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We study ultrasmall Josephson junctions using the coherent picture to describe the pair dynamics and
the semiclassical approach for the quasiparticles. We find that the dynamics depends crucially on the
ratio of the superconducting gap energy A(T) to the charging energy e?/2C. The pair “Bloch oscilla-
tions” can be practically observed when 2A(T) > e2/2C; for 2A(T) < e?/2C the I4/e oscillations due to
quasiparticle tunneling can be observed. We discuss under what conditions the /-V characteristic will be
S-shaped, exhibiting both oscillations at different values of the current.

PACS numbers: 74.50.+r, 72.15.Nj, 73.20.Dx

Among the many exciting new effects predicted in
modern ultrasmall junctions' are the coherent Bloch os-
cillations in mesoscopic Josephson junctions driven by a
current source.>"® Neglecting quasiparticle transitions,
it is predicted that a Josephson junction of capacitance C
driven by a current source /4. will exhibit voltage oscilla-
tions of amplitude e/C at a frequency I4./2e. Similar os-
cillations, but with frequency I4./e and amplitude e/2C,
are predicted in mesoscopic normal (nonsuperconduct-
ing) tunnel junctions.>®'* Much subsequent efforts has
been aimed at the inclusion of the stochastic tunneling of
normal charges in addition to the coherent pair tunneling
in the description of a mesoscopic Josephson junc-
tion.*'1:13 In such a picture oscillations at frequencies
Isfe or I4c/2e due to the normal electron tunneling and
the pair tunneling, respectively, are expected resulting in
an S-shaped I-V characteristic,*”!? with the voltage first
increasing the /4. and then decreasing as we go from the
Is/e to the I4/2e oscillations, and finally increasing
again as I is increased even further.

In this Letter we include two new elements. First, we
include the effect of the higher-energy bands by allowing
Zener transitions'® between energy bands.®® Second, we
treat the inelastic transitions as the tunneling of quasi-
particles rather than normal charges. Thus the inelastic
transition rate depends on the superconducting energy
gap A(T). Our main new result is the discovery of the
crucial role of the ratio of the superconducting gap ener-
gy A(T) to the charging energy of a single electron
e2/2C. We find that for 2A(T) <e?/2C only the I4c/e
oscillations are practically observable. In the opposite
limit, at low currents only the I4c/2e oscillations should
be present, while for higher currents the I4c/e oscillations
are also observable over a specific range of I4.. We also

show that the S-shaped I-V characteristic can be ob-
served only over a very limited range of parameters. We
emphasize that all of our predictions are based on the as-
sumption that the Josephson tunnel junction is made
from superconductors that are described by the
Bardeen-Cooper-Schrieffer (BCS) theory,'® so that the
Josephson critical current I; is related to the normal-
state resistance Ry by’

Iy=[7A(T)/2eRn]tanh[A(T)/2kpT].

We describe the dynamics of the pairs and the current
source by a phenomenological Hamiltonian consisting of
an electrostatic term and a_pair tunneling term>®
H=Ec(q—2ip)*+E; (1 —cosh), where fip is the pair
number operator, 6 is the phase operator conjugate to
fip, and g =14./e. Here Ec =¢2/2C, and E is the Joseph-
son coupling energy E;=hlI;/2e SEc. The energy spec-
trum as a function of g is a series of oscillating bands,
analogous to those of the nearly-free-electron model in
the extended zone scheme. *>

In the adiabatic limit as g increases linearly in time we
expect the system to follow the lowest-energy band.
However, as the system passes through the gap regions
some part of the wave function will “leak” into neighbor-
ing bands®'® by Zener tunneling.!* Here we consider
the simpler case in which the phase randomization time
74 due to the heat bath is longer than tz, the Zener tun-
neling time, but shorter than the period of oscillation,
2e/I4..%"° In this limit the system is always localized on
a single band, but may display Zener tunneling when two
bands draw together with probability3!>1°

Pom+1=Pm+1,m = exp{— nE Lp(m)/8hE g},

where Eg,p(m) is the gap between bands m and m +1.
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For the first band this can be written in a particularly simple form, namely
Pio=expl—nrl;E/1614.Ect =exp{—1Iz/14d,

where Iz=nl;E;/16Ec. Under these assumptions the system performs a random walk among the energy bands which
can be described by discrete-time stochastic process for Q, the total charge across the junction®:

