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Mechanism for Rapid Sawtooth Crashes in Tokamaks
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The standard picture of the Kadomtsev reconnection process predicts sawtooth crash times that are
longer than those observed in present-day large tokamaks. Ideal kink modes are investigated as a possi-
ble mechanism for these fast crashes, by use of fully toroidal, compressible, full magnetohydrodynamic
equations. In systems with low shear, parallel-current and pressure-driven modes are identified well
below the previously accepted poloidal-P limits. Linear and nonlinear calculations show good agreement
with experiments and indicate that such modes may explain fast collapse times reported in the recent
literature.

PACS numbers: 52.55.Fa

The sawtooth oscillations in the soft x-ray signals ob-
served in tokamaks are associated with periodic changes
in the central electron temperature, T, . ' Typically, a
slow phase during which the central temperature slowly
rises is followed by a fast drop in T„associated with flat-
tening of the central temperature. The time scale of the
slow phase is determined by various transport processes
such as Ohmic heating. The resistive internal kink mode
was invoked by Kadomtsev to explain the crash phase of
the oscillations. In this model, an m =1 island (m is the
poloidal mode number), associated with a safety factor q
less than unity on axis, grows, forming a helical defor-
mation of the internal plasma column. This kink struc-
ture subsequently relaxes to a symmetric state through
complete reconnection of the helical flux inside the q =1
surface with the flux from outside. The Kadomtsev mod-
el has been generally believed to explain the sawtooth os-
cillations in earlier tokamaks.

Recent observations, however, indicate that tokamaks
exhibit various types of sawtooth oscillations that cannot
be fully explained by the Kadomtsev model. In addition
to the simple sawtooth associated with this model, there
are double or compound sawteeth thought to be
caused by the presence of two or more q =1 surfaces in
the plasma. Moreover, both TFTR and JET tokamaks
report crash times that cannot be easily reconciled with
the Kadomtsev reconnection process.

Previous numerical studies of the sawtooth oscillations
have concentrated on the m =1 resistive tearing mode.
Waddell et aI. performed the first nonlinear studies and
found the current-flattening times to be in agreement
with the internal disruption times reported in the ST
tokamak. Sykes and Wesson included self-consistent
evolution of the temperature and resistivity in order to
follow periodic sawtooth oscillations. However, in their
simulations, sawteeth decayed away after a few periods.
Denton et aI. , by including parallel thermal conductivity,
have produced repeating sawtooth oscillations. They
were able to reproduce qualitatively many of the experi-
mentally observed features of sawtooth oscillations, in-

eluding compound sawteeth, by adjusting the transport
coefticients. However, their studies did not adequately
address the quantitative features of sawteeth, in particu-
lar anomalously fast crash times observed in the
present-day large tokamaks. For instance, some crashes
in JET are characterized by the absence of any discerni-
ble precursor oscillations, and a rapid collapse of the
central temperature in about 100 psec. During the
crash phase, the hot core region rapidly moves outward
and is replaced by colder plasma. Then, this highly
asymmetric state relaxes (in =100 psec) to a poloidally
symmetric state in which a ring of hot plasma surrounds
the colder core plasma, producing a hollow pressure
profile. In Ohmic discharges, however, this symmetriza-
tion is sometimes observed to take up to 10 ms, leading
to low-level successor oscillations. ' These fast sawtooth
crashes will be the subject of this Letter.

Since the time scales involved appear to be too short
for a resistive mode, Wesson " has suggested that a
pressure-driven ideal kink mode could be the responsible
instability mechanism. This mode is always unstable in
a cylinder ' for qo & 1 and p

' & 0, where qo is the safety
factor on axis and p' is the radial pressure gradient, but
is generally believed to be stabilized by toroidal eAects.
In particular, the analysis of Bussac et al. ' for the n =1
ideal kink mode predicts an instability threshold for the
pressure gradient that is much larger than the values at
which sawtooth oscillations are observed. (n is the
toroidal mode number; because of toroidal mode cou-
pling, the mode can no longer be identified with a single
poloidal mode number. ) However, this calculation is
based on a low-p (p is the ratio of plasma pressure to
magnetic-field pressure), large- aspect-ratio (e =a/Rp
« 1) expansion of the ideal magnetohydrodynamic
(MHD) equations. In the usual tokamak ordering as-
sumed in Ref. 13,

~
1 —

q ~

—1, and the parallel wave
vector k~~ =Be/(rB)(1 —q) =O(e) (for m =n =1). As
pointed out by Wesson, " if the safety factor profile is
such that

