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New Variational Techniques for the 1 snd States of Helium
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New variational techniques are described which yield a factor of 1000 improvement in accuracy for
the energies of the Isnd 'D and 'D states of helium up to n=8. Convergence to better than ~ 10 kHz is
obtained, making possible high-precision comparisons with experiment for One structure and singlet-
triplet splittings. The comparisons are sensitive to QED, relativistic-recoil, and second-order mass-
polarization corrections.

PACS numbers: 31.20.Di, 31.30.Jv, 31.60.+b

The calculation of precise eigenvalues for the higher-
lying Rydberg states of helium has been a long-standing
problem in the theory of atomic structure. The accurate
variational calculations of Accad, Pekeris, and Schif'
are available for the low-lying S and P states, but the ac-
curacy seriously deteriorates with increasing principal
quantum number n. Several attempts have been made
over the years to extend their type of calculations to D
and F states, but the accuracy still falls far short of
the ~ 100 kHz ( ~ 10 '' a.u. ) or better needed to make
a meaningful comparison with the large body of experi-
mental measurements for transitions between Rydberg
states. The asymptotic calculations of Drachman be-
come useful for higher angular momentum, but there is
as yet no overlap region where his results can be tested
against the rigorous bounds provided by direct variation-
a1 calculations.

The purpose of this Letter is to report new variational
techniques which now make it possible to obtain nonrela-
tivistic eigenvalues accurate to better than ~ 10 kHz.
As a first step, results will be given for the D states up to
n =8. The eigenvalues show convergence to about three
more significant figures than those recently reported by
Kono and Hattori. Relativistic, mass-polarization, and
QED corrections are also included, and the final results

are compared with experimental energy splittings.
One can take advantage of the near screened-hydro-

genic nature of Rydberg states by writing the nonrela-
tivistic Hamiltonian in the form H=Hp+ V, where (in
atomic units)

H = —
—,
'

V,' —,' V,' Z/r, —(Z——1)—/r, ,

V = 1/r12 —1/r2, (2)

and Z —
1 is the screened nuclear charge. (The coordi-

nates rl and r2 in Ho and V are interchanged when
operating on exchange terms. ) The eigenvalue problem

H p 1itp ( I snd ) =Ep tltp ( I snd ) (3)

can of course be solved exactly, and the eigenvalues
Ep= —2 —1/(2n ) give correctly the first five or six
figures of the true energy E. The strategy is, therefore,
to include yp(lsnd) in the variational basis set and to
subtract out explicitly the Eo contribution, so that the
variational principle applied to H Eo yields directly the
correction to Eo. The final results would be the same
without the subtraction, but this procedure helps to
preserve numerical precision.

The variational trial function itself is written in the
generalized form

V«1, r2) =aolt o«t, r2)+ g a„«tr2r12 exp( —a1r1 —ptr2) Yo 2,2(r1, r2)
i,j,k

+ g bijkr Irkr12 exp( —a2r1 p2r2) Y0,2,2(rl r2)
i,j,k

+ g ctZkrtr2r12exp( —a311 p3r2) Yt 1 2(rt, r2),
i,j,k

(4)

~here the Yt, t, z (r1, r2) are the usual vector-coupled
products of spherical harmonics with angular momenta
l1 and l2. In addition to yp(lsnd), the above contains
two sets of sd-type functions with diferent nonlinear pa-
rameters (at, P1) and (a2, P2). The doubling of sd-type
terms is important because the problem inherently con-
tains two distance scales —one for the inner electron and
one for the outer electron. Kono and Hattori also recog-
nized this point, but their restrictions on the basis set
greatly limit the accuracy of the results.

E =Eo+&tttlH Eo I y&/&tttl tit& (5)

and by the location of the zero's of the derivatives by
means of Newton's method. In the above, y is the trial

Finally, the energy is optimized with respect to all six
nonlinear parameters (a;,P;, i =1—3) in (4). This can
be efhciently accomplished by the analytical calculation
of the derivatives BE/Ba; and BE/Bp;, where
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wave function optimized with respect to the linear varia-
tional parameters in (4) for a given set of values for the

a;,P; s. The linear optimization is accomplished by a
fast inverse iteration method in place of matrix diagonal-
ization. The result is that at =a2=2 and P( =1/n, while

Pp a3, and Pi range between 1 and 2 depending on the
state and the number of terms in the basis set. The de-
tails will be described more fully in a future publication.