Q(t) with probability P m+sgn(0)s

Q(t+At)={ ¢))

—Q(1) with probability 1 = P m+sgn(0)-

In addition to Zener transitions the junction may also make inelastic transitions to lower band numbers by quasiparti-
cle tunneling. Each quasiparticle that tunnels lowers the net charge across the junction by e, transferring an energy
eQ/C to the heat bath. These inelastic transitions can be described by a continuous-time stochastic process:

Q(t) +14.At —e, with probability (Q)At,
QU +At)=4{0Q()+14At+e, with probability /(Q)At, )
Q1) +14.At, with probability 1 —[1(Q) +r(Q)]At,

where r(Q) and /(Q) are the quasiparticle transition rates in the forward and reverse directions, respectively. Such a
semiclassical model implicitly assumes that the quasiparticles are well localized on either side of the tunnel junctions.

Considering the effect of both the superconducting energy gap and the electrostatic charging energy, the quasiparticle
transition rate in the forward direction, say right to left, is given by?°

HQ == [ B,E)BIE-EN BN - f(E—ENE, 3)
RNC el
where D(E) is the ratio of the quasiparticle excitation r
spectrum to the normal-state density of states at the Fer- I4c<2A(T)/eRy=1o, we have that Qr=Q,, and
mi level, f is the equilibrium Fermi distribution function, P(Qr) is peaked around this value and has a width
and energy is measured in units of E¢ relative to the smaller than e. The junction will repeatedly charge up
Fermi energy on the right-hand side of the junction. The to a value slightly greater than Q¢ and then a quasiparti-
transition rate in the opposite direction, /(Q), is the cle will tunnel, producing a sawtoothlike voltage oscilla-
reflection of r(Q) about the Q =0 axis. The normal- tion at a frequency I4/e.®° However, the average volt-
state resistance Ry is the resistance when the system is age is given by (V) =(Qr —e/2)/C~2A(T)/e for an ar-
driven by a voltage source above the critical tempera- bitrarily small current. This is quite different from the
ture, Tc. The quantity E, is the change in the chemical case where the inelastic transitions come from the tun-
potential of an electron that tunnels across the junction, neling of normal electrons [A(T) =01, in which case
E,=eQ/C—e*/2C. . lim (V) =0

We assume the BCS picture?! so that D(E)=|E|/ Ig—0 ’
[E2—A(T)2'2 for |E| > A(T) and is zero for |E| At nonzero temperatures, although 7(Q) is not zero for
< A(T). At low temperatures (T < T¢, and kT < E¢) Q < Qo, for T<KT¢ it is exponentially small, so that the
the rate r(Q) is exponentially small up to a charge sharp jump is rounded but still visible. In Figs. 1(a)
Q0=[2A(T)C/el+e/2 and rises sharply to the line [2A(T) <e?/2C] and 1(b) [2A(T) >e?/2C] we show
(Q —e/2)/(eRnC) thereafter. Increasing the tempera- typical I-V characteristics for the case where pair transi-
ture decreases A(T) and therefore Qy also, as well as in- tions are neglected, showing their different approaches to
creasing the transition rate for quasiparticles for Q < Q. their asymptotes, in qualitative agreement with experi-

