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Ion Channeling and Catastrophe Theory
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The rainbow effect in ion channeling (in very thin crystals) is considered. In the analysis the results of
catastrophe theory are used. The calculations were performed for 10-MeV H+ ions and the (100) chan-
nel of a 1000-A-thick Au crystal.

PACS numbers: 61.80.Mk, 02.40.+m

It has been shown recently' that in ion channeling in

very thin crystals the diAerential transmission cross sec-
tion is singular, i.e. , the rainbow eAect occurs. This was
explained by the fact that contributions of the atomic
strings of the crystal to the diff'erential transmission cross
section interfere. Shortly after the prediction the eff'ect

was observed. In this Letter we shall consider the rain-
bow eAect in ion channeling in the case of 10-MeV H+
ions and the (100) channel of a 1000-A-thick Au crystal.
The results obtained will be compared to the correspond-
ing ones given by catastrophe theory. It should be not-
ed that a similar eA'ect, occurring in particle scattering
from surfaces, was analyzed by Berry.

The z axis is taken to coincide with the channel axis
and the origin to lie in the median plane of the crystal.
The incident ion velocity is parallel to the z axis. The
crystal is assumed to be sufficiently thin for the ion tra-
jectory to be approximated by a straight line. In this
case the components of the scattering angle and the
diff'erential transmision cross section as functions of the
impact parameter can be easily obtained with use of the
momentum approximation. ' We assume that the ion-
atom interaction potential is of the Thomas-Fermi type;
for the integral of that potential along the trajectory,
needed in applying the momentum approximation, we
use Lindhard's expression,
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atomic string is 246. The number of strings is 24, i.e.,
we take into account the strings lying on the four nearest
(relative to the channel center) coordination circles. '

Figure 1 gives the rainbow line, i.e., the line along which
the diAerential transmission cross section is singular, in
the impact-parameter plane in this H+ Au case. The
coordinates of the atomic strings lying on the first coor-
dination circle, in a.u. , are (2.73,0), (0,2.73), (—2.73,0),
and (0,—2.73). The coordinates of the points defining
this line are determined only by the arrangement of the
atomic strings and the continuum string potential'; they
do not depend on the atomic number of the ion, ion ener-

gy, and crystal thickness. This figure also gives the rain-
bow line in the scattering-angle plane. The line has four
cusps, each of them directed towards an atomic string ly-
ing on the first coordination circle, and lies in the region
in which the scattering angle is smaller than 0.73 mrad;
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where Z ~ and Z2 are the atomic numbers of the ion and
the crystal, respectively. x and J are the components of
the impact parameter, x; and y; are the transverse coor-
dinates of the atoms of the ith atomic string of the crys-
tal, a, =(9tr /128Z2) 'I ao is the screening radius, ao is
the Bohr radius, and C =3 is a fitting parameter. Vari-
able V;/Z~ed, where d is the distance between the atoms
of the atomic strings, is the continuum potential of the
ith string. '

As has been said above, we consider here 10-MeV H+
ions in the (100) channel of a 1000-A-thick Au crystal.
Since in this case the distance between the atoms of the
atomic strings of the crystal equals the unit-cell parame-
ter, which is 4.07897 A, the number of atoms in one
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FIG. 1. 2, the rainbow line in the impact-parameter plane;
8, the rainbow line in the scattering-angle plane.
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the corresponding (maximal) distance traveled by the
ion in the transverse plane is 0.69 a.u. The fact that the
ratio of this distance and the radius of the first coordina-
tion circle is 0.25 justifies the use of the momentum ap-
proximation. ' The coordinates of the points defining
the rainbow line in the scattering-angle plane depend on

the atomic number of the ion, ion energy, and crystal
thickness. ' However, the ratios of these coordinates and

Z~eN/2E, where E is the ion energy and N the number
of atoms in one atomic string, do not depend on these pa-
rameters. ' This means that the shape of this line is

determined only by the arrangement of the atomic
strings and the continuum string potential, i.e. , by the
continuum potential in the channel.

It is clear that the components of the scattering angle,
0 ane 0~, are single-valued functions of the components
of the impact parameter (x and J). On the other hand,
variables x and y are complicated multiple-valued func-
tions of O„and 0~. These functions can be obtained by
the computer simulation method. Values of variables x
and y are chosen randomly or uniformly within the re-
gion of the channel and, according to the calculated
values of O„and 0~ and chosen values of x and y, each
ion is recorded as if it entered a bin in the 0 O~x space
and a bin in the 0„0~y space. Thus, for a large number