As a typical example, Table I shows how the nonrela-
tivistic eigenvalues converge with the size of the basis set
for the ls5d 'D and D states. All terms are included in

(4) such that i+j+k ~ N+2, except that k ~ 4 (or
k ~ 2 for the largest two basis sets) in the first summa-
tion. This truncation raises the energies by less than
10 ' a.u. Also, terms with i & j are omitted from the
third summation (the pp' terms) in order to avoid near

linear dependence in the basis set. The largest 613-term
basis set corresponds to N =10, with 166, 286, and 161
terms in the three summations of Eq. (4). The present
145-term calculation already exceeds the accuracy of
Kono and Hattori's largest 293-term result. All of the
eigenvalues studied up to n=8 have converged to within
a few parts in 10' .

Several small corrections to the eigenvalues must be
included before a detailed comparison with experiment
becomes meaningful, and are as follows.

(1) Mass polar-ization corrections T—hese were ob-
tained by the explicit inclusion of the (p/M )V~ V2

mass-polarization operator in the Hamiltonian, and re-
calculating the eigenvalues (with reoptimization of the
nonlinear parameters). The results for the ls3d states
can be expressed in the form

&EMP(3 'D) = —2.493980x10 (p/M) —5.7186x 10 (p/M) a.u. ,

gEMp(3 D) =2.5334 x 10 (p/M) —5.482 x 10 (p/M ) a.u.

For qHe, p/M=1. 3707458x10 and p is the reduced
electron mass. Since the coefficients of all the odd terms
are small, higher-order corrections are negligible. It is

particularly significant that for the 3 D state, the
second-order (p/M) term is nearly as large as the first-
order term. The mass-polarization corrections are there-
fore quite diA'erent from those of Kono and Hattori since
they only included the first-order term as a perturbation.

(2) Relati t.istic corrections The c.
—orrections of

O(a Z ) were calculated by the evaluation of matrix
elements of the standard terms H~, Hq, . . . , H5 in the
Breit interaction. ' The spin-independent terms H ) +H2
agree with the figures quoted by Kono and Hattori for

!
the n D states, but differ substantially for the n 'D

states. For example, for the states 3 'D and 8 'D, (H~
+Hq) = —0.028 3872(2) cm ' and —0.003 25604(1 )
cm ', while their values are —0.0293(3) and
—0.00332 cm ', respectively. This accounts for most
of the diA'erence in the final results, and verifies the con-
clusion of M ar tin " that Kono and Hat tori's energies for
the n 'D states are too low. Anomalous magnetic-
moment and singlet-triplet mixing corrections are also
included.

(3) QED corrections As in.—previous work, '2 the
QED energy shift is taken to be the one-electron energy
shift corrected for the electron density at the nucleus, to-
gether with explicit two-electron terms dependent on
(6(r, z)) and Q. In this approximation, the energy shift is

gE~ = —', ZaiI]n(Za) ~+ln[z %/e(nLS))+ 3', +3trza(+~', —
—,
' ln2)+(a/tr)0. 4042I(6(r&)+6(r2))

+a'( —", lna+ —",,' )(8(r„))——", a'Q,

TABLE I. Nonrelativistic energies of the 1s5d 'D and D states for infinite nuclear mass,
relative to the screened-hydrogenic energy Eo= —101/50 a.u. (units are 10 a.u. ).

4
5
6
7
8
9
10

Extrapolation
Kono and Hattori'

Number of terms

92
145
214
300
405
481
613

5'D

—1.583 505 18
—1.583 603 96
—1.583 612 90
—1.583 615 02
—1.583 615 78
—1.583 615 90
—1.583 615 96
—1.583615 99(3)
—1.583 7 (1)

5 D

—2. 102 657 51
—2. 102 736 33
—2. 102 742 25
—2. 102 744 24
—2. 102 744 59
—2. 102 744 64
—2. 102 744 66
—2. 102 744 67 (1 )
—2. 102 8(1)

'Reference 4.
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with

ln
e(nLS) e( I s) I e(nl ) I=ln + ln, g = lim (r~2 (a)+4+(y+Ina)6'(r~2)).
Z %' Z%' n Z JY

Here, y is Euler's constant, R is the Rydberg constant, a
is the radius of a sphere centered at r ~2 =0, which is ex-
cluded from the integration over r]2, and the hydrogenic
Bethe logarithms lne(nl) are from Klarsfeld and Ma-
quet. " The total energy shifts, relative to the He+(Is)
energy shift, are —10.962 and —13.641 MHz for the
1s3d 'D and D states, respectively. The two-electron
parts [the last two terms of Eq. (6)] are —2.499 and
—2.439 MHz.

