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Quark-Lepton Mass Ratio in Technicolor
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QCD corrections may substantially enhance a techniquark condensate relative to a technilepton con-
densate when the technicolor P function is small. This enhancement factor appears in quark-lepton mass
ratios. There is much less enhancement of the techniquark-technilepton mass ratio.
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In a technicolor (TC) theory, quark and lepton masses
are proportional vacuum expectation values of local tech-
nifermion bilinears calculated in the presence of an
effective ultraviolet cutoff. This cutoff A, is the mass
scale of "sideways" interactions which couple quarks and
leptons to technifermions. In this paper we shall assume
that a quark mass is proportional to a techniquark con-
densate (QQ)~, and that a (charged-) lepton mass is pro-
portional to a technilepton condensate (LL)A (in the fol-
lowing we shall omit the A, subscript). Both techni-
quarks and technileptons carry TC, whereas only techni-
quarks carry color. We will explore the possibility that
the ratio (QQ)/(LL) is an important factor in determin-
ing the quark-lepton mass ratio.

I shall argue that ordinary color interactions may suit-
ably enhance (QQ) compared to (LL) in the case that the

TC running coupling is slowly varying as a function of
momentum. A slowly varying TC coupling has been well

studied in the context of enhancing (QQ) and (LL) and
thereby suppressing fiavor changing neutral currents. ' 5

In such a theory we will find that the value of (QQ) is

very sensitive to a QCD radiative correction, even though
the value of the color coupling at and above the TC scale
is small, aQcD, g . This is, the fractional shift in (QQ)
due to the correction is much greater than the naive esti-
mate of order aQcD.

The full ladder Schwinger-Dyson (SD) equation may
be linearized by introduction of an infrared cutoff self-
consistently. 6' This linearization is an appropriate ap-
proximation when the coupling is slowly varying, since
then the integral is dominated by large momentum. 5

The result takes the form

ka, [a(k )/a, ] —(I/A) [a(k )/a, l',

z(k') = z(k ')
dp z(p )+ dp', z(K') =K.x( ')z( ')

k2 ~k' 2

These equations must determine the infrared cutoff tr as
well as Z(k ) write

The self-energy of the technilepton, zL(k ), is deter-
mined by (1) with X(k 2) replaced by

XL, (k ) =
4 a(k )la„with a, =tr/3C2, (2)

where a(k2) is the TC running coupling and C2 the
Casimir for the technifermion representation of TC.
zg(k) is determined by (1) with

1 a(k ) + aQcD(k )
(3)

4 ac aQCDc

where aQcD(k ) is the color running coupling. We shall
assume that the techniquarks are in the triplet represen-
tation of color, in which case aQmc=tr/3C2QCD=sr/4.
The technilepton and techniquark masses are respective-
ly of order trL and tran

We write

a(k )/a, =22/In(k /A ),

corresponding to asymptotically free TC with kafka(k )
= —ba 2(k 2) and A—:1/ba, . Since chiral-symmetry
breaking occurs when a(k)/a, = 1 and since we may

large A is synonymous with a slowly varying coupling.
And note that (4) only holds k & xL, g, large A may not
be applicable well below the technifermion mass scale
since technifermions no longer contribute to the TC p
function. Thus the TC confinement scale may in fact be
much closer to trL g than the A« tcL,g appearing in (4).

Since the color coupling aQcD(k ) is small at the TC
scale it will vary slowly over the momentum range of in-

terest above the TC scale. And the presence of techni-
quarks will also tend to make the color p function stnall-
er. With this in mind, we find it convenient to study the
case of a constant color coupling, aQCD(k ) =aQcD.

The reader may appreciate the following oversimpli-
fied explanation for the main result of this paper. As-
sume that the dynamical mass is generated when the
effective coupling has reached a certain critical value, for
example, when 4XL, (tr)) =4Ag(tc)) =1. . This naive '
assumption along with (2), (3), and (4) gives tran/tet= exp(4AaQcD/tr). Then as long as AaQCD 1 we have

try/trL, deviating significantly from unity. This in turn
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yields a large enhancement for (Qg)/(LL), since on di-

mensional grounds one might expect this ratio to be
«$/«j. But this last statement is also naive because, as
well shall see, the condensates have a nontrivial depen-
dence on A, as well. A more careful treatment is need-
ed.

