
VOLUME 60, NUMBER 11 PHYSICAL REVIEW LETTERS 14 MARCH 1988

Macroscopic Approach to Universal Conductance Fluctuations in Disordered Metals
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Recently, a macroscopic theory of ¹hannel disordered conductors showed that the statistical distri-
bution of the transfer matrix for a system of length I. evolves with L according to a diff'usion equation in

N dimensions. It is proved here that the recently observed universal conductance fluctuations in normal
metals at very low temperatures are a rigorous consequence of that diAusion equation, in the regime in

which L»( mean free path) and N» l. The value found for the fluctuation coincides with the one ob-

tained from elaborate microscopic calculations.

PACS numbers: 72. 15.Cz, 02.50.+s

In recent years, experiments' have shown fluctuations
in the conductance of normal metals in the highly con-
ducting diffusive regime at low enough temperatures that
the inelastic mean free path is larger than the spatial di-

mensions of the system. One of the most intriguing re-
sults is that the variance of the conductance g (measured
in units of e /h) is of order unity, i.e., varg= 1, and does
not depend on the size of the sample or its average con-
ductance: This phenomenon is called the universal con
ductance fiuctuation

The above striking result has been studied theoretical-
ly by a number of authors2' using a perturbative treat-
ment, or numerical simulations, or, very recently, by pro-
posing an interesting connection between the statistical
properties of the transfer matrix and the familiar ensem-
bles of random-matrix theory.

A theory of multichannel disordered conductors was

presented by Mello, Pereyra, and Kumar; it was named
"macroscopic" because, just like Refs. 4 and 5, it deals
with the statistical distribution of the transfer matrix for
the full conductor. The theory is based on the general
properties of the scattering system: flux conservation,
time-reversal invariance (in the absence of a magnetic
field), and the appropriate combination law when two
wires are put together. The distribution associated with

systems of very small length is selected on the basis of a
maximum-entropy criterion; the combination law allows
then to find rigorously —and that was the central result
of Ref. 6—the "evolution" of that distribution with the
length L: It turns out to be governed by a Fokker-Planck
or diffusion equation in N dimensions, where N is the
number of channels. It is the purpose of the present
Letter to prove that the universal conductance fluctua-
tions are a rigorous consequence of such a diffusion
equation, in the regime in which L » I (i being the elas-
tic mean free path) and N » l.

I first sketch some of the relevant results of Ref. 6.
The notation of Ref. 6 will be occasionally altered for
convenience.

In the scattering approach, the disordered system (a
piece of wire) is sandwiched between two perfect leads,

where the scattering states, at the Fermi energy, define
the N channels; each channel can carry two waves, prop-
agating in opposite directions. The wave function out-
side the scattering system is thus specified by a 2N-
component vector, whose first N components are the am-
plitudes of the waves traveling to the right, and the
remaining components are the N amplitudes traveling to
the left. By definition, the 2Nx2N transfer matrix re-
lates the vector on the right with that on the left of the
system. Flux conservation and time-reversal invariance
require RZ, R t =Z„and R —Z, RZ„, where

1 0
0 1 zZ

0 1

1 0

have the structure of Pauli matrices, 1 indicating the
NxN unit matrix. With these restrictions, an R matrix
has N(2N+1) independent parameters and can always
be represented in the form

u 0R= {I+&) v 0

(1+X)'", ,
«' '

where u, v are arbitrary N x N unitary matrices and X is
a real, diagonal matrix with N arbitrary positive ele-
ments A. ~, . . . , A,~. As an application of the above pa-
rametrization, I mention that when the channels are fed
with N incoherent unit fluxes, the total transmission
coefficient T P, T, into all channels is given by
T P, (1+k,) . This is a very important quantity,
since in the metallic regime, where the sample dimen-
sions are much greater than I and each T, (&1, the con-
ductance g (including spin) is given by g =2T.

