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Dynamic Multiple Scattering: Ballistic Photons and the Breakdown
of the Photon-Diff'usion Approximation
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We find experimentally that in the forward direction the length scale of quasiballistic photons dom-
inates the dynamic intensity-intensity correlation function of light multiply scattered from randomly
diffusing spheres. This implies a breakdown of the photon-diffusion approximation, which is character-
ized by a single length, the transport mean free path. We suggest why this breakdown occurs, introduce
phenomenologically a dynamic correlation length as an additional length scale, and with this extension
reconcile the theory with experiment.

PACS numbers: 42.20.—y, 71.55.Jv, 78.90.+t

We have measured the frequency spectrum of light
strongly multiply scattered from a system of 0.46-Ism
spheres undergoing random diffusive motion, and find
that in the forward direction the spectrum is a simple
Lorentzian with a half-width that scales linearly with
sample thickness at the rate of 56 kHz/mm. Although
these results may appear perfectly innocuous, they repre-
sent, in fact, a major surprise which is at complete vari-
ance with the almost universally used photon-diffusion
approximation' ' for light propagation in highly ran-
dom media, an area currently of intense interest. '

The photon-diffusion approximation, which yields correct
results for static correlations, ' fails in every respect for
our dynamic system, since it predicts the wrong shape
for the frequency spectrum, the wrong value for the
half-width, and the wrong dependence on sample thick-
ness.

In the photon-diffusion approximation, which is
characterized by a single length scale, the transport
mean free path I, multiply scattered photon trajectories
are assumed to be purely diffusive in nature. Photons
traversing the sample trace out long tortuous paths, with
the mean trajectory length scaling as the square of the
sample thickness s. For a static scattering system this
leads to the experimentally verified" prediction' that in
the forward direction the half-width of the wavelength-
dependent intensity correlation function, C(M), scales
as I/s . In contrast, our experimental results for a dy-
namic system show that in the forward direction the
half-width of the time-dependent intensity correlation
function, C(ht), varies as 1/s, and that C(hr) is dom-
inated by a short, quasiballistic length which scales
linearly with sample thickness. This departure from s
scaling heralds the essential failure of the photon-
diAusion approximation when applied to dynamic sys-
tems.

In Fig. 1 we display in detail the predictions of the
photon-diffusion approximation for C(d, r) The curves.
calculated for (curve a) a point source in an infinite
medium and for (curve b) a finite slab are obtained by

an extension of our previous theory' (carried out in real
space), which yields results in complete agreement with
the most recent diagrammatic treatment of Stephen. '

Within the framework of the photon-diffusion approxi-
mation, this latter is the most rigorous and complete
theory currently available. Also shown for comparison
are (curve d) our previous results for backscattering'
(both theoretical and experimental), and (curve c) our
present experiments for forward scattering. Since the
dephasing time of a single photon trajectory, or loop,
varies inversely with loop length, ' C(ht) for a point
source in an infinite medium decays extremely rapidly as
a result of the presence of many very long loops. The
boundary conditions for a slab of finite thickness cut off
these long loops and lead to a much slower rate of decay
for C(d, t). Since only short loops are important for
backscattering, on the scale of Fig. 1, C(ht) for back-
scattering decays extremely slowly. Our present experi-
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FIG. 1. Natural logarithm of the dynamic intensity-

intensity correlation function C(ht) vs time ht for s 1 mm.
Curve a: Forward scattering calculated for a point source in
an infinite medium, with s the source-receiver separation.
Curve b: Forward scattering calculated for a finite slab of
thickness s. Curve e: Our experimental results for a 1-mm-
thick cell. Curve d: Backscattering, for which both experi-
ment and theory agree.
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mental results (curve c) show that for forward scattering
C(ht) decays much more slowly than is predicted even
for the slab, leading to the conclusion that there exists
an additional mechanism for damping out the contribu
tions of most of the remaining long loops .Moreover,
the fact that our experiments indicate that C(ht) is well

described by a simple exponential implies the existence
of a single characteristic length which dominates the
time dependence, a length which our data show scales
linearly with sample thickness s. As mentioned, none of
these new experimental findings are in accord with the
photon-diffusion approximation, indicating clearly the
need for theories that go beyond this framework.

