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Aharonov-Bohm Eff'ect in Semiconductor Microstructures
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In this Letter we present a simple theory for the Aharonov-Bohm effect in semiconductor microstruc-
tures, assuming ballistic transport. It is shown that in well-designed symmetric structures it may be pos-
sible to attain large (approaching 100% in principle) conductance modulation in a magnetic field even if
the transverse dimension of the structure is large, the aspect ratio is poor, and kBT exceeds the correla-
tion energy. The theoretical formulation can also be used to describe the electrostatic effect which has
not yet been observed.

PACS numbers: 72.20.My, 73.60.Br, 73.60.Cs

Oscillatory magnetoresistance due to the Aharonov-
Bohm effect' has been observed in bulk Mg, cylinders,
wire arrays, small metallic rings, and most recently in
a molecular-beam-epitaxy-(MBE) grown double quan-
tum well. The origin of h/e and h/2e oscillations in
metals is now well understood following the extensive
theoretical work of a number of researchers. The
theoretical work, however, has emphasized diffusive
transport through an array of elastic scatterers assuming
negligible inelastic scattering. The purpose of this Letter
is to draw attention to a totally different regime, namely
ballistic transport, where elastic as well as inelastic
scattering is negligible. Advances in semiconductor mi-
crotechnology have made it possible to fabricate ex-
tremely high-mobility conductive channels isolated from
the surface by epitaxial insulators. In GaAs, an electron
with a velocity of 10 cm/sec has an elastic (plus inelas-
tic) mean free path as long as -4 pm, if the mobility is
10 cm /V-sec. Channel lengths of 0.25 pm or less can
be fabricated by present-day technology so that an elec-
tron can travel from one contact to another ballistically
with essentially no scattering —elastic or inelastic.

We consider a generic structure [Fig. 1(a)] with two
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where the potential energy E, (z) includes conduction-
band discontinuities as well as any band bending due to
space charge. Since the function E, (z) is different in the
end and middle regions, the transverse modes obtained
from Eq. (1) are also different. Each subband l n) has a
parabolic dispersion given by

E(k~, k~) =e + h k /2m*+6 k /2m*. (2)

These are sketched in Fig. 1(b). It will be noted that at
equilibrium the relative positioning of the subbands in
the three regions is fixed by the requirement of a con-
stant Fermi level for the specified doping densities. The
current, I, through the structure for a small applied po-
tential, V, is given by"

end regions (x &0 and x) L) and a middle region
(0&x &L) consisting of two isolated channels. ' In
each of the three regions we can calculate a set of trans-
verse modes in z (or subbands) by solving the eigenvalue
equation

(3)

Here W~ is the width of the structure in the y direction.
T„-„ is the transmission coeScient from subband n' in
the left end to subband n" in the right end. E and k~ are
the energy and the transverse wave vector of the elec-
trons as they enter from the left end.

We now make four assumptions. (1) Only the lowest
subband is occupied everywhere in the device; this is en-
sured if the doping density ND is less than tr/2W . (2)
The magnetic field 8~ is low enough that the transverse-
mode wave functions are not significantly perturbed, so
that its eAect is described by lowest-order perturbation
theory. (3) The transport from x =0 to x =L is "ballis-

tic"; that is, there is no elastic or inelastic scattering and
both E and k~ are conserved from one end to the other.
(4) E, (z) is symmetric about z =0. With these as-
sumptions we will show that a large conductance modu-
lation (approaching 100%) can be obtained even if the
width 8'~ is large and kBT is greater than the correlation
energy. 'The absolute conductance modulation h, G can
thus be made arbitrarily large by our increasing 8'~.
This is very diAerent from diff'usive transport and is par-
ticularly important if the Aharonov-Bohm eAect is to
find practical applications. ' The large conductance
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forward and reverse propagation between x =0 and
x =L. Since the channels are isolated and the transport
is ballistic, these matrices are diagonal and the diagonal
elements describe the phase shifts in the two channels:

r

Pj
P—=

where

0 Pj 0
ZPI-

P ' '
0

(6)

P) z =exp(ik„( 2L),

PI z =exp(ik„') 2L).

