harmonic-oscillator
estimates of Eq. (3) as functions of A. The fair agree-
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FIG. 3. The Q-Q isoscalar and isovector coupling constants
obtained within the HF method (filled and open squares)
shown as functions of the mass number for the germanium iso-
topes, and compared to the harmonic-oscillator estimates of
Eq. (3) (solid and broken lines). The stiffness of the monopole
energy, Co=2 SE¥"/Q4, is also shown (filled circles).
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ment between simple estimates (4), which give a good fit
to the quadrupole giant-resonance energies, and the HF
results indicates that the Skyrme force contains the
correct Q-0 component, and thus is able to describe
both the low- and high-energy quadrupole oscillations.’

In order to illustrate the cancellation between the
monopole and the quadrupole energies (Fig. 2), we have
plotted in Fig. 3 the stiffness of the monopole energy
defined as Co=2 SE{'/QF. As seen in Fig. 3, the
stiffness Cy is very close in magnitude to x¢ and has the
opposite sign. Their sum is an order of magnitude small-
er than each of them, and for small deformations it is
close to the stiffness of the deformation energy C=2
x8E/Q¢ = Co+xo, which is plotted in Fig. 4 (at Qq
= —75 fm?) together with the equilibrium deformation
energy SE=E(Q§%) —E(Qo=0) calculated at the
prolate minima. It is seen that C and 6E ® are strongly
correlated and nicely reflect the shell closures at N =28,
40, and 50.

Recently, a very systematic behavior of the low-energy
nuclear data when plotted against the product N,N, of
numbers of valence neutron and proton pairs has been
shown.!? The correlation between N,N, and the quad-
rupole collectivity is usually understood as an indication
that the n-p interaction is the main factor determining
the nuclear deformation. Moreover, the expression
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FIG. 4. Hartree-Fock equilibrium deformation energy

SE“=E(Q§) — E(Qo=0) for prolate minima (squares, scale
to the right) and the stiffness C=28E/Q¢ (calculated at
Qo=—175 fm?2, circles, scale to the left) shown as functions of
the mass number for the germanium isotopes. The product of
numbers of valence proton and neutron pairs N,/V, is plotted in
arbitrary units (solid line). The prolate equilibrium deforma-
tions 59 determined from Q§? are also shown in the upper part
of the figure.
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N,.N, is considered as an estimate of the equilibrium de-
formation energy.!' This conclusion is qualitatively sup-
ported by the results of Fig. 4, where the product N,N,
plotted against 4 shows the same pattern as SE°? and
the stiffness C. On the other hand, the values of the pro-
late equilibrium deformations B§9, determined from the
Hf equilibrium quadrupole moments Q§9, Fig. 4, show
clear maximum at N =40.

In trying to decide which part of the energy, Eq. (11),
makes a given isotope spherical or deformed one should
observe that the monopole stiffness Cy reflects the shell
structure in a much stronger way than the isoscalar cou-
pling constant xo (see Fig. 3). The shell fluctuation of C
and SE I should thus be mainly attributed to the fluctua-
tions of Co, while the Q-Q interaction provides a steady
deformation-driving factor. Hence the fact that the
equilibrium deformation energy is correlated with the
product N,N, is not an immediate consequence of the
dominance of the 0,0, term in the quadrupole energy.
The increase of the monopole energy with | Q| and its
shell fluctuations constitute more important factors in es-
tablishing such a correlation.

In summary, the importance of the n-p Q-Q interac-
tion in generating the nuclear deformation is supported
by the self-consistent calculations employing the HF
method with the Skyrme interaction. The coupling con-
stants derived from this approach are very close to the
estimates of the harmonic-oscillator model. Strong
correlation between equilibrium deformation energy and
the product of numbers of valence neutron and proton
pairs N,N, is found. It is shown, however, that this
correlation should be primarily attributed to the fluctua-
tions of the monopole energy of the nucleus, while the

strength of the 0,0, interaction does not show any obvi-
ous correlation with the shell structure.
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