~
1
—

q ~
&&1 for a substantial portion of the

plasma column, then this ordering breaks down. In this
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case, it is more reasonable to assume 11 —q1 =O(e"),
and k~~=0(e"+'), with n~ l. A significant result of
this change is that the stabilizing line-bending energy is
no longer the leading-order term in the expansion of Ref.
13. (We still assume that f dr18Br, 1

is minimized by
letting V g~ =0. ) Therefore, an analysis of ideal MHD
modes for these systems needs to treat the line-bending
(shear) term and the destabilizing pressure, parallel
current gradients, and toroidal efIects on an equal foot-
ing. Such an analysis, which assumes k~~ =O(e ), is

given by Ware. ' The remainder of this Letter is devot-
ed to linear and nonlinear studies of n =1 internal kink
mode. Unlike previous studies, ' we specialize to low-
shear systems with q0=1, and examine the questions of
stability boundaries, instability growth rates, the non-
linear evolution of the mode, and its possible role in rap-
id sawtooth crashes.

For our numerical studies we use the MHD code
CTD, which has recently been modified for toroidal
geometry. CTD solves the full, nonreduced, compressible,
nonlinear MHD equations without any expansions in the
inverse aspect ratio, @=a/Rp. This work is an extension
of our previous numerical study which made use of the
full MHD equations in cylindrical geometry, and high-p
reduced MHD equations with toroidal curvature. '

The family of equilibria we consider have the safety-
factor profile

q(r) =qp[1+r [(q&/qp) —ll]

-q) exp[ —(r —r;„)'/6'],
where qp, q~ are the on-axis and limiter values of q(r),
respectively. The radial coordinate r is normalized to the
minor radius a. Finite q& introduces a minimum in the q
profile near r =r;„,while 6 determines the width of the
surface currents there. In this Letter, we will be con-
cerned with q profiles that approach unity from above so
that q;„~0. The pressure profile is given by p(r)
=pp[1 —r ]'. Note that for pressure-driven modes, the
relevant parameter is p/e =op~/ql, rather than pp alone.
Here we define the toroidal and poloidal P's as P=2pp(p)/BT (a ) and p&

=2pp(p)/B~ (a ), respectively.
(p) is the volume-averaged kinetic pressure, and BT(a)
and Bz(a) are the average toroidal and poloidal field

strengths, respectively, measured at the limiter. The
toroidal equilibria used in CTD are obtained by starting
with the cylindrical equilibria described above and dissi-
pating kinetic energy until an axisymmetric toroidal
steady-state is reached.

The important features of the linear results are the fol-
lowing: (i) Whereas the accepted toroidal theory of the
n =1 modes' predicts an instability only for qo( 1, for
the low-shear systems considered here, unstable internal
kink modes are found for qp & 1, 11 q1 «1, in both cy-
lindrical and toroidal geometries. (ii) Although, in a
cylinder, there is a critical poloidal P below which the
mode becomes stable, in toroidal geometry we observe an
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FIG. 1. The growth rate of the mode as a function of cPp.
(a) Cylindrical, (b) fully toroidal.

unstable mode even for p=0. This mode is further des-
tabilized by finite pressure. (iii) For the modes we con-
sider, the stabilizing contribution to BW from the line-
bending energy, 6W+ =fk~~B 1dg/dry dr, is mini-
mized, not by a uniform displacement g vanishing at the
rational surface, but by keeping k~~ small in the region of
interest. Thus, the mode is highly sensitive to the details
of the q profile, and an instability can be triggered by
slight variations in q(r). (iv) These modes do not re-
quire the presence of a q =1 surface in the plasma; they
are nonresonantly unstable even when q & 1 at all radii.

Figure 1 shows the growth rate of the mode, normal-
ized to r~~', where rH~ =Rp(pppp) ' /Bp is the poloidal
Alfven time, as a function of eP&, for a sequence of flux-
conserving equilibria. The equilibrium parameters are
e= 4, q0=1.01, q[ =0.01, X =4, and v=3. In cylindri-
cal geometry [Fig. 1(a)], the mode is robustly unstable
for ep~ ~ 4&&10 . The existence of a p„;, can be easily
understood in terms of the cylindrical form of 6W, '

where the stabilizing shear term becomes dominant for
sufticiently small pressure gradients. Note, however,
that Ref. 18 predicts that yrH~ —up~, for up~ & ep„;,,

whereas in our low-shear case, we have the scaling
yrH~ —(eP~) ' . For low shear, it can be easily shown
that inertia is important for all radii where

1
1

—q(r)1«1, rather than only in a singular layer of
width of O(e ), as it is assumed in Ref. 18. Then, it fol-
lows that y ——BW, rather than y ——6W, leading to
the observed scaling. Figure 1 (b) shows the fully
toroidal results. Here the mode is unstable for all p ~ 0.
For p=O, it is a current-driven internal kink mode that
is destabilized by toroidal eAects' for q ~ 1. Note that
this mode has no counterpart in cylindrical geometry,
where qo & 1 is required for a J]1-driven internal kink
mode. Finite p further destabilizes it, and eventually, for
ePy, ~ 0.01, the Pressure driving terms become dominant.
As expected, because of the favorable average curvature
in a torus, the growth rate in the pressure-driven regime
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is lower than in the purely cylindrical case. The equili-
bria used in these linear studies have an oA'-axis

minimum at r=0.35. However, both the current-driven
mode at zero P and the pressure-driven modes at finite P
are unstable even for flat q profiles (qt =0), although

