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Solvable Model of the Beam-Beam Limit in e e Colliding Rings
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For the beam-beam phenomenon in e+e colliding rings, a simple model is presented, which illus-
trates several common features of the observed phenomenon (a blowup of one beam above a certain
current, the unavoidable beam-beam limit, etc.). The tune-shift limit is given as a function only of beta-
tron tune and radiation damping rate per collision point. This implies the universality of the
phenomenon.

PACS numbers: 41.70.+t, 29.20.Dh

In all high-energy e+e colliding storage rings, it is
commonly observed' that although the luminosity Z. in-
creases as I (I being beam current) for small I, L be-
comes proportional only to I when I exceeds a certain
critical value. This is equivalent to the saturation of the
beam-beam parameter' (g). Remarkably, the saturat-
ed value (g ) is almost universally 0.05, although the
appearances of the phenomenon are quite complicated.

Since the achievable L is limited by g, understanding
of the phenomenon has been one of the most important
problems. In particular, the saturation mechanism of g
is little understood, though it is clearly seen in a numeri-
cal multiparticle tracking (MPT). It is almost certain'
that the beam height increases in proportion to I; there
seems, however, to be no theoretical explanation of it.

We will present a simple model that explains the satu-
ration and related universal phenomena. Let us consider
a ring with N, interaction points (IP's) and N, /2
bunches of equal intensity in each beam. To make our
model simple, we use a flat-beam limit (FBL), where
the horizontal motion can reasonably be assumed to be
unaffected, and assume that coherent dipole motion is
stable and ignorable. The next plausible assumption is
that the particle distribution giving the beam-beam force
at an IP can be treated as Gaussian.

We have now only to study the motion of a particle in

a bunch in the vertical direction y. The motion can be
described by successive operations of the following three
mappings: 0 (oscillation),

r

YI
=U

2,

Yi

Y2

cosp sin p Yl
—sing cosy Y2 '

B (beam-beam force),

Yj = Yt and Yq = Y2+G(Yi),

G (Y) = —
K erf[Y/(2At|) ' ];

R (radiation),

Yt = Y| and Yp =XY2+ I(1 X )e&j ' r".

Here Yt =y/ JP~ and Y2 = (ayy+Pyy')/ JP~ are the

canonical variables defined in terms of nominal Twiss
parameters, A~ i is the average of Yi of the partner
bunch under collision, p (=2trv) is the betatron phase
advance per IP, X is the damping ratio defined by
X =exp( —26) with 6 being the damping decrements
[(revolution time)/(betatron damping time per IP)], ey is
the nominal vertical emittance, and r" is a noise with unit

standard deviation. Lastly tc=2tr t Je~ tl defines the
vertical beam-beam force averaged over the horizontal
direction, where g is the nominal beam-beam parameter,

N., 'P,'''"
rl=

2tr) p„' (e, ey) 't'

Here N is the number of particles in the partner bunch,
r, the classical electron radius, y the relativistic Lorentz
factor, p y the nominal p function at an IP, and e the
nominal horizontal emittance. We have treated the ef-
fect of radiation as if it works locally. Since essentially
the effect belongs to linear dynamics, this does not lead
to unphysical results.

Most previous theoretical works studied the mapping
BQ only and assumed that the partner bunch is strong
and unaffected. This picture, however, does not seem to
illustrate the essential features of the phenomenon, since
(i) the presence of strong fluctuations and damping (R)
considerably perturbs the Hamiltonian dynamics of the
BO system, (ii) as asserted by Chao, the overlapping
resonances do not produce a stochastic region leading to
infinity for our case and the gross beam behavior does
not depend sensitively on whether the stochastic limit has
been exceeded or not, and (iii) even in a most detailed
and successful case, including synchrotron-betatron
coupling, the predicted stochastic limit gives too large g
for proton rings.

Since the gross beam behavior is the first thing to be
studied, we, in this paper, are not concerned with a
single-particle incoherent motion: We had better study
statistical quantities such as A;i

— =(Yt YJ) —,where
() — is an average over an e —bunch. Then under B,
A;~

— experiences a variation, Ai i
— ' =A i ]—,A i 2

— '

=At2— +(YiG(Yi)) —, and A22
— '=A22— +2(Yq
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&&6(V, ))' —'+(G(V, )2)' —'. Note that the averages should be evaluated with the distribution just before B. To do
this, we must know the phase-space distribution function y(V1, V2).

