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A proof is given for the Jahn-Teller problem of an orbital doublet (E ®¢) that the order of the lowest
vibronic levels is fixe1 by the requirement that the vibrational part of the wave function change sign un-
der 2r rotation in the vibrational coordinates. This sign change in turn is a consequence of the sign
change in the electronic part of the wave function, a special case of Berry’s geometrical phase. Experi-
mental confirmation of this sign change and thus of Berry’s phase is available from studies of Jahn-
Teller defects in crystals that reveal the sequence of these lowest levels.
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An unusual aspect of the theory of the Jahn-Teller
(JT) effect for an orbital doublet (E ® ¢ problem) is the
sign change'~3 in the electronic wave functions that di-
agonalize the linear JT coupling, under a 2x rotation in
the space of the vibrational coordinates. Corresponding-
ly, the symmetry group of the linearly coupled JT system
under rotations is isomorphic to the double group of
two-dimensional rotations, and eigenstates of the system
are eigenstates of an effective spin**> J corresponding to
eigenvalues J==* +, £ 3 £ 3 ... Thissign change
is a special case of Berry’s geometrical phase,® which is
acquired by a quantum system carried adiabatically
around a circuit in an appropriate parameter space and
which holds implications for topics in physics as diverse
as the quantum Hall effect,” the optical activity of a hel-
ical optical fiber,® molecular dynamics,®'® and gauge
field theories. !

The total wave function of a vibronic eigenstate of a
JT system of course must be single valued in the space of
the vibrational coordinates, and a sign change in the
electronic wave function forces a compensating sign
change in the vibrational part.!3 I show in this paper
that a critical experimental test for this sign change, for
a molecule or crystal defect exhibiting strong JT cou-
pling, is the order of the lowest vibronic states of the sys-
tem, specifically that the ground state is an E doublet
below the A tunneling singlet. Although a vibronic dou-
blet ground state has long been recognized as charac-
teristic of a dynamic JT effect for an electronic E
state,>!>!3 4 mathematical proof showing that this or-
dering is a necessary consequence of the sign-change re-
quirement imposed on the vibrational wave function has
not previously been given. Experimentally, the E state
has been found to be below the A state for all those de-
fects in crystals,'#"23 studied by electron paramagnetic
resonance (EPR), optical spectroscopy, or phonon spec-
troscopy over the past two decades, which exhibit an
E®e¢ JT effect and for which the tunneling splitting
could be identified. The significance of my result is that
this sequence of the lowest E and A states alone provides
experimental confirmation of the sign change and thus of

Berry’s phase for many well-known defect systems. It is
therefore not necessary in these systems to resolve higher
vibronic levels in order to confirm Berry’s phase, as
Delacrétaz er al.® have recently done in an elegant study
identifying rotational structure going as Aj2 with half-
odd-integer quantization in the two-photon ionization
spectrum of the molecular cluster Nas.

In the E®¢ JT problem''%!3 we are concerned with
an orbital doublet electronic state belonging to the repre-
sentation E of the cubic group (or T;), coupled to a pair
of vibrational modes Qg,Q; also belonging to E (or the
equivalent problem in any other symmetry with a three-
fold or sixfold axis). The vibronic Hamiltonian is given
by

7{=?{0-7+7{LJT+7{NLa (l)
with
Fo=0Qu) "N (PF+PH+(K/2)(QF+02) ()

the Hamiltonian of an isotropic two-dimensional har-
monic oscillator and

H L=V (QeUs+Q.U,) 3)
the linear JT coupling in a conventional notation,'3%* in
which

Up=—]0X06] + | eXe]l,

4)

U=+ |0)Xe| +]e)X0],

and J is the identity operator, in the basis of the elec-
tronic E states yo~(3z2—r?), y,~/3(x2—y?). The
term #np in Eq. (1) represents nonlinear coupling.
Longuet-Higgins et al.! and Moffitt and Thorson?® have
shown that when # L is zero the vibronic ground state
for any coupling strength is an E doublet and the first
excited state is a doublet comprising states 4, and A,.
Introducing the nonlinear coupling, O’Brien® and oth-
ers?%2” have shown from numerical analysis of the limit
of strong JT coupling that for a simple form of # N the
E state remains lowest but that the accidental degenera-
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cy of the 4| and A; states is lifted, the lower of these ap-
proaching the E ground state as the “warping” in the
effective potential increases. We will give a mathemati-
cal proof for this sequence of the lowest states under the
condition of strong linear JT coupling, for nonlinear cou-
pling assumed to be much weaker but of arbitrary form.
The electronic eigenstates of %yt for a fixed choice
Qg¢=pcosh, O, =psinb of the vibrational amplitudes are?