(7)

(8)

k j and k„2 are the wave numbers in the x direction in
channels 1 and 2, respectively, for a given E and k~, for
propagation from x =0 to x =L; k' j and k'2 are the cor-
responding wave numbers for reverse propagation from
x=L to x=0.

Using Eqs. (5) through (8) in Eq. (4) and taking the
magnitude squared we get

FIG. l. (a) A two-channel structure suitable for observation
of the Aharonov-Bohm eAect. The structure is uniform in y
with a width of W». (b) Dispersion curves E(k„,kr) for the
difterent subbands in the three regions. In the middle region
(0 & x & L) the subbands corresponding to channels I and 2
are indicated by solid and dotted lines, respectively. (c)
Definition of the transmission and reflection matrices t (2 x I ),
t (1 X2), r (2X2), and r (2X2) at the two junctions and the
propagation matrices P (2X2) and P' (2X2) between x=0
and x =I.

T = t '[I —PrP 'r '] 'Pt (4)

The matrices t, t', r, r', P, and P' are defined in Fig. 1(c).
t is a 2x 1 matrix describing the transmission from the
left end into the two channels while t' is a 1 x2 matrix
describing the transmission from the channels into the
right end:

modulation is obtained even if the aspect ratio 8'/W ap-
proaches zero.

In view of assumption (1), there is only one subband
to consider in each of the end regions. In the middle re-
gion there are two subbands corresponding to channels 1

and 2. ' The transmission coe%cient T from one end to
the other [dropping the subscripts n' and n" in Eq. (3)]
can be written as'
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where

a = (Dt jt ~+ Ctjt ()/(AD —BC),

b =(Bt(t2+At2tz)/(AD —BC),

&=phase (a*b),

e=(k„,—k„,)L,
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For a given E and k~ the parameters t, t ', r, and r ' can be
calculated by our solving the interface matching prob-
lem. '

I TI can then be calculated from Eq. (9) and
used in Eq. (3) to calculate the current for a given volt-
age. I

T
I depends on a, b, (t, and 0. The quantities

a, b, and p will, in general, vary with E and k~. Howev-
er, if E, (z) is symmetric about z =0 then t~ =t2 since
channels 1 and 2 are symmetrically disposed while the
lowest subband in the end region has a symmetric wave
function. Similarly t j =t2, rjj =r22, etc. As a result,j6

it can be seen from Eqs. (10) and (11) that a =b; hence,

t2
t =(tI t2). (5)

I
TI'=2IaI'(I+cose). (12)

Similarly r and r ' are 2 x 2 matrices describing the
rejections at the two junctions from the channels back
into the channels. P and P' are 2X2 matrices describing

We will show shortly that the Aharonov-Bohm phase
shift 0 is linearly proportional to the magnetic field and
is independent of E and k~. We can then take the factor
(I+cosO) outside the integral in Eq. (3):

I =(I+cosO) t dEJ [f(E) f(E+eV)] I
a I—

2n
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I
depends on 8, so that the current does not vary sinusoidally with the magnetic field, as expected because of multi-

ple reflections; the current modulation is 100% and is not diluted by the integration over E and k» (ensemble averag-
ing). This is true even if kBT is greater than the correlation energy. Moreover, the absolute modulation of the conduc-
tance h, G can be made arbitrarily large by our increasing the width 8'~.

We will now show that the phase shift 0 is indeed independent of E and k~ for a given magnetic field 8~. In the pres-
ence of a magnetic field the Hamiltonian H is modified to

H = (p+ e A) /2m *+Ec (z ). (14)

Assuming the vector potential A to be given by (B»z, 0,0) we can find the modified dispersion relation E(k„,k») for
channels 1 and 2 from lowest-order perturbation theory, assuming that the eigenmodes I 1) and I 2) are unperturbed by
the magnetic field:

e, 2=&1,2I (p,'/2m')+Ec(z)
I 1,2);

(z~) and (z2) are the mean locations of
I

1) and
I 2),

(z1,2) &1,2 I z
I I,»,

and (z() and (zz) are the spread in the wave functions

(z ) =(I 2
I
z I I 2) —(z) )'

