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Is There Koba-Nielsen-Olesen Scaling at Fermilab Tevatron Collider Energies (1600—2000 GeV) ?
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It is shown that the parton branching distribution P, of m quarks and n gluons does not obey exact
Koba-Nielsen-Olesen scaling. When the quark evolution is neglected the probability distribution be-
comes wider as energy increases in agreement with experimental data. In this model it is predicted that
the widening of the probability distribution will stop at Fermilab Tevatron Collider energies (1600-2000
GeV). Also given are theoretical predictions for the multiplicities and moments for Tevatron Collider

energies.
PACS numbers: 13.85.Hd, 12.40.Aa

This past year has witnessed an impressive renewal of
interest in multiparticle production and particularly in
Koba-Nielsen-Olesen (KNO) scaling and its violations. '
The most recent experimental data® indicate that the
problem of understanding the shape of the hadronic mul-
tiplicity distributions still represents an outstanding
problem in strong-interaction physics. The first theoreti-
cal contribution to this problem came in 1972 when
Koba, Nielsen, and Olesen? predicted, on the basis of va-
lidity of Feynman scaling for the many-particle inclusive
cross section, a scaling law for the probability distribu-
tion, namely that

fical Y, on=y(z=n/n), (1)

where 7 is the mean multiplicity, o, is the semi-inclusive
n-particle cross section, and w(z) is an energy-inde-
pendent function. KNO scaling also implies that the
moments defined as

Cy, =nN/n? 2)
are energy independent. This scaling law was found to
be approximately valid up to CERN Intersecting Stor-
age Ring energies,* but at CERN collider energies
dramatic scaling violations have been observed.> Scaling
violations of the probability distribution and moments
observed by the Alner et al. (UAS group) can be seen in
Fig. 1.

In this Letter, I derive the probability distribution,
multiplicities, and moments in the parton branching
model. I show that the probability distribution P,,, of m
quarks and # gluons does not obey a KNO scaling law.®
The violation of the scaling is due to the fact that gluons
can produce quarks by converting into quark- and anti-
quark pairs and quarks can produce gluons by brems-
strahlung. In the limit when the quark evolution is
neglected we obtain the exact analytic expression for the
probability distribution, multiplicities, and moments. [
assume that hadron-hadron collision takes place in three
steps. In step one, partons from the hadrons collide.
Their collisions are assumed to be 2-— 2 processes.
There are a total of mg quarks and ng gluons involved in
the collision (since mgo and ngo are the average initial
numbers of quarks and gluons involved in the collision,
mgo and ngy need not be integers). After the collision, in

step two, these quarks and gluons branch and lose their
energy. Finally, in step three, they hadronize. Here we
consider steps one and two, and, as usual, I assume that
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FIG. 1. Theoretical predictions for the moments C;, C3, Cg,
and Cs plotted as functions of energy and compared with the
experimental data in the energy range 10 GeV < /s < 900
GeV. Theoretical prediction for the moments C, for the Fer-
milab Tevatron Collider energies is included.
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the hadronization process does not alter the main widening of the distribution and multiplicity moments
features of the hard process. As a result of the fact that have upper bounds.
as the energy increases, the activity of gluons inside had- In our parton branching model we consider the follow-
rons increases, and the contribution from gluons to the ing branching processes: g— gg, ¢g— qg, and g— qg
cross section and multiplicities increases with energy,” I with probabilities 4, 4, and B, respectively. In the lead-
assume that ng increases slowly with energy while n1¢ de- ing logarithmic approximation these probabilities can be
creases with energy. Therefore at some asymptotic ener- obtained by integration of splitting functions Py g
gies only gluon-gluon collisions will contribute to the =2N./x, P4.g=(NZ—1)/N.x, and P,._.,=N;/2 over
multiplicities and quarks will just pass through each oth- the fractional momenta x. The probability distribution
er. The probability distribution at these energies will be Pmn of m quarks and n gluons satisfies the following evo-
pure gluon branching distribution.® This implies that the | lution equation®:

0P /81 = = ANPpy+ A= 1) Py -1 = AMPrn+ AMPyy =1 — BnP iy + B+ 1) Py =21, 3)
where ¢ is the natural evolution parameter,

1 =[16/(01N. —2N) 1 InlIin(Q */u?)/In(Q4/u]. (4)

Q is the initial parton energy, Qo is the hadronization energy, and u is a typical QCD energy scale. If we assume that
Py is a smooth function of m and n, and nP,, (mP,,) varies slowly between n and n+1 (m and m +1), Eq. (3) be-
comes a differential equation for the probability P(m,n,t)

Pmnl) (4= BYP (1) — (A= BIn + Am] 2P0 g 8PGminat) | (5)
ot on om
Assuming ng initial gluons and m initial quarks, we obtain a new nonscaling law for the probability distribution,®
. —2B/At + A/t
(i — 2B/0 1) G+ AN ) Pnon 1) =y | 2B n nt A "m )

m=2BM\Yr a+AAtm |
where
At=3U—-B){1+[1+84B/(4—B)2] "3,
At high energies m/n~2B/A <1 and we can neglect quark evolution (77 =mq=const). The evolution equation (3)
then becomes
0P, (1)/8t =—AnP,+A(n—1)P,—, —BnP,+B(n+1)P,s\+ AmoP,—, — AmoP,. (7
Assuming ny initial gluons and m initial quarks, we get the following probability distribution®:
n—ny—k n
(eA=BM_1) (e(A_B)’—l)"°+" B A"
(A _B)no+n
(n+nog+k—1)
o 26
n!(ng+k —1)!
where k =Amo/A and u=1—(A4—B)?% "B/ 4B (e 4B —1)2 [t has been shown that this distribution approaches
KNO scaling in the large-n and -7 limit only in the case when ng and my are energy independent.® By rewriting Eq.
(3) in terms of the generating function defined as G(y,1) =Y y"P, (1) we can solve this equation with the initial condi-
tion G(y,0) =p". The solution is

P,()=|1+

(=n, —ng; —ng—k+1,u), (8)

k

GGy,)=|1— (e B—DGp-1]| [1+ 9)

A—B

e(A~B)z(y_ 1) "o
1=[A4/ (A4 +B)e“ B —1)(p—1)

Clearly, the multiplicity 7 and moments C, can be obtained by taking the gth derivative of the generating function and
setting y =0. We get

2 2
_ A (A—B) (A—B) _ Ba*—no(l —a) 1|, 2noap
n—k—A_B(e '—1)+nge LoCy=1+ 52 +ﬁ 1 52 ,
(10)

Co=1+ 3[Ba?—ne(1 —a)?] + 2la3B+no(1 —a)?l 41 3+ Ba(3a—6ny) —3ne(1 —a)? + 6noaf(1 —2a)

8?2 83 7 52 83

I 3anoB(2+ a2k) + 6a*pnolnoa+ (1 —a)pl L L —3a’knep 4 2noa*B(B2—ng) ’

i’ 52 & 7 5? &
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where a=A/(A—B), B=k+ng, and §=ka+ny. The
analytic expressions for C4 and Cs will be displayed else-
where. '°

Assuming that the average initial number of gluons ng
increases slowly with energy while the average initial
number of quarks iy decreases, I fit the data with the
multiplicity moments C,, C3, Cy4, C4, and Cs in the ener-
gy range 30.4 GeV <+/s <900 GeV (Table 1). Since
B < A at high energies, the parameter a decreases with
energy approaching 1 at /s =900 GeV. The fact that
the initial number of quarks is large at low energy
(/s =30 GeV) indicates that our approximation of ne-
glecting the quark evolution is not good at these energies.
We need to consider the probability distribution P,
which is a solution of the evolution equation (3). How-
ever, for the high enough energies (/s =200 GeV, k =3,
mo=6) we can safely neglect quark evolution and our
distribution describes the data remarkably well. The
values for 71 in Table I are taken from the experimental
fit2 (7=2.7—0.03Ins+0.1671n%s). In order to satisfy
the assumption that k decreases with energy while ng in-
creases with energy, we find that the best fits for the mo-
ments C, are obtained with k=11.4—1.511In/s and
no=—0.007+0.295Inv/s. The values for the moments
C3, C4, and Cs are calculated with these values of & and
no. Extrapolating the energy dependence of parameters
k and no (Fig. 2), I predict that at /s =1700 % 100
GeV (the solid line in Fig. 2 corresponds to /s =1600
GeV, while the dashed line corresponds to /s =1800
GeV) the widening of the distribution will stop (ie.,
mo=0 at this energy).