w— =wygcos(6/2) — y,sin(6/2),
(5)
v+ =yesin(6/2) + y,cos(6/2).

If the linear coupling is strong, so that the JT energy E,r
is larger than the vibrational quantum A, and also
strong compared to the nonlinear terms, vibronic states
with energies near the minimum at p=po=|V|/K in
the lower adiabatic potential energy surface resulting
from the linear coupling may be taken as Born-
Oppenheimer products involving either y- or w4,
whichever gives the lower eigenvalue of #pjr (y— if
V> 0), and a vibrational factor ¢ which in its depen-
dence on 6 must satisfy the angular Schrédinger equa-
tion>

—ald?¢/d6*)+V(0)p=E,9, (6)
with
a=h?2upé @)

and V(8) the effective angular potential energy around
the trough at p=po. V' (6) depends on 6 because of the
nonlinear coupling but is periodic with period 27/3,

v(e+2x/3)=v(6), (8)
and even,
V(—6)=v(), 9)

because of the cubic symmetry. For the coupling con-
sidered by O'Brien? and others?%?7 1 (8) is given simply
by —fcos36. Because the electronic factor y— or w4+ in
the Born-Oppenheimer wave function changes sign under
a 2 rotation, ¢ must do the same,

0(0+2n) = —0(6), (10)

in order that the full vibronic wave function be single
valued.

To determine the ordering of the solutions of Eq. (6) I
make use of the theory of one-dimensional energy bands,
since the effective potential ¥ (8) is periodic with period
27/3 according to Eq. (8). The theorem of Floquet?®
then tells us that Eq. (6) has solutions having the Bloch
form?®

ok (8) =exp(ik8)u(6), an

with the parameter k real for certain ranges of the ener-
gy representing the allowed energy bands and u(6) a
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periodic function with the same period 2x/3 as that of
V(6). For these stable solutions the wave number k lies
within the reduced zone, — 3 <k =< + 3, solutions at

=—3 and k=+ % being equivalent. Since V(8) is
real, solutions of +k and — k occur in pairs at the same
energy and thus are independent solutions of Eq. (6) ex-
cept at k=0 and %, the only values for which +k and
— k are not distinct.

The condition imposed by Eq. (10) requires a change
of sign over three periods of the potential V(8), so that
suitable solutions of Eq. (6) are provided by the Bloch
functions®®3! of Eq. (11) with k==* L and k=2. The
former represent degenerate pairs of states ¢4,y — and
o—12y— (or ¢+1pw+ and ¢—1pw4) which are easily
shown?3? to belong to the representation £ of the cubic
group, while the latter represent nondegenerate states
belonging to 4, or A,.

We now appeal to Haupt’s theorem?®33 from the
theory of ordinary second-order differential equations
with periodic coefficients. Let us denote by E,(k) the
energy eigenvalues of Eq. (6) corresponding to Bloch
functions of wave number k, with n=1,2,3, ... labeling
energy bands in order of increasing energy starting with
the lowest. According to Haupt’s theorem the nth al-
lowed band is bounded by E,(0) and by E,(3), with
E,(0) the lower bound if n is odd and the upper bound if
n is even; moreover these eigenvalues must be ordered as
follows:

EI(O)<E1(%)SE2(%)<E2(O)SE3(0)<E3(%)
<=E{$3)<E 0)=Es(0)< ..., (12)

for any form of periodic potential V(8) satisfying Eq.
(8). Since E, (k) in a one-dimensional band is necessari-
ly a continuous function of k with extrema only at k =0
and 3,3* the energy E;(*+ 1) in the lowest band at
k=% % is necessarily below that at k =3, E,;(3). Ac-
cordingly the lowest solution of Eq. (6) subject to the
condition of Eq. (10) must be an E state, with the next
higher state an A4, or A, state.

