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A self-consistent phonon calculation was used to calculate the phonon spectrum and density of states
of D2 and H2 adsorbed on graphite. The adsorbed molecules are assumed to be in a free-rotor state and

the molecular solid is taken to be the J3&J3R30' commensurate phase. The theoretical results are
compared to recent neutron-scattering results for the phonon modes of D2 and with older data for H2.
The eA'ect of the use of coordinates both parallel to and perpendicular to the surface in the functional
form for the wave function was found to be significant. Thus these are not purely two-dimensional sys-
tems.

PACS numbers: 63.20.Dj, 67.70.+n, 67.80.Cx, 68.35.Ja

The recent experimental interest' in the structure
and dynamics of the adsorbed hydrogens (H2, D2, and
HD) was the motivating force for this calculation of the
phonon spectrum and density of states for these molecu-
lar solids adsorbed on graphite. The adsorbed hydrogens
provide a wealth of different solid phases and corre-
sponding phase transitions. These include the J3
x J3R30' commensurate phase, at least two hexagonal
incommensurate phases, and a uniaxial incommensurate
phase. ' "6 Although interest in these systems goes
back many years, experimental techniques have now

reached the point where a detailed comparison of the in-

elastic scattering with theoretical predictions is a realis-
tic possibility. The calculation presented here assumes
that the molecules are spherically symmetric, that is,
that they are in the J=O free-rotor rotational state, and

that the molecular solid is the J3x J3R30' commensu-
rate phase. The interaction of each molecule with the
graphite surface is assumed to be the same as that of a
single isolated molecule with the surface. The inter-
molecular interaction is assumed to be the same as that
of a pair of isolated molecules in three dimensions. The
self-consistent phonon (SCP) calculation includes only
the even terms of the standard theory. Only the in-plane
modes will be discussed here, the out-of-plane modes be-

ing at a much higher energy.
The first step in the theory for the adsorbed hydrogens

was to build a realistic model for the interaction of the
hydrogen molecule with the graphite surface. Although
many models do exist for this adsorption potential, '

some of these models are not generally suitable for the
purposes of this calculation. It was decided to modify a
model used by Crowell"' for this interaction and com-
bine this with the expansion developed by Steele for ad-
sorption potentials. ' The model potential can then be
used to calculate realistic Fourier coefficients for the
periodic variation of the adsorption potential.

The original Crowell model uses a sum of spherically
symmetric molecule-carbon interactions to build the to-

tal adsorption potential with the molecule-carbon pair
potential being a Lennard-Jones LJ(12,6) interaction.
Following Steele, the adsorption potential is expressed in
terms of Fourier coefficients that depend on the surface-
normal position. Theoretical bound-state energies for a
molecule in the laterally (in-plane) averaged adsorption
potential were obtained by numerical integration of the
Schrodinger equation. The numerical uncertainties in
the theoretical results are less than 0.1%. The LJ(12,6)
depth parameter eo and hard-core radius tT were adjusted
so that the the theoretical values for these bound-state
energies matched the experimental values as determined
by selective adsorption measurements. "The values of eo

and cr determined by this calculation differ by about 5%
from those determined previously in other work because
of minor differences in the fitting criteria. " No attempt
was made to include the anisotropic terms used in later
versions of the Crowell model. ' ' The LJ(12,6) poten-
tial parameters for the molecule-carbon interaction de-
termined by this calculation are co =47.7 K and a =2.85
A. These values reproduce, within 5%, all the experi-
mentally determined bound-state energies for both H2
and D2.

The numerical solutions for the bound-state wave
functions show that the adsorption potential confines the
hydrogen molecules to a narrow region near the surface
of the graphite. These theoretical results show that the
distance between the adsorbed molecules and the graph-
ite surface is about 3.0 A for H2 and about 2.9 A for D2.
The rms deviation from this plane is about 0.2 A for
both H2 and Dq. These deviations are small enough, rel-
ative to the commensurate-phase intermolecular separa-
tion of 4.26 A, that it is reasonable to use a wave func-
tion that is a product of single-particle Gaussians for the
surface-normal part and a product of correlation Gauss-
ians (the standard SCP ground state) for the in-plane
part. The theory presented here is an extension of earlier
SCP calculations for the dynamics of adsorbed solids
which are strictly two-dimensional calculations. '6' It is
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important to note that the effects of the third dimension

were found to be important, and that they cannot be ig-
nored if realistic comparisons to data are to be made.

The ground-state energy for this system can be written
as

E =E,+E„y,+E~y,

where each term on the right-hand side corresponds to
one of three different classes of contributions. To obtain

specific expressions for these terms, let yj =iir(zj) repre-
sent the surface-normal Gaussian associated with the jth
molecule, and p;1 =p(x;j,y;1) represent the in-plane
Gaussian associated with the ith and jth molecules.

