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Is There Koba-Nielsen-Olesen Scaling at Fermilab Tevatron Collider Fnergies (I600-F000 CeV)?
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It is shown that the parton branching distribution P „ofm quarks and n gluons does not obey exact
Koba-Nielsen-Olesen scaling. When the quark evolution is neglected the probability distribution be-
comes wider as energy increases in agreement with experimental data. In this model it is predicted that
the widening of the probability distribution will stop at Fermilab Tevatron Collider energies (1600-2000
GeV). Also given are theoretical predictions for the multiplicities and moments 1'or Tevatron Collider
energies.

PACS numbers: 13.85.Hd, 12.40.Aa

This past year has witnessed an impressive renewal of
interest in multiparticle production and particularly in

Koba-Nielsen-Olesen (KNO) scaling and its violations.
The most recent experimental data indicate that the
problem of understanding the shape of the hadronic mul-

tiplicity distributions still represents an outstanding
problem in strong-interaction physics. The first theoreti-
cal contribution to this problem came in 1972 when

Koba, Nielsen, and Olesen predicted, on the basis of va-

lidity of Feynman scaling for the many-particle inclusive
cross section, a scaling law for the probability distribu-
tion, namely that

nn„/g cr„=y(z =n/n),

where n is the mean multiplicity, o„is the semi-inclusive
n-particle cross section, and y(z) is an energy-inde-
pendent function. KNO scaling also implies that the
moments defined as

C =(n')/n~ (2)
are energy independent. This scaling law was found to
be approximately valid up to CERN Intersecting Stor-
age Ring energies, but at CERN collider energies
dramatic scaling violations have been observed. Scaling
violations of the probability distribution and moments
observed by the Alner et al. (UA5 group) can be seen in

Fig. l.
In this Letter, I derive the probability distribution,

multiplicities, and moments in the parton branching
model. I show that the probability distribution P „ofm
quarks and n gluons does not obey a KNO scaling law.
The violation of the scaling is due to the fact that gluons
can produce quarks by converting into quark- and anti-
quark pairs and quarks can produce gluons by brems-
strahlung. In the limit when the quark evolution is

neglected we obtain the exact analytic expression for the
probability distribution, multiplicities, and moments. I
assume that hadron-hadron collision takes place in three
steps. In step one, partons from the hadrons collide.
Their collisions are assumed to be 2 2 processes.
There are a total of mo quarks and no gluons involved in

the collision (since mo and no are the average initial
numbers of quarks and gluons involved in the collision,
mo and no need not be integers). After the collision, in

step two, these quarks and gluons branch and lose their
energy. Finally, in step three, they hadronize. Here we
consider steps one and two, and, as usual, I assume that
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FIG. 1. Theoretical predictions for the moments Cz, C3, C4,
and C5 plotted as functions of energy and compared with the
experimental data in the energy range 10 CJeV ~ Js ~ 900
GeV. Theoretical prediction for the moments C~ for the I.er-
milab Tevatron Collider energies is included.
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the hadronization process does not alter the main
features of the hard process. As a result of the fact that
as the energy increases, the activity of gluons inside had-
rons increases, and the contribution from gluons to the
cross section and multiplicities increases with energy, I
assume that np increases slowly with energy while mp de-
creases with energy. Therefore at some asymptotic ener-
gies only gluon-gluon collisions will contribute to the
multiplicities and quarks will just pass through each oth-
er. The probability distribution at these energies will be
pure gluon branching distribution. This implies that the

widening of the distribution and multiplicity moments
have upper bounds.

In our parton branching model we consider the follow-
ing branching processes: g gg, q qg, and g qq
with probabilities 2, 2, and 8, respectively. In the lead-
ing logarithmic approximation these probabilities can be
obtained by integration of splitting functions P~
=2N, /x, Pz ~ =(N, —])/N, x, and Pg z =Nf/2 over
the fractional momenta x. The probability distribution
P „ofm quarks and n gluons satisfies the following evo-

!
lution equation:

r)P „/Bt= —AnP „+A(n—])P~„)—AmP „+AmP „)—BnP „+B(n+])P~
where t is the natural evolution parameter,

t =[6/(1]N, —2Nf)] ln[ln(Q /p )/]n(Qp/p )].