~
I —

q ~
needs to be lowered to trigger the instability in

the flat case.
Since there are unstable modes for all P~ 0, modifi-

cations in the pressure profile due to, for instance, Ohmic
heating cannot be a direct trigger mechanism for the
sawtooth crash, and as pointed out by Wesson, " a mag-
netic trigger is needed. In Fig. 2, we plot the growth rate
of a pressure-driven mode for eP~ =0.095 as a function
of small variations in the q profile. In Fig. 2(a),
qo =1 02, and the minimum at r =0 35 is varied

(qt &0), while in Fig. 2(b), the minimum is on axis
(qt =0), and qo is varied. Both profiles are stable at
q;„—1 = 1.4 x 10 and exhibit a sharp transition to the
unstable regime, with a transition width of Bq —10
Thus, either introduction of an off-axis minimum in the

q profile, or a uniform reduction in q(r) near the axis,
can trigger an instability, leading to the crash. The
former is probably more physical, since both our non-
linear calculations and the periodic sawtooth calculations
of Denton et al. indicate that the crash replaces the hot
core with colder plasma, with an annular region of hot
plasma on the outside. Such an arrangement of plasma
pressure would lead to surface-current generation in the
hot annulus during the rise phase of the sawtooth, intro-
ducing an off-axis minimum in the q profile.

For the nonlinear studies with CTD, a q profile with an
oA-axis minimum is chosen, with qo=1.01, q& =0.014,
q~ =2.5, r;„=0.35, and k =4. The inverse aspect ratio,
E, is 3, with eP& =0.094, and P =0.65%. The linear
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growth rate of the mode for these parameters is yz'Hp

=7.4Q x 1Q

The nonlinear evolution of the pressure field is depict-
ed in Fig. 3. Both the contours of p and the radial varia-
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FIG. 2. The growth rate of the mode as a function of
q;„—1 for eP~ =0.095. (a) qo=1.02, and the depth of the
off'-axis minimum is varied; (b) the minimum is on axis, and qo
is varied.

FIG. 3. The nonlinear evolution of the pressure field. (a)
t =0, (b) t =400, (c) t =617, (d) t =1660. Times are normal-

ized to the poloidal Alfven time.
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tion of p along the chord drawn on the contour plot are
shown. Figure 3(a) shows the equilibrium pressure field

at t =0. By t =400 [Fig. 3(b)], the hot core is pushed
outward appreciably. Note that this is an n =1 helical
distortion of the plasma column, and not an expansion in

major radius. At t =617 [Fig. 3(c)], a semicircular ring
of hot plasma has formed, while a cold "bubble" has in-
vaded the center from the left. In cylindrical calcula-
tions with comparable values of ePp, this bubble is even-

tually completely enclosed by the hot ring, forming a
symmetric hollow pressure profile. ' In toroidal calcula-
tions, however, this helical distortion seems to persist for
experimentally relevant values of eP~, as shown in Fig.
3(d). It is not known at this time how long this structure
survives, but it could possibly be the source of successor
oscillations sometimes observed after the crash in JET. '

An analysis of the chord-averaged pressure history indi-
cates that this helical distortion of the plasma column
would lead to a measured temperature drop of d, T/T
=12%. This figure is in agreement with experimental
measurements which show a 5%-10% drop in the elec-
tron temperature with each sawtooth crash. In these
nonlinear calculations, the crash phase is completed in
—10 poloidal Alfven times. For large tokamaks such
as JET and TFTR, 1~H~ —10 sec, which gives an ap-
proximate crash time of 100 @sec for our simulations.
This figure is in agreement with the rapid collapse time
for the sawtooth oscillations reported for these ma-
chines.

In summary, we have studied the m =1, n=1 pres-
sure-driven ideal kink mode in low-shear systems with

i
1
—

qo ~

&&1. The mode is found to be unstable for ex-
perimentally relevant values of eP~. Its growth rate is
much larger than that of the resistive tearing mode un-

der comparable conditions. Nonlinearly, it leads to col-
lapse of the central temperature in approximately 100
psec. Both the crash time and the nonlinear evolution of
the mode seem to be in agreement with those observed in

the JET tokamak. Here we have concentrated on the
crash phase of the sawtooth. A more self-consistent
treatment would have to include the transport-dominated
rise phase also. Such a study that couples a transport

code with the initial-value code used in this study is be-
ing contemplated.
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