By contrast, solutions of Eq. (6) satisfying the alterna-
tive condition*

¢(6+2x) =+0¢(0) (13)

occur for k=0 and k=% 1. By Haupt’s theorem the
solution ¢o(6) at k=0 in the lowest band has the
minimum energy £,(0) in this band, is nondegenerate,
and transforms3? as 4,. The pair of solutions ¢+ (8)
with k = £ 1 thus lies at a higher energy E;(% 1) and
moreover transforms as £. The sequence of the lowest E
and A solutions of Eq. (6) is therefore reversed when the
periodicity condition, Eq. (13), is substituted for the
sign-change requirement of Eq. (10). This result com-
pletes the proof that the order of these lowest states is
determined by whether or not the vibrational wave func-
tion ¢(0) is required to change sign under 2x rotation.
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This requirement also fixes the sequence of states of
higher energy. 3

That the ordering of the lowest vibronic states has E
below A4, or A, has been recognized experimentally for
many impurity ions in crystals that show an E®¢ JT
effect, and for none has the reverse order been observed.
The first case of such a dynamic JT effect to be investi-
gated by EPR was Cu?t in MgO, first studied by
Coffman'* in 1965, for which a low-temperature spec-
trum characteristic of an orbital doublet 2E ground state
in cubic symmetry was found.?’=*® Coffman interpreted
this spectrum as resulting from tunneling between JT-
distorted tetragonal configurations, the singlet state
24, 2) being at a higher energy given by the tunneling
splitting 3I". This interpretation has been sustained by
further EPR studies by Reynolds et al.!” of the so-called
“intermediate JT effect” for Cu?* in MgO that show
that the tunneling splitting to the lowest singlet 24, is
only a little larger than the splitting of the 2E ground
state due to random strains (a few inverse centimeters);
however, a precise value for 3I' has not been obtained.
For Cu?* in CaO, however, Reynolds et al.'” were able
to determine 3=3 cm ~! in this way, a value confirmed
by Raman scattering experiments by Guha and Chase, '8
and identified the excited state as 2A4,. Similarly, values
3r=39 cm~! (24,) for Ag?* in CaO and 3r=4.38
cm ! (24;) for Ag?t in MgO have been obtained by
Boatner et al.?® Other cases for which EPR spectra of
the intermediate JT type have been found and the identi-
ty of the excited tunneling singlet established, but no
precise value for 3I" obtained, are listed by Setser, Barks-
dale, and Estle'® and in the review of EPR studies of JT
systems by Bill.??

Three well-established cases in which the tunneling
splitting in an excited electronic state has been observed
directly in the optical absorption spectrum are Eu?* in
SrF, and CaF;'>'¢ and Fe?* in MgO.?! For the first
two the transition is 4/7 (857/2) — 4f%5d(PE), and 3T is
given by 6.5 cm ~! and 15 cm ~!, respectively, while for
the last it is 3d6(3T ) — 3d%(°E,), 3r=14 cm !, and
the singlet is 5Alg. Only the zero-phonon line for the
transition to the doublet ground state was observed in
unstrained crystals, but the presence of the higher singlet
was revealed when applied stress mixed the £ and A
states.

Other defects which have been interpreted in terms of
strong JT coupling in an electronic E state and a
significant tunneling splitting with 4, ;) above E have
been investigated extensively by various techniques of
phonon spectroscopy. These include Mn>* and Cr2* in
MgO and Al,0; and Ni3% in Al;03. This work has been
reviewed by Challis and de Goér.?3

The rotational structure going as Aj? with half-odd-
integer quantization in the two-photon ionization spec-
trum of Naj (observed for |J| as high as %) has been
cited by Delacrétaz er al.® as the first experimental

confirmation of the sign-change requirement imposed on
the vibrational wave function of an E®¢ JT system. It
is clear from the present work that equally compelling
experimental evidence of this sign change and thus of
Berry’s phase is given by the order of the lowest vibronic
states and has been accumulating for twenty years in the
extensive literature on the dynamic JT effect of defects
in crystals.
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