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«nnected-Moments Expansion: A New Tool for Quantum Many-Body Theory

J. Cioslowski
Department of Chemistry, Georgetown University, WashingtonD. C. , 20057

(Received 24 October 1986)

T'he connected-moments expansion (CMX) for the ground-state energy is derived from the Horn-
Weinstein theorem. This new technique possesses several striking advantages over traditional ap-
proaches to calculation of the ground-state energy. Like perturbational theories, the CMX series is con-
ceptually simple but is easier to derive and program and is usually convergent even for very "crude" trial
kets. Numerical examples reveal potential applicability of CMX for calculation of the correlation ener-

gy when the trial ket has the form of a multideterminant wave function.

PACS numbers: 03.65.Ge, 02.60.+y, 31.20.Tz

A very interesting theorem concerning the ground-
state energy of the many-body systems has been formu-
lated recently by Horn and Weinstein. ' Let

I p) be a
normalized trial ket which has a nonzero overlap with
the exact ground-state wave function of the system under
consideration. Then the function

F(t ) =
&y I exp( —tH) H

I
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I y&

( t ) Ik+ &/k!
k p

converges to the exact ground-state energy Ep at the
limit I, ~. The coefficients Ik are connected moments
of the Hamiltonian:

to be treated as a universal tool for the quantum-
mechanical calculations.

In our communication we present a connected-
moments expansion (CMX) technique that benefits from
the validity of the Horn-Weinstein theorem and, on the
other hand, is simple and general. Let us recall general
properties of the function F(t). ' F(t) is a monotonicaily
decreasing function of t and F(0) =(P

I H
I p). More-

over, for a system of N independent particles, F(t) scales
linearly with N for any value of t. From this we con-
clude easily that the coefficients Ik also scale linearly
with N. In other words, both F(t) and the Ik's are size-
extensive. The above properties convince us to express
F(t) as

(2)
F(t) =Ep+ g AJ exp( b&t); bj & 0. —
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The theorem, although having some importance for
quantum mechanics, cannot be simply utilized for any
practical calculations. In order to calculate the limit
F(~), one has to know all the connected moments,
which is not feasible for any real system. Horn and
Weinstein used Pade approximants to obtain some prac-
tical procedures for the estimation of ground-state ener-

gy, but their approach appears to be not general enough

The coefficients Aj and b~ can be found by a direct com-
parison of Eq. (I) with the Taylor expansion of the ex-
ponential terms in Eq. (3). This defines the coefficients
I'k as

(4a)

(41 )

Since the Aj's and bj's depend solely on the coefficients
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Pq (k & 1), the quantity P~ can be expressed as some
function of them. This means that the ground-state en-

ergy Ep can be expressed as a function of the Ik's. Let
us suppose that we are able to approximate P~ by a sum
of Wk in the expansion

or

P1P3 P2 g Wk (P2P4 P3,P3Ps P4, . . . ). (8)
k 1

This can be rewritten as

P, = g W„(P,,P, , . . . ).
k l

(s) P) =P2/P3+ Q Wk(P2P4 —P3,P3P5 —P4, . . . )/P3
k 1

Our problem is to find out the explicit form of the Wk's.
In order to accomplish that, we study the quantities

~k PkPk+2 Pk+12

(9)
Comparing this result with Eq. (S) we conclude that the
expansion terms can be generated easily by means of the
recursion

= Q A;A~(b)~ —b;bj)(b;b3. )"
ij 1

(6) Wi =P2/P3,

Wk+)(P2, P3, . . . )

(ioa)

Inspection of formulas (4) and (6) reveals that they are
completely analogous, except that in Eq. (6) A; is re-
placed by A;A~(b~ —b;bj) and b; by b;bj Therefo. re, the
Sk's must also conform to the formula (S):

=P3 '
Wk (P2P4 —P3,P3P5 —P4, . . . ). (1ob)

Pursuing this recursion, we obtain the following infinite
expansion for Ep..

S, = g Wk(S2, S3, . . . ),
k

(7) I
Ep =I

I3

(I4I2 —I )
IgI3 —I4

where the first five connected moments, Eq. (2), read

I, =(H),

I, =(H') —(H) '

I3=(H ) —3(H )(H)+2(H),

I4 =(H ) —4(H )(H) —3(H ) + 12(H )(H) —6(H),

I5=(H ) —S(H )(H) —10(H )(H )+20(H )(H) +30(H ) (H) —60(H )(H) +24(H) .