(4) Relati tistic rec-oil corrections C.
—orrections of or-

der (m/M)a Z come from finite-nuclear-mass correc-
tions to the Breit operator, and cross terms involving the
Breit operator and mass-polarization corrections to the
wave functions. If the conversion factor 2AM =2(p/m)
x % is used to convert the Breit interaction matrix ele-
ments from atomic units to megahertz, then, following
Stone' and Douglas and Kroll, ' the finite-mass correc-
tions are

&Ertrt=&(+52+6» —(m/M) [3H)+2(H2+H3 „,+H4+H5)],

where

(7)

Ze
rk ' pi sk,

(, ~( mMc
2

~2 g p
(rk pk pl+ rk rkrk. pkpt),

Ze

p( 2mMc

~x (YMp IQ, H
I VMp) (Wlg;H I V)

lpMp is the wave function with mass-polarization correc-
tions included, and H~, . . . , H5 are the Breit operators
as defined by Bethe and Salpeter, ' with H3,~ being the
spin-other-orbit part of H3. The values of hERR for the
1s3d 'D2, D~, D2, and D3 states are 0.052, —0.427,
—0.059, and —0.011 MHz, respectively. The corre-
sponding AL contributions to hERR are 0.568, 0.605,
0.491, and 0.323 MHz. These corrections are large
enough to be observable in the triplet splittings for n =3.

For higher n, they decrease approximately in proportion
to n

Table II summarizes the calculated ionization energies
for the 1snd states up to n=8. The errors represent the
estimated degree of convergence of the calculation with
no allowance for higher-order uncalculated terms. The
largest of these is the order-a Z relativistic correction.
Its magnitude as estimated from the leading hydrogenic
term' with a screened nuclear charge is less than 0. 1

MHz for n=3, and decreases in proportion to n . For
n=3, the D~- D3 splitting from Table II is 1400.44
MHz, in agreement with the average experimental value
1400.66(23) MHz adopted by Sansonetti and Martin.
However, the calculated Dj- D2 splitting of 1325.03
MHz is slightly larger than their recommended value of
1324.6(3) MHz.

TABLE II. Ionization energies (in megahertz) of the lsnd states, relative to the screened-
hydrogenic ionization energy WM/n . The first entry of each pair is the nonrelativistic value,
and the second includes the other corrections discussed in the text. [The small corrections A»
and terms of order (p/I ) are included only for n = 3.] %M =3 289 390995 MHz and
a ' =137.03596 are used in all conversions.

428 787.225
429 856.290(6)
196 351.505 (8)
196992.539 (40)
104 182.643 (2)
104 568.332 (6)
61 436. 187(1)
61681.186(5)
39 122.866(1)
39 286.844(1)
26 397.781 (1)
26 512.465 (1)

3D

531 262.287
531 000.055 (6)
255 569.247(3)
255 604.729(20)
138 334.988 ( I )
1 38 400.376 (3)
82 409.538 (1)
82 465.979(2)
52 790.270(1)
52 834.297(2)
35 753.782(1)
35 787.587 (2)

3D

531 262.287
532 325.085 (6)
255 569.247(3)
256 159.891(20)
138 334.988(1)
138683.902(3)
82 409.538 (1)
82 629.841 (2)
52 790.270 ( I )
52 937.405 (2)
35 753.782(1)
35 856.624(2)

3D

531 262.287
532 400.500(6)
255 569.247 (3)
256 195.865 (20)
138 334.988 (I )
138 703.097 (3)
82 409.538 ( I )
82641.171(2)
52 790.270(1)
52 944.620 (2)
35 753.782(1)
35 861.492 (2)
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The Di- D3 splittings have also been calculated by
Martinis and Pilkuhn' using a relativistic polarization
model. Agreement with their results is good for n=3
and 4, but deteriorates with increasing n. For example
at n =8, Martinis and Pilkuhn obtained 73.58 MHz,
while the value from Table II is 73.90 MHz in agree-
ment with the experimental value 74.02 ~ 0.13 MHz.

For the singlet-triplet splittings n 'D2-n D, g, the
values for n=7 and 8 are 13633.31 and 9332.62 MHz,
in excellent agreement with the measured values
13633.3(2) and 9332.67(8) MHz, respectively. How-
ever, there is a significant discrepancy for n =3. The cal-
culated value of 102 239.0 M Hz lies two error bars
higher than the 102233(3) MHz determined indirectly
by Sansonetti and Martin. This is more than twice the
entire QED contribution of 2.68 MHz. A genuine
discrepancy this large, which varies as n, would des-
troy the agreement at n=8. It therefore seems likely
that the experimental determination is too small by
about 6 MHz.

This work establishes the non-QED part of the D-state
energies for helium to about the same accuracy as for
the ground state. ' Results of similar accuracy have also
been obtained by the same methods for the low-lying S
and P states, as will be described in a future publication.
The variational techniques described here therefore ap-
pear to provide a general method for the calculation of
two-electron energies to an accuracy of about one part in
10' with a reasonable amount of computational eftort.
This will open the way to a wide range of new high-
precision comparisons between theory and experiment.
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