The E, term is the kinetic energy associated with the z
motion plus the potential energy associated with the la-

terally averaged substrate potential Uo(zj). E, depends
only on the yl factors in the wave function and, for a
system of N molecules each with mass m, this energy can
be written as

jv g2 1v

2 &y~ I 2 I wj&+ 2 &i)fj I Uo(zj) I yil (2)
2m j i tlz2 jJ

The E„», term is the potential-energy term associated with the periodic variation of the adsorption potential, and it

depends on both the iirj and the p;j factors. However, this energy depends on the p;j only through (uj'uji'), the tensor for
the average second inoment of the in-plane displacements of the jth molecule from its lattice site. '6 It is possible to
write E,~, as

N

E,», = g g(yj I UG(zj) I yrj)exp( —
—,
' G'G~(uj'ui~). (3)

j 1 G

UG(z) is the z-dependent Fourier coefficient for the reciprocal lattice vector 6 of the graphite basal plane. '

The E„» term is the kinetic energy associated with the in-plane coordinates plus the intermolecular interaction ener-

gy. If 4 represents the standard SCP product wave function constructed from the tli;, factors, then E„» can be written
as

g2 N g2 g2 I
N

E„,= g&eI, +, Ie&+ —, g &eIv„(...)Ie&,
j i |lxj 8yj 2i j 1

(4)

where the double sum includes the i =j contributions.
The effective two-dimensional interaction V,tr is a func-
tion of r;, , the in-plane separation between the ith and

jth molecules, and it is defined by the equation

v,fr(rj) =&iir, I v(q;, ) I yj). (5)

The function V(g) describes the interaction of two mole-
cules separated by a distance rt = (x +y +z 2) 'j2. The
choice for this interaction was that used by Silvera and
Goldman to describe the interaction between hydrogen
molecules in the bulk solid phase, but with the C9
many-body term set to zero. ' If the effect of averaging
of the intermolecular potential over the yj part of the
wave function can be ignored, then E„» depends only on
the P;j. Comparison of the functions V,fr(r) and V(r)
showed that, to a good approximation, the V,tr(r) term
could be replaced by the "bare" V(r) interaction. This
was done and, under these circumstances, the E ~ term
becomes independent of the yj functions.

The optimum wave function is determined by minimi-

zation of the total energy as a function of the parameters
in the pre and p;j factors of. the wave function. Minimi-
zation with respect to the yj involves the z position of
the center of the Gaussian and its width. This minimiza-
tion process involves the E, and E„~, terms. Minimiza-
tion of the energy with respect to the parameters in the
p;i. factors involves the E„», and E„» terms. The equa-
tions that result from this latter minimization are those
of a two-dimensional SCP theory with "two-dimen-

TABLE I. Ground-state energy contributions for the
J3x J3R30' commensurate phases of H2 and D2 on graphite.
The energy terms are defined in the text by Eqs. (1)-(4), and
all values are in kelvins.

E,
Exyz

E„y
E

Initial'

—478.4
—16.0
—15.4

—509.8

Final

—474.9
—21.2
—14.7

—510.8

Initial'

—515.3
—18.9
—31.0

—565.2

D2
Finalb

—510.6
—26.7
—30.0

—567.3

'Solutions which are based upon the zeroth-order yj that minimizes

only the E, term.
Solutions which are based upon the fully self-consistent yj that min-

imizes the total energy.

sional" adsorption potential Fourier coefficients UG given

by

UG =&y, I UG(z, ) I y&

These SCP equations generate the phonon frequencies
and polarization vectors for the in-plane modes in the
usual manner. ' ' Several iterations between the equa-
tions for the optimum wave-function parameters of the

yi and of the SCP parameters are necessary to produce
a fully self-consistent solution set for the energies, pho-
non modes, and corresponding wave functions. The first
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TABLE II. Parameters characterizing the density of states
for the in-plane modes of the J3&J3R30' commensurate

phases of H2 and D2 on graphite. All values are in kelvins.

UG, is the eff'ective Fourier coefficient corresponding to the

nearest-neighbor reciprocal lattice vector. hcoI- is the phonon

energy gap at the zone center, and hhco is the width of the
density of states. hcoT and AcoL are phonon energies corre-
sponding to peaks in the density of states.

Initial'
H2

Final Initial'
D2

Final

UG,
6 NI-

AA co

6coT
~ COL

—6.0
40.5
48.0
61.7
83.1

—7.7
46.6
42. 1

64.9
83.8

—6.0
31.1

19.6
40.4
48.7

—8. 1

36.9
14.8
44.2

50.3

'Solutions which are based upon the zeroth-order yj that minimizes

only the E, term.
Solutions which are based upon the full self-consistent yj. that mini-

mizes the total energy.

step in this procedure is to generate a set of UG from the

y~ that minimizes E, only. Then these UG values are
used to start the iteration procedure that minimizes the
total energy E. Table I summarizes the results for the
energy terms given in Eqs. (1)-(4).