(i 2)

(i3)

(14)

(is)

(i6)

Several properties of the connected-moments expan-
sion (CMX), Eq. (11), have to be discussed. First, one
should point out that the Kth order of CMX
[CMX(K)], obtained by a truncation of the series (11)
after the first K terms, requires the knowledge of
I~, . . . , I2~+~. When these moments are available, con-
struction of the CMX series up to any order is extremely
easy because of the simplicity of the recursive algorithm
(10). Another extremely important property, which can
be easil; proved by induction, is that the CMX series
truncated at any order is always size extensive. This
makes CMX particularly attractive for the many-body
calculations. Also, the advantage of CMX over any per-
turbational technique is striking. There is no ambiguity
in the partitioning of Hamiltonian and no problems with
(quasi) degeneracy of the eigenfunctions of the unper-
turbed Hamiltonian. The CMX series, by virtue of the
Horn-Weinstein theorem, is usually convergent, provided
that the ket

~ p) has a nonzero overlap with the exact
wave function. This makes it possible to utilize quite
"crude" guesses for

~
p) that would probably ruin the

convergence of perturbation theory.
The general character of CMX is confirmed by an in-

dependent derivation of similar series from the steepest-

descent perturbation theory and from the Lanczos chain
transformation. In order to gain some insight into the
applicability of the CMX approach, we carried out cal-
culations for the hydrogen molecule within the 6-31G'*
basis. We tested the choices of both the relativistic
Hartree-Fock (RHF) single determinant and the
minimum 2 x 2 configuration-interaction (one RHF
ground state + one doubly excited determinant) wave
functions as the trial ket

~ p). For both choices of
~ p) we

calculated the connected moments from the appropriate
traces of matrices representing powers of the Harniltoni-
an and then invoked Eq. (11) to calculate the CMX
terms. The basis-set correlation energy was calculated
by a diagonalization of the single-double- excitation
configuration-interaction matrix, which for the two-
electron system is equivalent to a full configuration in-
teraction. For the RHF zeroth-order function we per-
formed additionally the calculations within the MP3 ap-
proach, which is one of the most popular techniques for
estimation of the correlation energy of molecules. The
performance of all these methods was monitored for the
H-H distances of R„2R„5R„and 10R„where R, is
the equilibrium bond length of the singlet ground state of
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TABLE I. Correlation energy (milihartrees) for the hydrogen molecule with various H-H
distances (R, 0.741 4). Values in parentheses refer to the fraction (%) of the basis-set corre-
lation energy recovered.

H-H distance

"Exact"

MP3
CMX(2)
CMX(3)

Itself
CMX(2)
CMX(3)

R, 2R, 5R,

33.9 57.0
RHF wave function as i p)

3 1.9 (94) 45. 1 (79) 293.2(135)
25.6 (76) 23.3 (41) 46.7(22)
31.2(92) 45.3(79) 217.4(100)

Two-determinant wave function as
s. i(is) 39.5 (69) 203.6 (94)

28.6 (84) 51.6 (91) 217.0(100)
32.7 (97) 56.3 (99) 217.0(100)

10R,

263. l

861.9(328)
65.7 (25)

344.6 (131)

249.7 (95)
263.2 (100)
263.1(100)

Hq (see Table I).
First we discuss results for the RHF trial function.

From Table I we learn that for the bond lengths which
do not differ significantly from R„both MP 3 and
CMX(2) perform quite well, recovering most of the
basis-set correlation energy. The next rank of approxi-
mation, CMX(3), which is computationally as expensive
as MP5, does not improve the CMX(2) results dramati-
cally. However, for R values near the dissociation limit,
the fraction of correlation energy calculated from
CMX(2) is smaller and the use of CMX(3) does im-

prove the results greatly, whereas MP3 overestimates
the correlation energy to a great extent, because of
quasidegeneracy of the eigenstates of the unperturbed
Hamiltonian. From the above result it is clear that the
CMX(2) approximation underestimates the correlation
energy that comes from quasidegeneracy of states while
MP3 tends to diverge in this case.

Next, we focus our attention on the results for the
two-determinant function. This choice of

i p) resembles,
in principle, the complete active space (CAS) self-
consistent field (SCF) wave function. For long H-H
distances the trial function itself provides about 95% of
the correlation energy and CMX(2) accounts accurately
for the rest. For shorter distances CMX(2) improves
greatly the calculated correlation energy, while the use
of CMX(3) causes only minor changes.

From the above example we conclude that the
CMX(2) approach can be of a real value when we deal
with a multideterminant ground-state wave function
such as CAS SCF or the generalized valence-bond one.
For this kind of zeroth-order wave function, perturba-
tional treatment has not been formulated yet and it
seems that such a formulation could present some practi-
cal difficulties that would arise from the problem of par-
titioning of the Hamiltonian. The applicability of
CMX(2) for calculation of the correlation energy for
small molecules will be published elsewhere.

Another test for the performance of CMX is the
Maynau-Malrieu spin Hamiltonian This kind of Hamil-

tonian has been proposed recently as a convenient
method for investigation of the electronic structure of n-

conjugated systems. Using the maximum- spin-
alternation wave function as the trial ket we arrive at the
average deviation (the sample of fifteen molecules) from
the ground-state energy equal to 32.0%, 7.2%, and 4.2%
for the CMX(1), CMX(2), and CMX(3) results, respec-
tively. '

Although even at the present stage the new approach
appears to be very promising, it is necessary to pursue
further studies on the properties and applications of the
CMX series. Two main routes seem to be especially in-
teresting to explore: the formulation of CMX for mul-
tideterminant wave functions and study on the conver-
gence rate of CMX. This work is in progress and results
will be published in the near future. '
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