A collection or ensemble of random conductors of
length I. is described by an ensemble of R matrices,
whose differential probability dPL (R) =pt. (R)dp (R) de-
pends parametrically upon L. Here dp(R), the invariant
measure associated with the group of R's, is given by
J(X)Q, dX, dp(u)dp(v), where J(X)=Q, (s ~

A,, —ks ~,
and dp(u) [and dp(v)] is the invariant measure of the
unitary group U(N).
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The probability density pL(R) must satisfy an impor
tant combination law. If we put together two wires of
lengths L and BL, with probability densities pL and pbL,
the resulting probability density is given by the convolu-

tion pL, +bL =pL opqL. The "building block" pqL is then
constructed by our drawing an analogy with a well-

known problem. The structure of the above combination
requirement resembles that of the Smoluchowski equa-
tion, as is used, for instance, in connection with the
theory of Brownian motion: The role of length is played

by time in the Brownian problem, while our building
block has its equivalent in the transition probability

ps, (8u). The standard assumption for ps, (Bu) (i.e., a

Gaussian) is just the distribution of maximum entropy, '

constrained by a fixed value of (Su hu)//6ht =D, the
diffusion coefficient. Similarly, in the random conductor
problem, Ref. 6 chooses for pbL the distribution of max-
imum entropy, constrained by a fixed value of the aver-

age reflection probability per unit length, which is the in-

verse mean free path l '. In the Brownian problem one
obtains, from the Smoluchowski equation, a diffusion
equation. Similarly, in the present problem, when the
Ansatz for pqL, is introduced in the combination law, one
finds, for the joint probability density wL(X) =pt. (k)
J(X) of A, ~, . . . , Xtv, the Fokker-Planck or diffusion equa-
tion (with s=L/I)

|lw (X) 2
~

tl g w (k)
Bs N+1, -, N, , N, J(.l )

(2)

to be solved with the initial condition wp(X) =b(A, ).
From Eq. (2) one can obtain, in principle, the evolution of the expectation value of any quantity of interest. For in-

stance, multiplying both sides of (2) by T~ and integrating, one obtains the evolution equation for the pth moment of
the total transmission factor as

(N+ I)a,(T ), =( —pT~+' pT 'T—+2p(p —1 )T (T —T )),. (3)

Here, ( ), indicates an average performed with the probability density w, (X) of Eq. (2). I have also used the notation
T, =—g.(I+X.) ".

We notice that on the right-hand side of (3) there appear quantities other than (Tv)„so that their evolution equa-
tions are needed as well. Since we are interested in the limit N »1, we shall seek the solution to the coupled equations
as a series in decreasing powers of N. Therefore, even though the exact evolution equations for the quantities appearing
in (3) can be obtained exactly from (2), I quote here only those terms that are relevant to the analysis to be carried out
below. One finds

(N+1)8,(T 'T ), =(2T +' —(p+3)T T +2T 'T 4T 'T —pT T ), +—O(N '),

(N+1)8,(T 'T3), =( —(p+5)T T3+6T T2 —3Tt' 'T2), +O(N ),

(N+1)9,(T~ T2), =( —(p+7)T~T2+4T~+'T2), +O(N~+').

As I mentioned earlier, I propose the series expansion (with s a fixed number, independent of N)

(T~), N~fpp(s)+N~ 'f~i(s)+N F2(s)+P3

(4)

(s)

and similarly for (Tt' 'T2)„(Tt' 'T3)„and (T~ T2)„
with f~ (s) replaced by g~ (s), h~ (s), and lz (s), re-
spectively. I introduce these series expansions in Eqs.
(3)-(6) above and equate the coefficients of the various
powers of N. In the first step we obtain (g), = 2N/s =2NI/L. (10)

of the average conductance as (g), =2N(1+s) ' and,
for s»1 (i.e., L» l),

a,y, p(s) = pf~+, p(s), —

just as was found in Ref. 6. We see that the f~p(s) satis-
fy a closed, albeit infinite, set of coupled equations. The
solution satisfying f~p(0) =1 is given by

(9)

Equation (10) is Ohm's law, when N-(kFR') ', W
being the transverse dimension of the wire and d the
dimensionality.

