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Viscous Flow in Supercooled Liquids Analyzed in Terms of Transport Theory
for Random Media with Energetic Disorder
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Viscosity data for supercooled liquids are reexamined in terms of the random-potential model with use
of the concept developed for treatment of electronic transport in random media with energetic disorder.
q(T) is found to obey the predicted exp[(TO/T) ] law covering ten decades in t) and extending to the
glass transition which is considered to be a kinetic localization phenomenon. The crucial system parame-
ter is the width cr of the (Gaussian) distribution of states which determines both the glass transition tem-
perature and the T dependence of g via the characteristic temperature To~a.

PACS numbers: 51.20.+d, 61.40.+b, 64.70.Pf, 72.80.Ng

When a liquid is cooled it can either crystallize or be-
come supercooled, i.e. , remain more or less fluid, until at
a certain temperature Tg, called the glass transition tem-
perature, the viscosity approaches that of an ordinary
crystalline solid, albeit without occurrence of crystalliza-
tion. ' Near Tg certain thermodynamic variables like
the specific volume or entropy exhibit a gradual change
in slope rather than in absolute magnitude, suggesting
that the transition is not a thermodynamic first-order
process. Moreover, the exact value of Tg depends on the
thermal history of the sample although an entropy argu-
ment requires the existence of a minimum value for Tg.

The dramatic increase in viscosity observed upon
lowering of the temperature ' is often expressed in

terms of the empirical Vogel-Fulcher (VF) relation,
ri(T) =2 exp[B/(T T~) 1, although —significant devia-
tions are noted as T approaches Tg. It has been ra-
tionalized in terms of the free-volume theory ' which
treats the supercooled liquid as a composite of hard
spheres and unoccupied space varying linearly with
T Tg . The latter is thought to provide motional free-
dom for the liquid particles, required for mechanical flow
to occur. The most elaborate version of the free-volume
theory is that of Cohen and Grest, " who also included
the percolative aspect of particle motion. It is concep-
tionally attractive yet does not solve the problems en-
countered upon analysis of experimental tl(T) data. It
also predicts the glass transition to be more likely a
first-order transition, contrary to experimental evidence.

Following the idea of Goldstein' the present Letter
advocates treating motional processes in a supercooled
liquid near Tg in terms of a disorder model without in-
voking the free-volume concept. A characteristic feature
of random media is that the physical parameters specify-
ing the state of a structural element, be it a molecule or
an atom, are not discrete quantities. Depending on a
large number of internal coordinates, each being subject
to random yet small amplitude fluctuations, they are
realistically modeled by a Gaussian density of states
(DOS) function, characterized by its width cr. Experi-

mental signatures are the inhomogeneously broadened
absorption profiles of organic glasses testifying to the ex-
istence of Gaussian DOS profiles for the electronic ener-
gies of the glass-forming molecules, ' ' and the distribu-
tion of tunneling parameters for transitions among two-
level systems. ' ' In the present context the eAect of
disorder on the migration of an excitation, an electron or
a Frenkel exciton generated by photoexcitation, is of par-
ticular importance. If initially created at random within
the DOS manifold it will be subject to a random-walk
process in cause of which it relaxes energetically provid-
ed that kT « cr. Both Monte Carlo simulation' and an-
alytic theory' ' predict that in the long-time limit dy-
namic equilibrium is attained and the diffusion
coefficient is expected to obey a characteristic D(T)
=Do exp[ —(To/T) ] law. The Dii is the difTusion

coefficient in the energetically discrete counterpart struc-
ture and To is related to cr by kT0=0.64cr. ' A simple
thermodynamic argument' predicts that the mean ener-

gy relative to the center of the DOS, at which a hopping
particle equilibrates in the t ~ limit, is (c ) = —cr /
kT This functional for.m of e (T) reflects the interplay
between thermal excitation and relaxation and is specific
for a Gaussian DOS yet is virtually independent of de-
tails of the transport process, notably the nature of the
intersite coupling potential. It explains why the T
dependence of D deviates from an Arrhenius behavior.
Since c decays as T, the mean activation energy re-
quired for an excitation to jump to a neighbor site in-
creases accordingly. Experimental work on both exci-
ton and charge transport studies ' on random organic
systems below Tg support this concept.

