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Metastabilities in Three-Flavor QCD at Low Quark Masses
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Using a Langevin algorithm to incorporate low-mass dynamical quarks, we simulate QCD with three
light flavors on an 8 x4 lattice. We find clear metastabilities in lattice measurables at a quark mass of
0.025 in lattice units, whereas earlier analyses at 4 times the mass above did not prove their presence.
Our results suggests a first-order chiral phase transition in three-flavor QCD. We also confirm the pres-
ence of a stronger first-order transition with four flavors and indicate the possibility of a weaker first-
order transition with two flavors.
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Numerical simulations of lattice quantum chromo-
dynamics (QCD) at finite temperature have provided
us with important information for the forthcoming
relativistic- heavy-ion collision experiments. Whereas a
variety of issues, such as the proper incorporation of
dynamical quarks, are still far from settled, one property
of hot QCD seems to show up in all the works so far:
The energy density jumps rather sharply by about an or-
der of magnitude in a very small interval of temperature.
Whether this abrupt change is due to a first-order phase
transition has been a subject of intense activity in the re-
cent past. ' This question is clearly very important for an
understanding of the general properties of strongly in-

teracting matter, in particular the experimental signa-
tures of the quark-gluon plasma.

By extracting the relevant symmetries from QCD, one
can write down models which can be treated analytically
to yield predictions for the deconfinement phase transi-
tion and for the chiral-symmetry-restoring phase transi-
tion in QCD. Such considerations lead one to expect
that QCD with three flavors should have a first-order
deconfinement transition for infinitely heavy quarks and
a first-order chiral phase transition for massless quarks.
As one approaches the physical quark masses from either
of the two limits, one expects a progressively weaker
first-order phase transition with decreasing latent heat.
By the methods of Ref. 3, the chiral transition is predict-
ed to be first order for nf ~ 3 continuum flavors while no
prediction could be made for nf =2.

It is a major challenge for numerical simulations to
verify these predictions and to improve upon them. The
existence of a first-order deconfinement transition in pure
SU(3) theory is solidly established. ' The problem is to
determine the order of the chiral transition with the
same degree of confidence. Two groups have studied
lattice QCD with three light dynamical flavors. Both
employed staggered fermions and used a prescription
proposed by Hamber et a1. to simulate three continuum

flavors. This prescription is motivated by perturbative
arguments and is widely used although its validity away
from the continuum limit is not yet rigorously proved.
Using the pseudofermion method to include the dynam-
ical quarks these authors simulated QCD with a quark
mass ma =0. 1 (in lattice units) on 8 X4 and 6 X4 lat-
tices. While their results showed substantial quantitative
agreement, they differed on the order of the phase transi-
tion. It thus appears that the transition is at best very
weakly first order at ma =0.1. Similar conclusions were
also reached for the four-flavor case where various fer-
mion algorithms were used. Gupta et al. have simulat-
ed QCD with four flavors using a direct computation of
the fermion determinant on a 4 lattice. They find that,
by reducing the mass to ma =0.025, one obtains clear
metastability signals for the average plaquette, for the
real part of the Wilson line, and for the chiral order pa-
rameter.

One immediately wonders whether a similar situation
occurs in three-flavor QCD —namely, whether the tran-
sition becomes a lot sharper when the mass is reduced
fourfold. One would also like to check whether the
phenomenon is, perhaps, only an artifact of the small
symmetric lattice. The fact that their algorithm is very
expensive makes it dificult to answer the latter question.
We have, therefore, used a much faster method and
found that it is as reliable as the direct algorithm in in-
vestigating the order of the phase transitions under dis-
cussion. After confirming the findings of Ref. 9, we pro-
ceeded to study three-flavor QCD on 4 and 8 x4 lat-
tices. We do find clear metastabilities for both lattice
sizes. The signal on the larger, asymmetric lattice is
much clearer. Finally, we studied the two-flavor case on
the 4 lattice and found possible indications of a weak
metastability signal.

We use the discrete first-order Langevin algorithm de-
scribed by Gavai, Potvin, and Sanielevici. ' To simulate
nf continuum flavors by means of staggered lattice fer-
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mions, we use the prescription of Ref. 6 alluded to above.
The boundary conditions are periodic in the space direc-
tions and antiperiodic in the time direction. Because the
Langevin time step is finite, e&0, such an algorithm con-
verges to an equilibrium action which differs from the
action of lattice QCD at color coupling P =6/g with nf
quark flavors. ' The difference between the two actions
can be expanded in powers of e. A major effect of the
first-order error is a shift in P, nf, and the quark mass m:
The "true values" of these parameters are, to first order
in e, P =P(l —e(CF —C~) j12]; nf =nf(1 —eC~ jl2); m
=m(1 —eCFj4) '. C~ and CF in these formulas de-
note the Casimar invariants in the adjacent and funda-
mental representations of SU(3), respectively.