Our samples were a 10% (by volume) sonicated aque-
ous suspension of 0.46-pm-diam polystyrene spheres.
Such spheres have recently been used in a wide variety of
multiple-scattering experiments. ' 'o 2 The frequen-
cy spectrum of Ar-ion laser light scattered in the forward
direction was measured between 100 Hz and 100 MHz
with the homodyne technique. 2 The data are shown in

Fig. 2, where the solid lines are best-fit Lorentzians. In
Fig. 2(b) we plot the inverse of the intensity as a func-

tion of the square of the frequency shift. Such a plot is
the classic test of a Lorentzian line shape, and as may be
seen, all thicknesses display this line shape to high accu-
racy. In Fig. 3 we plot the measured half-width of the
frequency spectrum as a function of sample thickness s.
Within error, the data lie on a straight line of slope 56
kHz/mm. Since the frequency spectrum in a homodyne
measurement is the Fourier transform of the dynamic
intensity-intensity correlation function C(ht), the ob-
served Lorentzian line shapes indicate that over the
range studied, 0 & ht & 3r, C(ht) is well approximated
by a simple exponential,

C(ht ) exp( At—/r), (la)
with a multiple-scattering correlation time t that varies
inversely with sample thickness, which we write as

(lb)
Here A is a constant, and ri is the single-scattering
correlation time averaged over all directions of scatter-
ing. Using the average of values previously determined
experimentally, i 19 pm (Ref. 6) and r i 1300
@sec, 'o 2 we find A 0.11.

We have also determined experimentally that neither
absorption nor the finite longitudinal coherence length of
our laser causes the observed cutoff of long loops. The
transmission of the sample was found to decrease as al/s,
with a approximately equal to unity, exactly as is expect-
ed " for normal energy diffusion without absorption.
From these transmission measurements, and from mea-
surements of the laser linewidth, lower limits were found
for the intrinsic absorption length of the sample and the
laser coherence length which were both almost 2 orders
of magnitude longer than the characteristic length which
dominates C(dt). We emphasize that normal diffusive
energy transport is a consequence of the fact that the ve-
locity of light is very much greater than the particle ve-
locities, so that as far as energy transport is concerned,
one does not expect significant differences between a dy-
namic and a static system. Accordingly, the transmis-
sion teaches nothing about the time evolution of C(ht),
other than that it is unaffected by absorption. Having
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FIG. 2. (a) Measured forward-scattered frequency spec-
trum for a 0.53-mm-thick cell. The solid line is a best-fit
Lorentzian. (b) Inverse of intensity vs square of frequency
shift for forward-scattered light from 0.53-, 1.00-, and 2.00-
mm-thick cells. S.

s (mm)

FIG. 3. Half-width of frequency spectrum vs cell thickness
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C(At)-
p QO —Lh, t

dL W(L, s)exp
&s 2lri

(2)

eliminated these (and many other) possible sources of
experimental error, we turn now to an examination of
the assumptions which underlie the theory.

Do the scatterers in our dense system really undergo
simple diffusive, i.e., Brownian, motion, as has been as-
sumed in the theory of Fig. 1? Since our measurements
correspond to times which are much shorter than ri, on

these short time scales diffusion might not yet be opera-
tive, and so the scatterer dynamics could be described by
a Maxwell-Boltzmann velocity distribution. For this dis-

tribution the photon-diffusion approximation predicts for
a slab ' C(At) exp[ At/r—'], which has both the right
functional form and the right s dependence on the decay
time r'=(Xl/4zs)(M/kaT)'~, where M is the particle
mass, X the optical wavelength, and T the absolute tem-

perature. The scale of r', however, is all wrong, since for
a 1-mm cell r' 0.06 @sec, some 45 times shorter than
the measured value. Accordingly, if plotted in Fig. 1,
C(At) would fall even faster than for the point source, so
that this possibility is eliminated by the data.

A second source of concern is strong particle-particle
interactions. Hard-sphere repulsions (i.e., crowding) do
slow somewhat the rate of scatterer diff'usion, but, as
found both experimentally and theoretically by Pusey
and co-workers, at the 0.1 concentration of our sam-

ples, and on the fast time scale of our experiments, this
eff'ect is small, and may be accounted for simply by use

of an effective diffusion constant somewhat less than the
free-particle value. This conclusion is consistent with

previous experimental determinations, ' ' which yield
an average value of ri 1300 y, sec that corresponds to a
diffusion constant 25% smaller than for free particles.