This implies the following upper bounds on moments

0 1 1 | 1 1 1 L 3
10 20 30 60 100 200 500 900 1000 2000
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FIG. 2. Theoretical parameters k and no plotted as func-
tions of energy with the assumption that the initial number of
gluons increases with energy while the initial number of quarks
decreases with energy. Extrapolating values for k and ng to
higher energies, we find that k approaches 0 (¢ approaches 0)
at /s =1700 % 100 GeV. This implies that the probability dis-
tribution reaches its maximum width. It also sets the upper
limits on the moments C,.

11,
c, '

Comax =146 £0.02, Cypmax=2.85%0.13,

an
Camax < 6.7910.52, Csmax =< 17.22 £ 1.95.

As energy increases from s =1700 =+ 100 GeV, the
contribution to the multiplicities is only coming from
gluons. The probability distribution is the pure gluon
branching distribution [see Eq. (12)]. The initial num-
ber of gluons ng will continue to increase, resulting in the

TABLE 1. Theoretical predictions for the moments C,, C3, C4, and Cs for the energy range 30.4 GeV <+/5s =900 GeV
compared with their experimental values given in the brackets. Parameters k and no are fitted with k=11.4—1.511nVs and
no= —0.0074+0.295InVs. Theoretical predictions for the multiplicities and moments for Fermilab Tevatron Collider energies
(/s =1600, 1800, and 2000 GeV) indicate the upper bounds for the moments C,. The error bars in the predictions for the moments
C, at Fermilab Tevatron Collider energies are due to the uncertainty in extrapolation of the energy dependence of the parameters k

and no.
Vs (GeV) k no a 7 C, C; Cs Cs
30.4 6 1 1.1 10.3 1.22 1.68 2.72 4.60
(10.07+0.1)  (1.21£0.01)  (1.70+0.02)  (2.64+0.1) (4.6 +0.3)
62.6 5 1.2 1.09 13.9 1.21 1.68 2.71 4.49
(13.6£0.1) (1.20+0.01)  (1.65+0.02)  (2.60+0.08) (4.4+0.2)
200 3 1.3 1.05 21.1 1.26 1.89 3.33 6.13
(21.6+0.5)  (1.26£0.03)  (1.91+0.12) (3.3£0.03) (6.6 +0.9)
540 1.55 1.6 1.03 28.8 1.32 2.19 4.23 8.50
(28.3+0.2) (1.31%£0.03)  (212%0.11)  (4.05%0.32) (8.8+1.0)
900 0.9 2 1 33.2 1.33 2.24 4.46 9.28
(35.1£0.6)  (1.34+0.03)  (2.22+0.13) (4.3+0.4) (9.3+1.1)
1600 0 2.06+0.11 1 38.6 1.46 +0.02 2.85+0.13 6.79 +0.52 17.22+1.95
1800 0 2.09+0.11 1 39.78 1.45+0.02 2.82+0.13 6.67 +0.52 16.77+1.93
2000 0 2.11+0.11 1 40.84 1.45+0.02 2.81+0.12 6.59 +0.49 16.44+1.79
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narrowing of the probability distribution which is in
agreement with other QCD-based approaches to the
KNO scaling problem in hadron-hadron collisions.!'? I
give predictions for the multiplicities and moments C,
for the Fermilab Tevatron Collider energies (+/s = 1600,
1800, and 2000 GeV in Table I and Fig. 1) indicating
the slow narrowing of the probability distribution in this