Equating the coeKcients of the next power of % and
using (9), one obtains a closed set of equations for f~(s)

f p(s) =(1+s) and g~p(s) that can again be solved. Next, one obtains a
p{) S

closed set of equations for f~q, g~~, h~p, and leap. Substi-
For p=1, (9) gives the leading term (in powers of N) tuting f~p(s), f~~(s), and f~2(s) in Eq. (7), one obtains,

for the pth moment of the transmission factor,

N~
(T~), =

(1+s)~
3

Nt' '+ [(I lp —9)s + )N + ' ' '

3(l+s)~+ 90(1+s)~+
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In Eq. (11), the square bracket contains a polynomial of
the eighth order in s, of which I only quote the highest
power.

From (11)we now calculate var T: The first two terms
in the expansion cancel exactly, giving, for s»1, the
leading term

varT= I'5 + (12)

I have thus proved rigorously that the leading term
occurring in varT is independent of the number N of
channels (determined by the cross section of the wire),
the length L of the conductor, and the mean free path I.
The rms conductance g =2T is thus a universal number;
i.e.,

rmsg =v'8/15 =0.730. . . .

This is precisely the value found in Ref. 2 in the quasi
1D case, with use of microscopic Green's function tech-
niques. The statement made at the beginning of this
Letter is thus proved.

I conclude that, as far as the above studied problem
goes, the conceptually very simple macroscopic model
used here appears to contain the same physical informa-
tion as detailed, microscopic calculations.

I remark that the existence of universal conductance
fluctuations can be viewed as a general consequence of
the spectral rigidity of the transfer matrices [just as in
standard random-matrix ensembles (see Brody et al. "
for a review)l, which was first suggested in Ref. 4 and
explicitly shown in Ref. 5. It is clear, though, that more
specific information on the ensemble is required in order
to find a detailed quantitative result for rmsg. In Ref. 6
an ensemble is proposed, based on a maximum-entropy
hypothesis and characterized by one fundamental micro-
scopic property (the mean free path l), which does per-
mit such a detailed calculation, as shown in the present
paper: The result so obtained was seen to be successful
for quasi 1D systems. To understand further the range
of validity of the model, it is thus in order to make a few
additional comments.

It is significant that the difl'usion equation (2), ob-
tained through a maximum-entropy Ansatz, is indeed
common to a whole class of microscopic models. ' Sup-
pose that we build up the conductor by adding n scatter-
ing units, each with a probability distribution pi(R), and
ask for the resulting distribution for the full system. If
we assume pi to be "isotropic, " i.e., dependent only upon
the k's of Eq. (1), then, as n ee and in the weak-
scattering regime, one finds, for the resulting distribu-
tion, precisely the diffusion equation (2); the only prop-
erty of p ~ that occurs in the end is the parameter I, other
characteristics of p~ being washed out in the limiting
process. I refer to this universal result as a generalized
"central-limit theorem. " This is a very satisfactory
property of the model.

This isotropy assumption seems very reasonable and is

mathematically very convenient, because it has the im-

portant property of being conserved under successive
convolutions. However, I want to make it clear that it
cannot hold generally. Indeed, it is not surprising that
isotropy breaks down for systems that are short com-
pared with their width: For such a geometry, the as-
sumption that the matrices u and v [Eq. (I)) couple one
given channel equally likely to all other channels does
not seem justified. ' ' How to generalize the property of
isotropy is still not clear to me and will certainly be an
important task for the future.

Another limitation of the model, which is perhaps re-
lated with the discussion of the previous paragraph, is
that there is no explicit reference to the dimensionality of
the system, except through the number % of channels. '

Finally, I remark again that the whole analysis was
made under the assumption of time-reversal invariance,
thus implying the absence of a magnetic field. Relaxing
this condition will also be an important generalization
for the future. '

Before closing, I wish to remark that a maximum-
entropy hypothesis has been used successfully in other
areas of physics, like statistical mechanics' and molecu-
lar, ' chemical, ' and nuclear physics' (see also Levine
and Tribus' ). In Ref. 16, for instance, excellent quanti-
tative agreement was found between macroscopic and
very detailed microscopic calculations in the field of sta-
tistical nuclear reactions, showing once again that both
contain the same physical information. It has been our
experience that such a situation arises when there is a
generalized central-limit theorem behind the scene that
appears to govern the behavior of the system. There thus
seems to be a close connection between maximum entro-

py and a generalized central-limit theorem whose nature
is very important to explore further.