I briefly describe how explicit solutions to (1) are ob-
tained when A is large; more details are given else-

where. We convert (1) to a differential equation by
changing variables from k to x =in(k /A ) and by
defining GL,g(x)~x' e" ZL.g(x)l«xor. ,g=ln(«), g/
A ) is the smallest x we need consider and for large A

we will find that xpL g~A. This allows us to drop 1/x
terms in the resulting equation. In the technilepton case,

When written in terms of the confluent hypergeometric
function we have

Gi. (x)~x' e " U(1 —A/2, 1,x). (7)

In the techniquark case we may substitute x =y/d into
(6) to obtain

Gg(y)+ + Gg(y) =o,
4 y

where Gg(y)=Gg(y/d) and 8 —I—= (2 —1)/d. Thus
the solution Gg(x) to (6) takes the form

Gg(x) (xd) '"e -""'U(i -8/2, i,xd). (9)

—1 A —1GL'(x)+ + GL, (x) =o.
4 2x

In the techniquark case,

(s)

The differential equations are supplemented by bound-

ary conditions

zL(xpL, ) =«L, zg(xpg) -«g,

Gg(x)+
—d2 A —

1+ Gg(x) =O,
4 2x

(6)

where d =1 —4agcD/&.
The first equation is Whittaker's equation if 1/x

terms are again ignored in the general form of Whit-
taker's equation. The appropriate Whittaker function
solution is determined by the requirement of the correct
asymptotic behavior for dynamical symmetry breaking.

zL(xoL, ) =O, zg(xog) =O.

The first two correspond to the boundary condition al-
ready present in (1) and serve to normalize the solutions.
The last two follow from the integral equation itself and
serve to determine xpL g as the largest values of x for
which the functions Zr, g(x) ~x 'I e'~ G2L, g( x) have lo-
cal maxima, since we require zL, g(x) to be monotonical-

ly decreasing above xpL, g. We may now write the self-
energies for the technilepton and techniquark, respec-
tively.

zL(x) =«Le " U(1 —A/2, 1 x)/U(1 A/2, 1 xoL)

zg(x) =«ge "~ " U(1 8/2, 1,xd)/U(l 8/2, 1,xpgd).

Quark and lepton masses are proportional to (gg) and (LL), respectively. These condensates are given by divergent
integrals effectively cut off as A„since the nonrenormalizable operators which couple technifermions to quarks and lep-
tons are characterized by A, . With (Qg) = —,

' (Q,Q, Q, ) (summing over three colors) we have

f A, 2

&gQ) ~ k dk4 k +zg(k )

with a similar expression for (LL). After linearizing as before we obtain

&gg)/&LL) =exp[ —', (xog —xoL)]lg/IL «)lg/«)IL,

where
Zs

Ig =„dxexp[(1 —d)(x —xpg)/2]U(1 8/2, 1,xd)/U(1 8/2, 1,xpgd), —

t Zq

IL =„dxU(1 —2 /2, 1,x)lU(1 —8 /2 1 xoL, )4 ZOL

with x, =in(A, /A ).
We may avoid the integrals by making use of an expression obtained by differentiating (1). T»s yields

(gg) Zg(A,2)/[X(A,2)/A,2] ', (i4)

where the prime denotes differentiation with respect to A, . Thus for large A, we obtain [ignoring the X'(A, ) term since
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it is suppressed by x, ']

(QQ), exp[(1 —d ) (x, —
xpg )/2]

(15)

[[(1+d)/2]U(1 —8/2, 1,x,d) —d(8/2 —1)U(2 —8/2 2.xsd)]]U(1 A/2 1 xpi. )

[U(1 —A/2, 1,x, ) —(A/2 —1)U(2 —A/2, 2,x, )]U(1 —8/2, 1,xpgd)

We find that (15) agrees with (13) to within = 5%
A =5 and = 1% at A =15. In evaluating these expn
sions we fix x, relative to xpg, that is we fix the ratio
A,/xg. This is because it is xg and not xL which is

largely determined by the Wand Z masses.
I display (QQ)/(LL) from (15) in Fig. 1 for two values

of the color coupling aQQD ( ~~ and —,
' ) and two values

of A, /xg (103 and 10 ). I also give some typical values
for xg/xL in the form (xg/xL)g' . (1.45)6, (1.79)s,
(2.24) )p, (2.82) t2, and (3.56) (4 for aQcD —„and
(1.60)s, (2.09)s, (2.77) lp, (3.70) ~2, and (4.96)~4 for
aQCD 9 . The results clearly display a large sensitivity
to aqcD.