A final possible source of concern is long-range
Coulomb interactions due to adsorbed charges which

might not be completely screened by the solvent. This
problem has also been considered by Pusey, who con-
cludes again that the initial decay of the particle
number-density correlation function is determined large-

ly by free-particle Brownian motion. We summarize the
situation by stating that only Brownian motion produces
the rapidly varying fluctuations which are relevant to our
measurements, and that on the time scales probed by our
experiments, the particles undergo normal diffusive mo-

tion. This conclusion is further supported directly by our
previous results on backscattering, ' in which good
agreement was found between experiment and theoreti-
cal calculations based upon normal (i.e., diffusive) parti-
cle dynamics.

Returning to the photon-diffusion approximation, we

note that the forward-scattering curves a and b of Fig. 1

can be obtained by our extending the real-space argu-
ments developed previously' ' to treat backscattering.
For the forward direction this yields

where the W(L,s) are normalized random-walk proba-
bilities for advancing a distance s via a diffusive trajec-
tory of length L. With the use of the appropriate
W(L,s), Eq. (2) reproduces both the point-source and
finite-thickness-slab results of Stephen, ' which were ob-
tained with rigorous diagrammatic methods. According-

ly, this equation provides a useful alternative approach to
the photon-diffusion approximation.

As mentioned, our experimental data clearly show the
existence of some mechanism whereby the contributions
of long trajectories to C(At ) are cut off. We believe that
this is due to positive correlations between the time evo-
lution of the optical phases of different trajectories, an

effect which grows with trajectory length. Since the time
evolution of the intensity fluctuations depends upon the
rate at which different trajectories beat against each oth-
er, i.e., upon phase differences between trajectories, a
positive correlation in the time evolution of these phases
acts to reduce the effective length of long trajectories.
Thus, in terms of their contribution to C(At), long,
correlated trajectories behave as if they were effectively
shorter. This implies that in Eq. (2) the weights

W(L,s), which were obtained from the photon-diffusion
approximation with the assumption of independent tra-
jectories, are too large for large L and too small for short
L. Accordingly, we correct this deficiency phenomeno-
logically by multiplying the W(L,s) of the photon-
diffusion approximation by an exponential correlation
function of the form exp( —L/A), and then renormalize
these weights. With this modification, Eq. (2) now

yields our experimental results, Eq. (la), for the region
0(ht (3r, which covers the range of our measure-
ments. The correlation time i is given by

(2t l/J3s)(l/A) ' '. (3)

Both the point source and the finite slab yield this same
result, since it is the exponential cutoff which is now

dominant, rather than the boundaries. For long times
h, t && i, however, for which only short trajectories are im-

portant, we recover the usual results of the photon-
diffusion approximation, since here the exponential
cutoff is no longer important. We emphasize that Eq.
(3) completely fits our data for all sample thicknesses
with a single value of A/l 4/3A, which yields for the
dynamic correlation length A 2.0 mm. From Eq. (3)
and our data, we also obtain for the characteristic length
which dominates C(At) the quasiballistic value s/A =9s,
which clearly illustrates the importance of the length
scale of the ballistic trajectory s.

In summary, we believe that the dramatic departure of
our experimental results from the predictions of the
photon-diffusion approximation represent a major theo-
retical challenge. We sharpen the issue by stating that
this theory predicts a functional dependence of the form
C C(s d,t), while our experiments require C=C(sb, t).
The corollary of this is that the theory predicts that the
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relevant dynamic length scale of the important photon
trajectories is the diffusive length s /1, while our experi-
mental results show that in actual fact it is the ballistic
length s. Our experiments thus clearly demonstrate the
need for a theory which goes beyond the framework of
the photon-diffusion approximation. We suggest that the
problem with this approximation as applied to dynamic
systems is the neglect of positive correlations between the
time evolution of the optical phases of different trajec-
tories, a problem which appears to worsen as the trajec-
tory lengths increase, since the number of trajectories
grows exponentially with length. We introduce an ex-
ponential correlation function as a phenomenological
means of incorporating the necessary correlations into
the theory, and find that this successfully reconciles
theory with experiment. We expect that these ideas can
be given a rigorous foundation using suitable diagram-
matic techniques, and will lead to a theory which goes
beyond the framework of the photon-diffusion approxi-
mation. Finally, we note that the effects described here
may be expected to occur also for other types of waves in

dynamic multiply scattering media, and that there may
be practical implications for propagation of radar, laser
beams, or acoustic waves, through seawater, fogs, clouds,
dust, and aerosols.
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