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Recently, upper bounds for the triplet and
singlet scattering lengths of electrons scattered
from atomic hydrogen have been calculated by
Rosenberg, Spruch, and O' Malley. ' In the triplet
case the upper bound was found to be at ~ 1.91.'
This bound was obtained from an expression in-
volving an arbitrary wave function g having a
correct asymptotic form of an s -scattered wave
at infinity. The particular function used by
Rosenberg et al. did not contain a slowly vanish-
ing part (- r) comin-g from the induced polari-
zation in the hydrogen atom. A recent calcula-
tion' in which such a term was included gave a
scattering length practically identical with the
RSO bound, from which it may have been inferred
that the polarization has an almost negligible ef-

feet on the scattering length and that the value

at =1.91 is very close to the correct scattering
length. We wish to show that the polarization
has a very important effect on the scattering
length (of the order of 10%). Secondly, we want
to report an accurate calculation of the triplet
scattering length:

a =1.74, (1)

where the error is estimated to be less than
three percent. The difference between this value
and that of RSO is almost wholly due to the long-
range polarization.

The effect of polarization as well as the cal-
culation may be understood from a method which
has been outlined in this journal. 4 The basic
formula of that approach is
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5 is the exact phase shift of the whole problem
and C I(ylr2) are "coefficients" in the expansion
of the exact s-wave wave function in terms of
Legendre polynomials P(cos8»), Eq. (I.1). 5,
is the phase shift associated with a zeroth order
problem, Eq. (I.4), which in particular does not
contain any induced multipole distortion (polari-
zation) effects.

Assume that we have computed 5p and all l & 1
terms on the right-hand side of (I.5). Assume
also that only that part of the l = 1 term has been
calculated by integrating up to a point R beyond
which the difference between 4, and its asymp-

totic form,

-2 sin(k'Yi+ 5) -0'2(i 3 2) ( 6)
r, -- '
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can be considered negligible. Let 5(R) be the
phase shift so calculated, and let a(R) be the
associated scattering length:

lim 5(R) = p-a(R)k.k-0
a =—a(~) is the exact scattering length. We find
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from the various asymptotic forms
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The linear term in k induces a linear term in
the effective-range expansion of k cot5:

(ma&
k cot5=- —+~, ~k+ ~ ~ ~,

a 3a')

and the coefficient of the k term is precisely
that derived by Spruch et al. ' for the idealized
problem of a particle scattered from a ~/r4
potential.

However, of prime significance to us is the
constant term in (3), i.e. , the formula

(4)

1 a2 a 1)a=~(R) -n~ ——
3

——,+ —
i

~ (5)
l
3R R R)

Clearly, a calculation which includes no long
polarization gives rise to an approximation to
a(R), which will be substantially greater than
the true scattering length, a.

Our own calculations were carried out to
R =20. We obtain a(R) = 1.944. Now applying (5)
gives the final value a = 1.74.

The same considerations also apply to the
singlet scattering; however, since a ~ 6 is much

where n = 9/2 is the polarizability of hydrogen.
The right-hand side of (2) can be simply carried
out to order k:

—[5-6(R)]=~ —,-o —,+ o.—+k ~+O(k' ink).(ot a' a 1 s'il
k (3R R' R

(3)

larger in that case, the decrease in a(R) will be
smaller.

We expect to have accurate phase shifts for
both singlet and triplet scattering shortly. These
together with details of the method will be pub-
lished at that time.
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