We first discuss the dynamics of the junction consider- ment. %2
ing just the quasiparticle transitions of Eq. (2) (setting We now turn to the case where both Zener and quasi-
Pmm+1=1) in the limit 7=0. We define Qr as the particle transitions are included. For 2A(T) <e?%/2C we
charge at which a quasiparticle tunnels and P(Q7) to be have Q¢<e, and hence for I4.<Iy the distribution
the stationary probability density of such transitions for P(Q7) has a width less than e, and is peaked near Q..
fixed I4.. The average charge at which a transition This leads to oscillations at a frequency I4./e about a
occurs, Qr, is therefore Or= [ P(Qr)QrdQr. For very voltage (V) =2A(T)/e. In order to see an effect from the
large currents Q7> Qo, and the response of the junction pair current, P(Qr) must extend above e so that a pair
is independent of A(T) so that in this limit the I-V transition can occur. Since the width of P(Q7) is ap-
characteristic is the same as that of a normal junction, proximately el4c/Io this implies that the pair current
Iie=(Q —e/2)/RNC.3'"" From the form of r(Q) given contributes at Iq.= (1 —Qo/e)Io. In Fig. 1(a) we see
above we can deduce that for small currents such that that at this point there is a knee in the I-V characteristic
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FIG. 1. The theoretically predicted I-V characteristic with
the stochastic processes of Egs. (1)-(3). (a) The I-V charac-
teristic for 2A(T") <e?/2C. The parameters are Tc=3.0 K,
T=0.25 K, C=0.05 {F, and E;/Ec=2.0. From these parame-
ters it can be determined that 2A(T)C/e?=0.27, e/RnC =760
nA. For the solid line the pair current was set equal to zero
(Ppm,m+1=1); the dashed line includes the pair current. The
two separate when a reasonable fraction of P(Qr) extends
above Q =e. The straight dotted line gives the asymptotic I-V
characteristic for large Iac. (b) The I-V characteristic for
2A(T) > e2/2C. The parameters are Tc=12.0 K, T=1.0 K,
C=0.05 fF, and E;/Ec =2.0. From these parameters it can be
determined that 2A(T)C/e?=1.1, e/RyC =3.04 uA. For the
solid line the pair current was set to zero. The middle curve
(dot-dash) includes the pair current in the case where E gap(m)
shrinks geometrically in m. In this case Pm,m+1 rapidly ap-
proaches 1 with increasing band number, so that the I-V
characteristic rapidly approaches the solid line. The upper,
dashed curve includes the pair current when the gaps are in-
dependent of m. The straight dotted line is the asymptotic -V
characteristic for large /qc.

reflecting the fact that the pairs start to carry some of
the current and thus lower the overall resistance of the
junction. However, a power spectrum of the voltage does
not reveal a peak at a frequency /4./2e; the quasiparticle
transitions still dominate the stochastic process. In order
to observe the 14c/2e oscillations in the power spectrum it
is necessary that QT >e, which requires that [I4c
> Jo=4I;/r. From the form of P;_ , we see that this
means that the Zener tunneling probability is large and
the I4./2e oscillations will be washed out. These results
assume the Zener tunneling probability given above; we
expect that the effect of the quasiparticles will be to in-
crease P, m+1 above this value so that the knee in Fig.
1(a) will be smaller.

If we relax the constraint between I3 and Ry given by
the BCS theory, then in the limit A(7)— 0, to increase
Or above e means that® I4.>e/RyC. On the other
hand, to observe the I4./2e oscillations, I4c should be
smaller than Iz. From these two conditions we obtain
that in order to see the I4./2e oscillations we require that
Ry (8/m)(Ec/Ej)*h/e’.

For 2A(T) > ¢?/2C and at low temperatures we have
Qo> e, so that the probability for a quasiparticle transi-
tion before the system reaches the first band gap at Q =e
is exponentially small. The I4c/2e oscillations can be ob-
served so long as P; > < 1, which means that /4. <1z As
I4. increases above this value, Py ,— 1 and the 74./2e os-
cillations will be washed out.® In Fig. 1(b) we show typ-
ical I-V characteristics for this limit. The voltage for the
combined case can be approximated by the voltage cal-
culated with neglect of Zener transitions (P m+1=1)
multiplied by P,>. We note that in this limit the I4./e
oscillations are only observable for Iz <14, <I. Both
types of oscillations can be observed in a single junction
under certain circumstances. When the temperature is
increased the transition rate r(Q) becomes appreciable
for Q < Qo. In effect, the junction has a high but finite
resistance Reg at low values of the current. We can
choose a A(T) and T such that Q¢>e, and that
e/RegC < Iz. For I4 <e/RsC the quasiparticle transi-
tion rate is large enough so that Qr <e and the junction
will exhibit I4./e oscillations. When the current is in-
creased so that e/R.gC < I4. < Iz the junction reaches
the first gap with a small probability of Zener tunneling
so that the I4./2e oscillations can be observed. At higher
values of the current P, is large and the oscillations are
washed out. Under such conditions the /-V characteris-
tic will be S-shaped. We emphasize yet again that this
prediction assumes the Zener tunneling probability given
above, which may be modified when the effect of the
quasiparticles on the Zener probability is considered.
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Note added.— Subsequent to submission we learned of
other work done on quasiparticle effects.?’
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