As an empirically permissible assumption, we approximate y always as Gaussian:

1 1
11/(Y1, V2) = exp ——gA;/ Y, V/

2z(detA) '/'

ignoring any finer details of y. It brings some unphysical feature to our model (see discussion given later); instead of
this, we can obtain a deterministic algebraic mapping system:

a', A, ', —'=(L/A'-'L/ ')„-,
(~)B' A11

—'=A11—
A12

— '=A12 +2tcA (R ')(A ) ' A '=A22 +4tcA (R ') +Pic B(R —')A(~ ) 1/2

R', A '=A1 —,A12 '=RA 2, A22 '=X A — +(I —k )s~,

where R =A11 /A 1+, A (R ) = — /I[ 2/(r1 +R )j '/, and B (R ) = —,
' —arcsin [[R/ 2(1 +R ) ] '/ j/x.

Let us track the behavior of A,~. The mapping R'B'0' turns out to have a period-one fixed point A;~ on a Poincare
surface of section built just before B':

A( ) 2[ D(R —1)+ j
—2+D(R 1)2+P(R 1)j 1/2]2

tc/ (R —' ) (A t — ) 1/2 A —) = + tc 2/ (R —' )

where

4kD(R) = — 2 (R), E(R) = "B(R)— A(R)1+X tanp 1 —g2 1+X

and R is the root of the equation R =h (R ):
[ D(R —1)+ [ tc

—2+D(R —1)2++(R —1)j1/2]2
h(R) =

[ D(R)+ [s,~ '—+O(R)'+F. -(R)j '"]'
Derivation of A is easy when we notice the changes of
detA, trA, and A~ ~ under the mappings.

Let us here define strictly the (perturbed) beam-beam
parameter g as g = [2b~ j(A11+ +A11 )j ' t). Then L=L og/tl, where L o is the nominal value of L: Lo
=N foN, /Szr(p„p~s b~) '/ with fo the revolution fre-
quency.

Returning to Eq. (1), R is an implicit function only of
X, p, and g. It is easily seen that it has trivial solutions
0, 1, and ~, and when R is a root, so is R '. We find
numerically that R =1 is the only stable solution for
small g, ~hereas a bifurcation occurs and a couple of
solutions is born at a certain point gb. In Fig. 1, R is
sho~n as a function of g with use of model values of
TRISTAN's main ring [v =0.05 and 0.2 (mod 1/2),
6=7&&10 ] as an example. For these model values,
gb =0.0257. In our model, the R-r) curve (and tabb) is
surprisingly independent of v; the curve in Fig. 1 is al-
most the same for all v. This seems to be a special
consequence of FBL.

We can also numerically show that R =1 is unstable if
g & gb, whereas R A1 are stable there. The beams
prefer such an asymmetric state. It is also shown in Fig.
1 that one of the beams is blown up rapidly as soon as g
exceeds gb, which shortens the lifetime of the beam, or,
at least, reduces L and g considerably as shown by a

le
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FIG. 1. Roots of R =h(R) as functions of rt (upper haIf),
and results of MPT for v =0.05 (circ1es) and 0.2 (crosses).

solid line in Fig. 2. The sudden decrease of g is actually
seen and may limit L for some rings.

It may be expected, ho~ever, that suck an asymmetric
state can be avoided, to some extent, because of effects
not considered here. In fact, the asymmetry is controlled
by an ingenious empirical method'; and MPT shows
that the state R =1 can be maintained by a fine selection
of v.

It will thus be of interest to see what happens when
R =1 is somehow maintained. In this case, ( is a simple

26



VOLUME 58, NUMBER 1 PHYSICAL REVIEW LETTERS 5 JANUARY 1987

O. I—
0.I

0.05— v =0.05

v =0.2

0.0 5

v =0.05
v =0.2

l l

O. I O. I 5

FIG. 2. Perturbed beam-beam parameter g as a function of
g. Dashed lines correspond to the case when the bifurcation is

avoided. Results of MPT are also given for v=0.05 (circles)
and 0.2 (crosses).
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FIG. 3. Dependences of gb, g„and h, v on v and 6.

function of g, p, and X:

g =(2rr j —D(1)+ [s x +D(1) +E(1)]' 'j)
(2)

which is shown by dashed lines in Fig. 2. From Eq. (2)
and the figure, the saturation of g for large rl is clearly
seen. The line is quite similar to that given in Ref. 3.
The saturated value is

=(21K f —D(1)+[D(I) +E(I)l' l)
We define the critical rl, rl„by rl, =g as the turning
point from L ~ I to L ~ I. For our model values,

q, =0.055 (0.04) for v=0.05 (0.2). The tune-shift limit
d, v is defined by cos(p+27rhv) =cosp —2xtl, sinp, which
is 0.040 (0.039) for v=0.05 (0.2) for our model values.