Excitation-transport theory for random media has thus
provided the framework for treating relaxation as well as
motion of particles in a random potential quantitatively,
provided that the potential fluctuations can be considered
static on the time scale of an elementary hopping pro-
cess. Bearing in mind that the statistical variation of the
intermolecular coordinates in a supercooled liquid gen-
erates a multidimensional potential energy surface with
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local maxima and minima, realistically approximated by
a Gaussian DOS, it appears attractive to adapt the above
model to viscous flow also, considering, however, that the
potential distribution is different from that governing
electronic transport. One has to assume that upon cool-
ing, the glass-forming molecules become localized in the
deeper states of the DOS and —critically —that the
overall temporal variation of the DOS is slow. The latter
postulate is likely to be fulfilled at temperatures near Tg
where the fraction of molecules undergoing thermally ac-
tivated transitions is small thus ensuring that an indi-

vidual jump occurs within a virtually constant potential.
After a time sufficient for the particles to equilibrate at a
mean energy (c ) = —cr /kT within the DOS transitions
among adjacent potential minima occur at an average
rate (v) —exp[ —(To/T) ]. Supposing that viscosity
scales in versely with the rate of thermal excitations
within the random potential, we have

tI(T) =
ri exp HTp/Tp) '),

expected for T & Tg.
With this concept in mind I reanalyzed existing viscos-

ity data for a number of glasses, both inorganic and or-
ganic. Figure l presents a representative selection of
r/(T) data plotted on a logrI vs T scale. It is obvious
(i) that Eq. (1) fits experimental data over typically ten

orders of magnitude remarkably well, including the
high-viscosity regime where the VF law notoriously
overestimates freezing in of viscous IIow, and (ii) that
two categories of glasses exist distinguished by a devia-
tion from Eq. (1) for logr/ & 3 ~ 1. Figure 1 suggests
that previous identification of an Arrhenius type of T
dependence near Tg, albeit with the recognition of a
slight curvature in slope, ' is accidental and is caused by
the similarity of log g vs T ' and vs T plots if
confined to a narrow temperature regime. The behavior
implied by Eq. (1) is also revealed in the temperature
dependences of dielectric relaxation and frequency-
dependent specific heat (Fig. 2). It is noteworthy that
the To values inferred from the three categories of ob-
servables available for glycerol are identical, demonstrat-
ing that the slow relaxational modes governing time-
dependent uptake of heat also control momentum trans-
fer processes involved in viscous flow and, concomitantly,
dipole relaxation. While difficult to rationalize in terms
of the free-volume concept this appears to be a plausible
consequence of a random potential model that considers
small-amplitude displacements of the structure elements,
or segments thereof, as the elementary excitations. On
the other hand, the weak dependence of the thermal con-
ductivity on T indicates that these excitations are
unimportant in heat flow.
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FIG. 1. Temperature dependence of the viscosity of various
supercooled liquids plotted on a logy vs T 2 scale. Data for
B203 and a-phenyl-o-cresol are from Refs. 6 and 7, respective-

ly; the remaining data are from Refs. 2 and 4.

FIG. 2. Comparison of the T dependences of rl (Ref. 4) and
dielectric relaxation time (Refs. 2 and 3) for propanol and gly-
cerol. fc, is the peak frequency of the imaginary part of the
product of specific heat and thermal conductivity (Ref. 24).
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Figure 3 compiles To data determined from the linear
segments of logy vs T plots for a series of glasses as a
function of Tg and demonstrates that both quantities are
related. Two groups of data points can be distinguished,
both bearing a linear relationship To =CTg yet with
different proportionality constants. The four monomeric
organic substances and the ionic salt 4Cs(NO3)2

6KNO3, referred to as group 1, yield C=9.25+ 0.15;
the inorganic glasses, the polymer polyisobutylene, and
propanol and glycerol which both form intermolecular
hydrogen bonds (group 2) give C =6.0+ 0.5.