Our investigation' has shown that higher-order sys-
tematic errors are not negligible with respect to the
first-order errors unless e is small. However, one can
still hope that the equilibrium action of the Langevin
process has the same thermal phase structure as lattice
QCD. Of course, one must expect additional shifts aris-
ing from the analytically unknown higher-order error
terms. In particular, one should not place quantitative
confidence in values of phase transition couplings mea-

sured by the Langevin method. To minimize such effects
while keeping the algorithm as efficient as possible, we
have calculated with a=0.01 and used the first-order
compensation formulae to determine the updating pa-
rameters P, nf, and m which correspond to the "physical
values" P, nf, and m at which we wish to run.

The inversion of the fermion matrix, required in the
algorithm we use, was done by the conjugate gradient
(CG) method. We found that a residue r =0.02 (in the
normalization of Ref. 10) is reached in about 200 CG
iterations on an average configuration in the random
phase and in about 80 iterations in the ordered phase.
We have also tried r =0.005 and found essentially the
same results for the measured observables. Imposing a
limit of 90 CG iterations, as in Ref. 9, also led to very
similar results.

In preliminary investigation, we checked that our
method is able to detect the well-known first-order
deconfining transition in pure SU(3), even on the small
symmetric 4 lattice. We then proceeded to simulate
QCD with staggered dynamical quarks of mass
ma =0.025 on the 4 lattice. Figure 1 presents the re-
sults in terms of run-time histories of the 1 x 1 Wilson
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FIG. 1. Time histories for the 1 && 1 Wilson loop in QCD with four and three continuum flavors of quarks of mass ma =0.025 on a
4 lattice. Upper row: nf =4, P=5.0, 5.03, 5. 1 from left to right. Lower row: nf =3, P=5.05, 5. 1, 5.2 from left to right. Squares
describe the runs from disordered starts and triangles describe the runs from ordered starts. Each point represents the naive average
over 100 iterations. All runs use e =0.01.
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F]Q, 2. Metastability signals in three-]]avor QCD on a 4 and on an g x4 lattice (ma =0.025). a=0.01, nf =3, p=5. 1. The
upper row shows the ] x ] Wilson loop W(], ]) and the lower row shows the real part of the thermal Wilson line ReL. The run at
eft was on a 4 lattice and the run at right on an 8 x4 lattice. Note that ReL as plotted differs from the usual normalization by a

factor of 3.

loop g (1,1). We see that 6000 (and even 3000) itera-
tions are sufhcient to distinguish whether the theory is in

its disordered or in its ordered phase or in the transition
region. Since we are not interested in measuring abso-
lute average values of lattice quantities, we are not ham-
pered by correlations between measurements.

For nf =4 the metastability signal around p =5.03 ap-
pears very clear even compared to the sizable finite-size
fluctuations. We can thus confirm the result of Ref. 9.
The fact that our critical coupling diA'ers from theirs
(p =4.9) is surely due in part to the first-order character

of our compensation formulas, as noted above. On the
other hand, because of the expensive nature of their al-
gorithm, Gupta et al. were not able to search for the ex-
act location of the phase transition. It is conceivable
that their signal would become more pronounced at
higher p, closer to our value.

For nf =3, we note that the transition has shifted to
p= 5. 1 and that the metastability signal (the gap be-
tween the coexistent equilibria) appears weaker with
respect to the finite-size fluctuations. Figure 2 compares
the first 1500 iterations on the 4 lattice at P=5. 1 to
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those on an 8 X4 lattice at the same p. The enhance-
ment of the signal-to-noise ratio by going to the larger
lattice is quite impressive and strongly suggests that the
chiral transition in three-flavor QCD is indeed of first or-
der. Further data are currently being gathered on the
8 x 4 lattice.

We have also investigated the two-flavor case on the
4 lattice. We found that the phase transition occurs
around p =5.33 but that 3000 iterations on the small lat-
tice cannot discriminate between a possible weak meta-
stability signal and a rapid crossover. It seems reason-
able to hope that the order of the transition can be con-
clusively established on the 8 x 4 lattice.

To conclude, we have shown that three-flavor QCD
has metastabilities at quark mass 0.025 on a 4 and an
8 &4 lattice. With our Langevin simulation method, we
have confirmed a similar finding obtained for four flavors
on a 4 lattice with a diferent algorithm. Combined
with the earlier results at mass 0. 1, our results support
the prediction of Pisarski and Wilzcek that the chiral
transition should be first order for QCD with three or
more massless flavors and that this transition progres-
sively weakens as rn is increased. Our simulations sug-
gest that the first-order character of the transition also
weakens progressively as the number of flavors is de-
creased from four to three to two, the mass being held
constant. The interval in p at which the transition
occurs is found, as expected, to shift upwards as the
number of flavors is decreased.

After completion of this manuscript, we learned that
the findings of Ref. 9 have also been confirmed with use
of tne hybrid algorithm. ''
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