We show gb, g„and hv as functions of v for some 6's
in Fig. 3. Since D(1) becomes ~ at v 0+, tl, blows

up there; this is consistent with experimental data. " In
the physically meaningful region (0.05 ( v & 0.45, say),
rl, seems almost independent of v (rib happens to be al-
most constant). Further the 6 dependence of q, is quite
weak; when 6 is small enough, g, is dominated by the
factor 1

—k in E(1), which implies r1, ~6' ~ y' . This
seems consistent with the experimental data given in
Ref. l. In this respect, the universality of tl, (=g ) can
be explained as a result of the fact that in every high-
energy e+e colliding ring, 6 has almost the same order
of magnitude at its highest energy.

According to Ref. 1, Av is more universal. This may
be related to the fact that h, v is less v dependent, as
shown in Fig. 3. The singularity of g, at v 0+ is can-
celed by that of sinp. For our model value, h, v becomes
complex for v& 0.45; then, the coherent dipole oscilla-
tion will be unstable there.

We have shown, by Gaussian approximation (GA),
that the bifurcation occurs even with a complete symme-
try between both beams and that the saturation of g is

inevitable even when the bifurcation is avoided. Now,
we can do the same' using a round-beam limit, another
limiting case. It is interesting to see that the qualitative
features are the same also for a round-beam-limit model
with GA. The fact that the two oppositely limiting cases
lead to the same results implies that we can expect the
same for general cases.

It is now interesting to see to what extent our GA
model is faithful to the original single-particle RBO
mapping. MPT based on the mapping is done for fifteen
damping times (necessary for the system to reach equi-
librium) with 2000 test particles. The results are in good
qualitative agreement with our GA results as shown in

Figs. 1 and 2. Numerically, in MPT, (i) bifurcation is

more smooth and moderate, (ii) g is several times as
large, and (iii) rib and rl, are more sensitively dependent
on v, showing resonant behavior for some v. For some v,
bifurcation is so gentle that the resulting g looks as if
saturated for some g, although it will decrease eventual-
ly. In Fig. 2, v=0.2 is the case, whereas v=0.05 shows
a sudden decrease of g. The results of MPT seem to be
in an intermediate stage between the cases represented
by the solid line and the dashed line of our model in

Fig. 2.
Too small a value of g (i.e., too large a value of At ~ )

of our GA model is a natural consequence of the lack of
degrees of freedom: only six instead of 2000 of MPT.
Under a nonlinear kick such as B, Gaussian y will pro-
duce non-Gaussian fine structure. Notice that the entro-
py' S= —(In@) is const+(IndetA)/2 in GA, which in-
creases at B, although S should not change under any
symplectic mapping such as B. Clearly, our system
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suffers from unphysical heating due to loss of informa-
tion by GA and A]~ has some unphysical additional part.
Undoubtedly (and confirmed by MPT), the unphysical
part is small for large 6 (fast damping) and ~ for 6=0
(no damping). The unphysical part would be small if we

could use more parameters to fit tti. Our model, thus,
cannot be applied to proton rings and electron rings with
too small 6.

Related to this is the fact that our GA model cannot
incorporate effects that disturb coherence, such as tune
spread and nonlinear resonances. This will be the reason
for too small values of r)b and too sharp behavior of g un-

der the bifurcation and insensitivities of gb and g, to
tune. With enough parameters, Fig. 3 would have many
dips. In this sense, our model yields nonresonant behav-
ior.

Lastly, FBL with vertical motion only is another large
simplification. It does not incorporate the synchrotron-
betatron and horizontal-vertical couplings.

We have ignored almost all the effects which may
lower g and I and which may give the phenomenon quite
complicated and rich behavior: horizontal and longitudi-
nal motions, aperture limit, nonlinear resonances, non-
Gaussian tails, breaking of superperiodicity, and so on.
These are, however, secondary factors for the beam-
beam-limit phenomena.

The mapping formulation' seems to be simple and
powerful when the nonlinear force works locally. ' Our
model, though too limited, has shown several common
characteristic features of the beam-beam phenomenon.
This is the first approximation and gives only a gross
feature. To be more precise, it seems reasonable to start
with our model and then to include more parameters to
incorporate the effects stated above as a next approxima-
tion.
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