(3)

(4)

Q is the initial parton energy, Qp is the hadronization energy, and p is a typical QCD energy scale. If we assume that
P

„

is a smooth function of m and n, and nP „(mP„)varies slowly between n and n+1 (m and m+1), Eq. (3) be-
comes a differentia] equation for the probability P(m, n, t)

r)p(m n t)
(A B)p( t) [(A B) +A ]

r)p(m n t) ]pt(m nt)
(~)()t r)n ()m

Assuming np initial gluons and mp initial quarks, we obtain a new nonscaling law for the probability distribution,

m —2B/X+n n+ A/X+m
(m —2B / X +n ) (n +A/X m )P (m, n, t ) = )tl

m —2B/X+n n +A/X+m,
where

Z+ = —,
' (A —B){1+[1+8AB/(A —B)'] '"].

At high energies m/n-2B/A «1 and we can neglect quark evolution (m =mp=const). The evolution equation (3)
then becomes

6P„(t)/r)t = —AnP„+A (n —
1 )P„)—BnP„+8 (n + 1 )P„+) +Am pP„)—Am pP„ (7)

Assuming np initial gluons and mp initial quarks, we get the following probability distribution:
' n —n —k0

( (A —8)t ] ) "o+"P (t) — 1+ ( (8 B)r—
A —8

8 '2"
(A —B)"""
(n+np+k —1)!

2F(( —n, —np, —np k+ ], u),n.'(np+k —
1 jt

where k =Amp/A and u =1 —(A —B) e '/AB(e ' —I) . It has been shown that this distribution approaches
KNO scaling in the large-n and -n limit only in the case when np and mp are energy independent. py rewriting pq
(3) in terms of the generating function defined as G(y, t) =gy"P„(t)we can solve this equation with the initial con(]i-
tion G(y, 0) =y"'. The solution is

G(y, t) = 1
— (e'" "—l)(y —1)

A —8
e (& —t)»(y ] )1+

] —[A/(A+ B)l (e ' —1) (y —1)

' no

Clearly, the multiplicity n and moments Cq can be obtained by taking the qth derivative of the generating function and
setting y =0. We get

(& —t))r ] ) + (& —t))t Pa —np(1 —a) ] 2npaP
A-8 '

$2 n

(]0)
3[pa —np(1 —a) ] 2[a p+np(1 —a) ] 1 pa(3a —6np) —3np(1 —a) 6npap(1 —2a)

C3 =1+ + + —3+ +$2 $3 $2 $3

3anpP(2+ a2k )+ 1— +—2 $2
6a Pnp[npa+(1 —a)P]

$3 +-3
—3a knpP 2npa P(P —np)

$2 $3
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narrowing of the probability distribution which is in

agreement with other QCD-based approaches to the
KNO scaling problem in hadron-hadron collisions. ' I
give predictions for the mu'tiplicities and moments Cq
for the Fermilab Tevatron Collider energies (js =1600,
1800, and 2000 GeV in Table I and Fig. 1) indicating
the slow narrowing of the probability distribution in this

energy range.
The parton branching distribution given by Eq. (8) is

very similar to the very popular negative binomial distri-
bution. Namely, in the limit when a=1 and i5'=k (or
nn) the probability distribution is the negative binomial
(or simple gluon branching distribution). In this special
limit the probability distribution, multiplicities, and mo-
ments are given by

(n ——,
' +6+

pb
n! (S —1)!

3 2
C3 =1+—+

g2

T- n —8

1 +-—6
n

6 6 1 1
n =be ' —+, C2=1+—+ —,

2 2' n'

+ 7+—1 I 7 1

n' ~ n3'

~l )!
n )

—3+—+, C, =1+—+ + + —6+ +1 3 1 6 11 6 1 18 12
—2' $ g2 g3 — $ g2 (12)

+ 10 + 35 + 50 +. 1 + 60 + 110
p2 p3 $ g2

24 60 + 1 + 75 190 1 15 1 g0

The negative-binomial distribution has been proposed
in many stochastic models. ' This distribution has been
widely used by Alner et al. to fit the experimental data'
even though in all stochastic models there is no physical
understanding of the behavior of the parameter k (it de-
creases drastically with energy from 20 at Ms=10 GeV
to 3 at Js =900 GeV). In our model, k is related to the
average number of initial quarks and for the Collider en-
ergies (200 GeV ( Js (900 GeV) ' it decreases from 3
to 0.9 while the average number of initial gluons no in-
creases from 1.3 to 2 in the same energy range. We also
predict the values for the parameters k and no for the
Tevatron Collider energies.

This work was motivated by discussion with T. Gold-
man and S. Raby whom I also thank for critical reading
of the manuscript. I am also indebted to P. Carruthers,
F. Cooper, R. Hughes, J. Lykken, and G. West for help-
ful comments.
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