We now discuss a few complications. The first is that
the real color coupling will run (slowly), either decreas-
ing or increasing above the TC scale depending on the
sign of the color p function. If aQcD(k ) happens to in-

crease, then the enhancement of (QQ) will be even more
pronounced. The same is true if techniquarks are in a
different color representation with a larger Casimir

C2QCD (e.g., for sextet techniquarks, C2QcD 10/3); the
smaller d =1 —3C2QCDaQco/z would produce a drastic
enhancement of (QQ) for the same A. Interesting values
of (QQ)/(LL) then occur for much smaller values of A,
and the large A analysis of this paper would not be ap-
propriate.

A second complication is that techniquarks do not ful-

ly contribute to the P function in the momentum range
xL, (k & xg If for . this range we replace A by A we

have

k8k[a(k )/a, l = —(1/A)[a(k )/a, ];
this implies that a(k )/a, ~ eo at k =exp( —A)xg. xL
cannot be less than =exp( —A)xg and thus we expect
smaller xg/rcL for smaller A. For the sake of obtaining

analytical results we have neglected this effect and have
set A =A. I may therefore have somewhat overestimat-
ed the quantity xg/xL for a given A. On the other hand,
we have found that phenomenologically interesting
values of the quantity (QQ)/(LL) occur for xg/xL as
small as 2 or 3. It is clear that such values for xg/xL
may occur naturally even when a more realistic p func-
tion is used.

A third complication is that the sideways physics
necessary for the generation of quark and lepton masses
will alter the TC dynamics above the scale A, . This sug-
gests, for example, that an ultraviolet cutoff at A, be im-

posed on the SD equation (1). But we have purposely
constrained A &15 so that A, Z(A, )((xZ(x). In this
case Z(k) will not be significantly affected by the
cutoff, ' except possibly for k =A, . On the other hand,
(QQ) and (LL) are given by divergent integrals involving

Z(k), and thus it is not quite so clear that these quanti-
ties would be insensitive to the change in Z(k) due to a
cutoff.

To check this we turn to a numerical treatment. Here
we obtain Z(k) through an iterative procedure2 s applied
directly to the nonlinear ladder SD equation in the pres-
ence of an ultraviolet cutoff (the nonlinear SD equation
does not require an infrared cutoff). The numerical re-
sults for (QQ)/(LL) are displayed in Fig. 2. And numer-
ical values for [Zg(0)/ZL(0)]z are typically within
=5% of the above values for (xg/xL)/~, except for
large values of A when some sensitivity to the cutoff de-
velops.

We thus find qualitative agreement between the nu-

merical and analytical results; the differences indicate
the degree to which the initial linearization of the SD
equation is to be trusted. Although further results will
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FIG. l. (QQ)/(LL) (analytical). FIG. 2. (QQ)/(LL) (numerical).
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not be presented here, the numerical method also allows
one to check the effect of a changing TC P function
below xg and the running of the QCD coupling
ogcD(k ').

I conclude by mentioning another possibility for pro-
ducing mass splittings among technifermion condensates.
There may be corrections due to the exchange of gauge
bosons much more massive than the TC scale. Such
gauge bosons could distinguish between and cause split-
tings among different techniquarks for example. This in

turn is of interest for causing a mass hierarchy between
diff'erent quarks which couple to different techniquarks.
This effect may be analyzed numerically, as was done in

Ref. 2. But it is not difficult to argue that if the TC run-

ning coupling does not significantly decrease until a scale
A&) x, then any new interaction with a mass scale less
than or of order A may have a large effect on the techni-
fermion condensates.

Summarizing this paper, we have been concerned with

corrections to technifermion condensates from a known

source, in particular QCD interactions above the weak
scale, and have indicated when these apparently weak

corrections may be important in the determination of
quark-lepton mass ratios.
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