Assuming equal E and k~ we can calculate k 2
—k„i

from Eq. (15); using Eq. (10d) we get for the phase
shift 0

e=eB L(( ~z)
—(z2))/h+(e( —e )L/hv„, (19)

where v„=h(k„~+k„z)/2m*. We have set (z~) =(z2)
and (z &)+ (z2) =0. From Eq. (19) we note that if
si =s2, the phase shift 0, to lowest order in perturbation
theory, is independent of k„and hence of E and k~; it is
thus precisely the same for every electron in the ensem-
ble. This is, however, not true if si&s2, since the second
term is nonzero. In fact, this is the term describing the
electrostatic "Aharonov-Bohm" eAect which may find

applications in switching devices. An applied electric
field 8, modifies E, (z ) in Eq. (14) producing a
difI'erence hV between the average potentials in channels
1 and 2 so that e~ —e2=eh, V. A similar eAect has been
observed with neutrons in a gravitational field. '

Let us now examine the four assumptions that we
made in order to derive Eq. (13). First is the single-
modedness of the wave functions in the z direction. If
multiple subbands are occupied in the end regions then
we need to sum over pairs of subbands n ', n" as indicated
in Eq. (3). The wave functions for the diff'erent sub-
bands are either symmetric or antisymmetric about
z =0. It can be shown that a =b if I

n') and
I
n") have

the same parity in z, and that a = —b if
I
n') and

I
n")

have opposite parity. Consequently, the current is pro-
portional to 1+cosO for certain pairs of modes and to

k» ],z (h k ~,z+ eB»(z f,2) ) e 'B»

2m 2m 2m

where e~ and e2 are the energies at the bottom of the
band in channels 1 and 2,

(is)

1
—cos0 for others, thus reducing the conductance modu-

lation. Our second assumption involves the rigidity of
the wave functions in the z direction. At large magnetic
fields the wave functions will resemble cyclotron orbits
associated with Landau levels. ' lf the cyclotron radius

r, «8' then the electron wave functions are localized
near one channel or the other and the interference be-
tween the two channels should be reduced significantly.
It thus appears that in order to observe many periods of
Aharonov-Bohm oscillations, long structures (L »2+W)
should be used.

Finally we have the two most stringent assumptions,
namely, ballistic transport and symmetric E,(z). These
assumptions ensure that the two arms of the interferome-
ter are perfectly symmetric so that for every path from
the left end to the right end, there is a complementary
path obtained by substitution of channel 2 for channel 1

and vice versa. It can be shown that these complementa-
ry paths have equal transmission amplitudes but difrer in

phase by n.O where n is odd, so that they cancel exactly
when 9 is an odd multiple of' x. This is the physical
reason why the conductance goes to zero and the modu-
lation is 100%. The question is whether sufficiently sym-
metric structures can be fabricated by present-day tech-
nology so that a=b and large interference efIects can be
observed. In metals this appears impossible because the
phase shift across one arm of the interferometer is typi-
cally thousands of radians and even a small percentage
deviation would cause a phase jitter greater than 2x.
But in semiconductors the de Broglie wavelength is much
longer, so that the phase shift across one arm can be only
a few radians and it should be possible to control the
phase more accurately. However, further theoretical and
experimental work is needed to answer this question con-
vincingly. It should be noted that a scattering center of
a given dimension has a far smaller scattering cross sec-
tion in semiconductors compared to metals; this implies a
smaller phase shift. ' Moreover, because of the small
screening in semiconductors, the scattering potential in

one channel could be strongly correlated with that in a
nearby channel —100K away. The interference is not
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aff'ected if the scattering potential is the same in both
channels, even if it is inelastic; it is the diff'erential poten-
tial that matters. There is already some experimental
evidence for conductance modulations far in excess of
2e /h even though the end regions were multimoded and
transport was probably only partially ballistic.

To summarize, in this Letter we have presented a sim-

ple theory for the Aharonov-Bohm efIect in semiconduc-
tor microstructures assuming ballistic transport and have
shown that large interference effects with useful applica-
tions could be possible with well-designed symmetric
structures.
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