(n—3£8F 1) d Fnme

pr=—_° 28+ 8 . =g

25— 1) P e

3002 1 3 1 6 11
Ci=1+>+2+ L3434 L o404 1L
’ s 82 & s 72 ¢ 55

10, 35,50 , 1 60 , 110 24 60
Cs=1+-—2+242 4+ L1400, 110 24 60
’ s 8 &8 & 5 8 st 8

The negative-binomial distribution has been proposed
in many stochastic models.'3 This distribution has been
widely used by Alner et al. to fit the experimental data'*
even though in all stochastic models there is no physical
understanding of the behavior of the parameter k& (it de-
creases drastically with energy from 20 at /s =10 GeV
to 3 at v/s =900 GeV). In our model, k is related to the
average number of initial quarks and for the Collider en-
ergies (200 GeV = /s <900 GeV) ! it decreases from 3
to 0.9 while the average number of initial gluons ng in-
creases from 1.3 to 2 in the same energy range. We also
predict the values for the parameters k and ng for the
Tevatron Collider energies.

This work was motivated by discussion with T. Gold-
man and S. Raby whom I also thank for critical reading
of the manuscript. I am also indebted to P. Carruthers,
F. Cooper, R. Hughes, J. Lykken, and G. West for help-
ful comments.
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very similar to the very popular negative binomial distri-
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ng) the probability distribution is the negative binomial
(or simple gluon branching distribution). In this special
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ments are given by
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2 2 2 s h
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Lett. 54, 1754 (1985); S. Rudaz and P. Valin, CERN Report
No. CERN-TH.4240/85, 1985 (unpublished).

8S. Ellis, SLAC Report No. 267, 1983 (unpublished); B. Du-
rand and S. D. Ellis, in Proceedings of the Summer Study on
the Design and Utilization of the Superconducting Super Col-
lider, Snowmass, CO, 1984, edited by R. Donaldson and
J. Morfin (Division of Particles and Fields of the American
Physical Society, New York, 1985).

9B. Durand and 1. Sarcevic, University of Wisconsin, Madi-
son, Report No. MAD/TH-85-7, 1985 (to be published);
[. Sarcevic, in Proceedings of the Seventeenth Symposium on
Multiparticle Dynamics, Seewinkel, Austria, 1986, edited by
M. Markytan, W. Marjerotto, and J. MacNaughton (World
Scientific, Singapore, to be published), 1. Sarcevic, in Hadronic
Matter in Collision, edited by P. Carruthers and D. Strottman
(World Scientific, Singapore, 1986), p. 160.

101, Sarcevic, Los Alamos Report No. LA-UR-87-1334, 1987
(to be published).

"'The upper (lower) limit of the Cymax is determined by use
of the extrapolation of k(~/s) given by the solid (dashed) line
and the extrapolation of ng given by the dashed (solid) line in
Fig. 2.

IZF. Hayot and H. Navelet, Phys. Rev. D 30, 2322 (1984).

3W. Knox, Phys. Rev. D 10, 65 (1974); P. Carruthers and
C. C. Shih, Phys. Lett. 127B, 242 (1983), and 137B, 425
(1984); M. Biyajima, Prog. Theor. Phys. 69, 966 (1983);
A. Giovannini and L. Van Hove, CERN Report No. CERN-
TH-4330/85, 1985 (unpublished); R. Weiner, in Hadronic
Matter in Collision, edited by P. Carruthers and D. Strottman
(World Scientific, Singapore, 1986), p. 106.

14G. J. Alner et al. (UAS5 Collaboration), Phys. Lett. 160B,
199 (1985).

I15As noted before, for Fermilab and Intersecting Storage
Ring energies we cannot neglect quark evolution. We need to
consider the probability distribution which is a solution of Eq.

3).