Since Tg agrees with the temperature at which g ap-
proaches the value characteristic of a crystalline solid
( = 10' —10' P), one can relate the pre-exponential fac-
tor tl to T~ and rewrite Eq. (I) in the normalized form

g =10' exp[(To/T) —(To/Tz) ] P. The correlation
between rl and Tg, rl =10' exp[ —(Ta/Tg) ] =10'
xexp( —C ) P, is the equivalent of the entropy-enthalpy
relation often observed with conventional chemical reac-
tions. For glasses belonging to groups 1 and 2, respec-
tively, logy = —23+ 1 and —1.5 ~ 1.5 is obtained.
While Eq. (I) is universally obeyed for all glasses in the
high-viscosity regime, g(T) of group-1 glasses begins to
level off at T = 4 Tg, equivalent to log&=3 ~ 1, and ap-
proaches log g ——

1 at the melting temperature T
= —', Tg Equation (1.) must fail once thermally excited
motion of the structure elements of the glass become fast
enough to invalidate the underlying concept of a quasi-
static DOS. The disorder affecting an individual seg-
mental motion is then smeared out temporarily. This is

equivalent to a temperature-induced reduction of the
width of the DOS which translates into a reduction of To
in Eq. (1). At present no firm explanation can be given
why group-1 glasses exhibit this effect at lower reduced
temperatures T/Tg than group-2 glasses. It is, however,
noteworthy that group-1 glasses do not form intermolec-
ular networks while group-2 glasses do. Lack of inter-

molecular directional bonds is expected to facilitate
molecular displacement and the formation of free
volume. Interestingly, the low-g regime of those systems
is well described by either VF with a divergence temper-
ature & Tg or by more sophisticated treatments taking
into account the cooperative nature of How on a micro-
scopic scale. The latter predict that p(T) scales with
(T —To). However, the experimental Ta turns out to be

Tg

dern

onst rat i ng that the h igh -viscosity regime is
not recovered.

It is of interest to compare a values indicated in Fig. 3
with the heat of sublimation per molecule which may be
taken as an estimate for the binding energy of the mole-
cule in the structure. In the sequence propanol, glycerol,
glucose, and Se, cr/hH values are 0. 15, 0. 18, 0.25, and
0.28, respectively. Fluctuation of the potential energies
of the glass-forming elements of order 20% of the total
binding energy appears realistic. It is comparable to the
relative spread of other quantities like the gas to solid
shift of optical transitions' in organic molecular solids.

Additional support for the proposed model comes from
an entropy consideration. Figure 4 reproduces the entro-
py difference between the supercooled liquid and the
solid state of lithium acetate on a AS vs T scale. The
data points fall on a straight line, demonstrating that
5 ] S&1'yst Tg —T . This functional form is
recovered if one considers the increase in the thermo-
dynamic probability function for a ensemble of particles
equilibrated within a Gaussian DOS. As the tempera-
ture is raised from Tg to T the mean energy of the
ensemble increases from (e(Tz)) = —o /kTg to (e(T))
= —a /kT, relative to the center of the DOS. Concomi-
tantly, the distribution of states g(T) available for the
particles also changes according to

p (s(T))/a
g(T) =N(2+) '

~~ exp(e' /2cr )d(g'/cr),

where N is the total number of states. Since

10

2

4
CD

3
L

2-

-01

102 10

r, (K)

FIG. 3. Correlation between To defined via Eq. (1) and Tg
for various supercooled liquids. 1, glucose; 2, o-terphenyl; 3,
a-phenyl-o-cresol; 4, salol; 5, 4Ca(NO3)2. 6KNO3. o. is the
Gaussian width of the DOS.
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FIG. 4. Difference in entropy between liquid and crystalline
phases for lithium acetate as a function of T (data are from
Ref. 2). Tg is the extrapolated "ideal" glass transition temper-
ature.
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((e)/cr) = (cr/k T) « 1, the integral is approximately
proportional to exp[ —e /J2cr ]. Taking into account
that cr/k =To/0 64 (. see above), one finds that the in-

crease in entropy between T~ and T should approximate-
ly be

S( T) —S (Tg ) = klV ln lg (T)/g (Tg ) ]

A quantitative estimate would require knowledge of the
partition function.

The model advanced above implies that the glass tran-
sition in a supercooled liquid is a kinetic localization
phenomenon rather than a thermodynamic phase transi-
tion. This explains why thermodynamic functions vary
rather smoothly near Tg contrary to what is expected in
case of a phase transition. The crucial quantity that
determines both Tg and the rate at which g varies with
temperature is the width of the density of states which is
a measure of the frozen-in potential distribution. A logi-
cal consequence is the dependence of Tg on sample histo-
ry because the DOS profile and its occupation depend on
preparation conditions.
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