of ions, we obtain for one bin in the scattering-angle
plane (the 0„0~ space) the distributions of variables x
and y. The number of maxima of these distributions
represents the number of values of functions x and y for
this particular bin. The angular distribution of the
transmitted ions' is obtained by summation of the con-
tents of the bins in the 0~0~x space or in the 0„0~y space
corresponding to each bin in the scattering-angle plane.
Here, we present the analysis of function y(0„,0~) in the
vicinity of the apex of the cusp of the rainbow line lying
in the fourth and first quadrants of the scattering-angle
plane. The change of function x(0„,0~) in this region,
along the rainbow line, is very small (see Fig. I) and,
therefore, less interesting; we shall consider it else-
where. The sizes of a bin in the 0 O~y space along the
0 and 0~ axes were equal to 0.02 mrad, and its size
along the y axis was equal to 0.04 a.u. Values of vari-
ables x and y were chosen uniformly, and the number of
ions was =9X10 . Figure 2 gives the changes of func-
tion y with variable 0~ for three values of 0: 0.51, 0.65,
and 0.79 mrad. The comparison of this figure to Fig. 1

shows that function y(0„,0~) is triple valued on the inner
side of the rainbow line and single valued on its outer
side. Besides, it is clear that y is an odd function of 0~.

The aim of this study is to compare the shapes of the
rainbow line in the scattering-angle plane and the sur-
face defined by function y(0„0~) in the vicinity of the
apex of the cusp of the rainbow line lying in the fourth
and first quadrants of the scattering-angle plane to the
corresponding shapes given by catastrophe theory.
The assumption is that the singularity of the difI'erential
transmission cross section we have is an elementary ca-
tastrophe, and that in the case under consideration (the
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FIG. 2. The changes of function y with variable 0~ for three
values of O„obtained by the computer simulation method
(solid circles), and by Eq. (3) (solid lines); (a) 0„=0.51 mrad,
(b) 0„=0.65 mrad, (c) 0„=0.79 mrad.

FIG. 3. The rainbow line in the scattering-angle plane in the
vicinity of the apex of the cusp (solid circles), and the line
defined by Eq. (2) (solid line).

309



VOLUME 59, NUMBER 3 PHYSICAL REVIEW LETTERS 20 JULY 1987

The surface corresponding to the one defined by the
function y(H„Hy) is given by the equation

tl
—atl —P =0, (3)

and the lines separating the "branches" of this surface
are given by

q= ~ (a/3) ' (4)

Figure 3 gives the comparison of the shapes of the rain-
bow line in the vicinity of the apex of the cusp and the
line defined by Eq. (2). Each branch of the rainbow line
is given by twelve points, corresponding to the points in

the impact-parameter plane with J coordinates between
0 and ~ 0.55 a.u. with the step of 0.05 a.u. (the x coor-
dinates of these points are smaller than zero). The last
point of each branch of the rainbow line is chosen so that
the ratio of its a coordinate and a, the a coordinate of
the midpoint of the rainbow line between the cusp under
consideration and the neighboring cusp, is smaller than
and close to 0.5. The value of the scaling factor k~ is

case of (100) channel of an Au crystal) it is the cusp ca-
tastrophe. For the control variables we take a= —(H

H )/Hp and P = Hy/Hp, where H„, is the value of vari-
able O„corresponding to the apex of the cusp and
Hp=keZiZ2e N/2Fd; for the behavior variable we take
tl y/pp, ~here pp=k~d; ke and k~ are the scaling fac-
tors. According to catastrophe theory the line corre-
sponding to the rainbow line in the vicinity of the apex of
the cusp is determined by

(2)

0.0717; it is determined by the condition that the average
ratio of the a coordinates of the points of the rainbow
line and the corresponding points of the line given by Eq.
(2) is equal to l. In order to measure the difference be-
tween the shapes of these lines we introduce parameter
cq, the square root of the average square relative
diA'erence between the a coordinates of the points of
these lines; in this case it equals 0.537%. The compar-
ison of the shapes of the surfaces defined by functions
q(tt, P) obtained by the computer simulation method and
by Eq. (3) is shown in Fig. 2; the values of variable tt are
0.886 (curve 2), 0.317 (curve 8), and —0.253 (curve
C). The value of the scaling factor k~ will be given later
on. Figure 4 shows the comparison of the shapes of the
lines separating the branches of the surfaces under con-
sideration. Each branch of the line obtained by the com-
puter simulation method is given by eleven points, whose
a coordinates are determined by O„coordinates between
0.51 and 0.71 mrad with the step of 0.02 mrad. The last
point of each branch of this line, as in the case of the
rainbo~ line, is chosen so that the ratio of its a coordi-
nate and a is smaller than and close to 0.5. The scaling
factor k~ and parameter t.~, introduced to measure the
difference between the shapes of the lines under con-
sideration, are determined in the analogous way as in the
case of the rainbow line; their values are 0.120 and
9.45%, respectively.
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FIG. 4. The lines separating the branches of the surfaces
defined by functions tt(a, P) obtained by the computer simula-
tion method (solid circles), and by Eq. (4) (solid line).
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