Use of a self-consistent yj instead of zeroth-order y~
does not have a large effect on the total energy, although
there is significant shifting of the individual contribu-
tions to the total. However, there is a significant in-
crease in the effective Fourier coefficients UG, and a cor-
responding effect on cur, the phonon gap at the I or
center point in the Brillouin zone, and on the width of
the phonon density of states Aro. The corresponding pho-
non energies are listed in Table II, along with UG„ the
effective Fourier coefficients corresponding to the
nearest-neighbor reciprocal-lattice vector for the sub-
strate potential. The effect on D2 is much larger than on

H2, as might be expected from the mass difference. The
increase in the effective Fourier coefficient and the corre-
sponding narrowing of the width of the density of states
is about a 25% effect for D2. In both the H2 and D2 sys-
tems, there is a movement of the adsorbed molecules in

towards the surface as these molecules are localized over
adsorption sites. For yi, this means that the initial func-
tions are associated with a position slightly farther away
from the surface than the final, fully self-consistent solu-
tions. It is this "dropping down" of the molecules into
the surface pockets formed by the absorption sites that is
responsible for the energy gain of the fully self-consistent
solutions.

The ground-state energies for both the H2 and D2
K3&& J3R30' commensurate phases were compared to
the corresponding energies of both the rotated and non-
rotated incommensurate phases. ' The commensurate
phases are lower in energy than the incommensurate

phases in both cases. For H2 the energy difference is

about 17 K, while for D2 this difference is about 16 K.
These results are reasonably consistent with calculations
based on the Hartree approximation for the ground-state
wave function.

The phonon spectrum for D2 calculated with the fully
self-consistent solutions for yj. is characterized by a pho-
non gap c5~=36.9 K, a maximum in the phonon spec-
trum of the transverse model roT 44.2 K, and a local
maximum of roL 50.3 K in the longitudinal mode. The
density of states calculated for this spectrum was found
to have peaks at both DDT and roL. Table II lists these
values as well as the corresponding values for the
zeroth-order y~ functions. Since it is not yet possible to
do a single-crystal neutron-scattering experiment for
monolayer systems, the inelastic-scattering data that do
exist are weighted averages of the phonon spectrum over
the Brillouin zone. A model calculation based on two
fitted coupling constants was used recently to infer the
phonon spectrum and density of states from the
neutron-scattering data for the D2 system. The empiri-
cally derived values for the D2 spectrum parameters
agree, within about several percent, with the theoretical
values of the fully self-consistent calculation listed in

Table II. In particular, the theoretical phonon gap is
about 7% smaller than that deduced from experiment
and the theoretical maximum phonon energy is about 3%
too high. The theoretical width of the density of states is
about 14.8 K, while the experimentally deduced width is
about 10 K.

The theoretical results for the phonon spectrum of H2
on graphite are also listed in Table II. The difference;
between D2 and H2 are striking, but easily understand-
able in terms of the mass difference. The H2 density of
states is much wider than the D2 density of states be-
cause its zero-point motion is much larger, causing the
molecules to be affected more by their nearest neighbors.
The only inelastic-scattering data for the spectrum of the
commensurate phase of H2 on graphite are those of Niel-
sen, McTague, and Ellenson. These data do not have
the detail of the more recent data for D2, and there is no
convenient empirical model to compare with the theory.
Nevertheless, it is possible to make preliminary compar-
isons between the H2 data and the theory. The experi-
mental results clearly show that the density of states for
H2 is much wider than that for D2 as seen in the theoret-
ical results. The experimental results also show a strong
peak at A, m=57 K and a weak peak at Aco=81 K.
Table II shows that these values are in reasonable agree-
ment with the theoretical values for AcoT 64.9 K and
A. coL 83.8 K, found for the fully self-consistent solu-
tions.

Clearly there is good but not perfect agreement be-
tween theory and experiment for the phonon spectrum of
both D2 and H2. The general agreement between theory
and experiment shows that the interaction between the
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hydrogen molecules and the graphite surface, as well as
the interaction between the hydrogen molecules them-
selves, can be described by the models that have been
used here. This is not to say that substrate modification
of the molecule-molecule interaction, many-body effects,
and anisotropic effects of the molecule-substrate interac-
tion can be entirely ignored. ' It might well be that
much of the discrepancy between theory and experiment
is because of such effects. However, these effects would

appear to be perturbations on the interactions used for
this model calculation.

Finally, to describe properly the dynamics of the hy-
drogen monolayers, it is necessary to deal with the
three-dimensional nature of the substrate interaction and
the monolayer wave function. The coupling between the
parameters for the surface-normal and the in-plane fac-
tors in the wave function has a significant effect on the
dynamics of these systems and cannot be ignored. That
is, commensurate quantum solids cannot be treated as
simple two-dimensional systems. If one expects to com-
pare a theoretical calculation of the phonon dynamics to
the experimental results for these systems, the effects of
the third dimension must be examined. Future theoreti-
cal calculations of the dynamics of commensurate quan-
tum solids should include these effects.

It would be most useful at this point to have an experi-
mental density of states of both H2 and D2. The pub-
lished data for H2, while certainly a milestone in their
time, are not detailed enough to warrant theoretical cal-
culations beyond the present one. While the differences
between the recent D2 experimental results and these
theoretical results do warrant further investigation, a
proper experimental density of states would make the
comparison between theory and experiment easier. I
would strongly urge the experimentalists to consider such
experiments.
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