The author wishes to thank B. Shapiro for very il-

luminating discussions. The author is a fellow of the
Sistema Nacional de Investigadores, Mexico.

' Also at Departamento de Fisica, Universidad Autonoma
Metropolitana- Iztapalapa, Iztapalapa, Mexico.

'C, P. Umbach, S. Washburn, R. B. Laibowitz, and R. A.
Webb, Phys. Rev. B 30, 4048 (1984); R. A. Webb, S. Wash-
burn, C. P. Umbach, and R. B. Laibowitz, Phys. Rev. Lett. 54,
2696 (1985); S. Washburn, C. P. Umbach, R. B. Laibowitz,
and R. A. Webb, Phys. Rev. B 32, 4789 (1985).

2A. D. Stone, Phys. Rev. Lett. 54, 2692 (1985); P. A. Lee
and A. D. Stone, Phys. Rev. Lett. 55, 1622 (1985); P. A. Lee,
A. D. Stone, and H. Fukuyama, Phys. Rev. B 35, 1039 (1987);
S. Feng, C. Kane, P. A. Lee, and A. D Stone, to be published.

3B. L. Al'tshuler, Pis'ma Zh. Eksp. Teor. Fiz. 41, 530 (1985)
[JETP Lett. 41, 648 (1985)]; B. L. Al'tshuler and D. E.
Khmel'nitskii, Pis'ma Zh. Eksp. Teor. Fiz. 42, 291 (1985)
[JETP Lett. 42, 359 (1986)]; B. L. Al'tschuler and B. 1.
Shklovskii, Zh. Eksp. Teor. Fiz. 91, 220 (1986) [Sov. Phys.



VOLUME 60, NUMBER 11 PHYSICAL REVIEW LETTERS 14 MARCH 1988

JETP 64, 127 (1986)].
4Y. Imry, Europhys. Lett. 1, 249 (1986).
~K. A. Muttalib, J. L. Pichard, and A. D. Stone, Phys. Rev.

Lett. 59, 2475 (1987).
SP. A. Mello, P. Pereyra, and N. Kumar, Ann. Phys. (N.Y.)

(to be published).
7P. W. Anderson, Phys. Rev. B 23, 4828 (1981).
8D. S. Fisher and P. A. Lee, Phys. Rev. B 23, 6851 (1981);

P. A. Lee and D. S. Fisher, Phys. Rev. Lett. 47, 882 (1981).
M. Buttiker, Y. Imry, R. Landauer, and S. Pinhas, Phys.

Rev. B 31, 6207 (1985).
' R. D. Levine and R. B. Bernstein, in Modern Theoretical

Chemistry, edited by W. H. Miller (Plenum, New York,
1976), Vol. 3; Y. Alhassid and R. D. Levine, J. Chem. Phys.
6'7, 4321 (1978).

''T. A. Brody, J. Flores, J. B. French, P. A. Mello, A. Pan-
dey, and S. S. M. Wong, Rev. Mod. Phys. 53, 385 (1981).

'2P. A. Mello and B. Shapiro, Phys. Rev. B (to be published).
' B. Shapiro and A. D. Stone, private communication.
' P. A. Mello and A. D. Stone, unpublished.

D. N. Zubarev, Wonequilibrium Statistical Thermodynam-
ics, edited by P. Gray and P. J. Shepherd, translated by P. J.
Shepherd (Consultants Bureau, New York, 1974).

'SP. A. Mello, Phys. Lett. 81B, 103 (1979); P. A. Mello and
T. H. Seligman, Nucl. Phys. A344, 489 (1980); P. A. Melio,
P. Pereyra, and T. H. Seligman, Ann Phys. (N.Y.) 161, 254
(1985); W. A. Friedman and P. A. Mello, Ann. Phys. (N.Y.)
lol, 276 (1985).

~Maximum-Entropy Formalism, edited by R. D. Levine and
M. Tribus (MIT Press, Cambridge, MA, 1979).

1092


