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Adiabatic Rotational Splittings and Berry’s Phase in Nuclear Quadrupole Resonance
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Sample rotation is shown to induce frequency splittings in nuclear-quadrupole-resonance spectra. The
splittings are interpreted both as a manifestation of Berry’s phase, associated with an adiabatically
changing Hamiltonian, and as a result of a fictitious magnetic field, associated with a rotating-frame
transformation. Real and fictitious fields are contrasted. Related effects are predicted in other magnetic

resonance experiments that involve sample rotation.

PACS numbers: 03.65.—w, 33.30.+a

The evolution of a quantum-mechanical system under
an adiabatically changing Hamiltonian is an important
topic that is receiving renewed attention.'~'? In particu-
lar, when the Hamiltonian follows a closed path in
parameter space in the time interval [0,7] lie.,
#(T)=%1(0)] and when the system is initially in an
eigenstate of 7 [i.e., #(0)|w(0)=FE,(0)]|w(ON], it
has been recognized'=** that the system ends up in the
state |y (T))=e " Pre 7| y(0)). B,, called the quan-
tum adiabatic phase or Berry’s phase, depends only on
the path or certain geometric features of the path;
0,, called the dynamical phase and equal to
h ' [{dt E,(1), depends both on the path and on the
rate at which the path is followed. Berry’s phase has
been invoked in discussions and experiments involving
molecular spectroscopy,’”’ atom-molecule scattering, ®
the quantum Hall effect,?? and light propagation in opti-
cal fibers.'!" Spin problems have been used as solvable
examples in theoretical treatments of Berry’s phase.':?
Suggestions for experimental demonstrations of Berry’s
phase in magnetic resonance, involving rotating external
fields, have been made."” In this Letter, an effect of
Berry’s phase on the magnetic resonance spectrum of a
rotating sample is described and demonstrated with use
of pure nuclear quadrupole resonance (NQR). This
effect, which may be called the adiabatic rotational split-
ting, has important consequences in magnetic resonance
in addition to serving as an interesting manifestation of
Berry’s phase.

Consider the experiment depicted in Fig. 1. A single-

crystal sample containing nuclear spins S with an axially
symmetric quadrupole coupling with coupling constant
wg and principal-axis direction z' is rotated about the z
axis at angular velocity wg. The NQR spectrum is ob-
served by applying radio-frequency (rf) pulses and
detecting free-induction decay signals with a solenoid
coil wound along z. Provided that wg <wgp, the nu-
clear-spin Hamiltonian is changing adiabatically. How-
ever, only the instantaneous eigenstates, and not the in-
stantaneous energies, change with time since the NQR
frequencies (in the absence of external static fields) are
independent of orientation in a static sample. In other
words, the dynamical phase evolution is unaffected by
the rotational motion. Any observed rotational effects
must arise from Berry’s phase. Suppose that a super-
position of two eigenstates | ) and | y,) is created by a
rf pulse at r=0. At time mT=2rm/wg later, the

V4
FIG. 1. Experimental arrangement for observation of adia-
batic rotational splittings in NQR. z is the rotation axis and z'

is the principal axis of the quadrupole coupling.
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two eigenstates acquire a relative phase difference
(B —pB2)m. The NQR signal phase is shifted by the
same amount. Since a continuously increasing phase
shift is equivalent to a frequency shift, Berry’s phase is
observable as a frequency shift of (8, —8,)/2xT. In the
experiments described here, S=% and there is a de-
generate transition that exhibits a phase shift of
— (B, —B2)m. Therefore, an adiabatic rotational split-
ting of the NQR line that is proportional to wg is expect-
ed.!?

Figure 2(a) shows 3*Cl NQR spectra of NaClOj; ob-
served at various rotation frequencies. The 119-mg
NaClOj crystal was oriented with a cleavage plane per-
pendicular to the rotation axis. At this orientation, the
angle 6 between z and z' satisfies cos?6=+ for all four
Cl nuclei in the unit cell. A commercial nuclear-
magnetic-resonance (NMR) probe designed for magic-
angle spinning NMR experiments was used. The single
NQR resonance observed when wg =0 splits into three
lines with relative areas 0.25, 1.00, and 0.22 when
wr#=0. Figure 2(b) shows that the splitting between the
outer lines is well described by v3wg/z. In addition to
the splittings, overall shifts of the resonances are ap-
parent in Fig. 2(a). These are artifacts due to changes
in the crystal temperature that accompany sample spin-
ning. At 23°C, wp/2r changes by 2.1 kHz/deg. '

The results in Fig. 2 can be predicted quantitatively
from established formulas for Berry’s phase.!> The spin
Hamiltonian is

# (1) =wS2 (1), (1)
S, (1) =S, cos0+ Sy sinfcoswg! + S, sinfsinwgt. (2)

For reasons given below, it is convenient to use a basis of
time-dependent eigenstates, written in terms of eigen-
states of S,.(¢) as follows:

la)=12), (3a)
|bY=cos(+&)| L) —sin($&)| — 1), (3b)
ey =sin($&)| $)+cos(Le)| — 1), (3¢c)
ld)=1]—3), (3d)
tan€ =2tané.

According to Simon? and Berry,! the adiabatic phase ac-
cumulated by a spin state | y) in one rotation is

0
2711; de’'sin0"(y|S,.| y).

FIG. 2. (a) »Cl1 NQR spectra of a NaClOjs crystal obtained
at various sample rotation frequencies showing adiabatic rota-
tional splittings. Ambient temperature is 23 = 1°C. Overall
shifts of the resonances are due to crystal temperature varia-
tions. (b) Splitting between the countermost lines vs rotation
frequencies. The dashed line has a slope of 2+/3.
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Therefore,
Ba =3n(cos6—1), (4a)
By =—nl(4—3cos?0) 2 ~11], (4b) WR/27T = 0 kHz
B. =nl(4—3cos?0)'2—1], (4¢)
Ba=—23n(cos6—1). (4d)
Possible phase differences, modulo 27, are & 2+/3x and 0
at the crystal orientation used, corresponding to frequen-
cy shifts of ++/3wg/27 and 0 as observed. 1.5 kHz
The observed spectra, including the relative intensities
of the lines, can also be predicted from the quantum-
mechanical expression for the free induction signal F(¢):
F()=Tri{S.U@)p)U () 7'}, (5)
4
U(t)=Texp{—[f dt'?‘{(t')], (6)
0 3.0 kHz
where p(0) is the spin density operator after the rf pulse
and T is the time-ordering operator. Since #(¢) is relat- X7 T ——rr S
ed to #(0) by a rotation around z, the evolution opera- ’ "wu :

tor U(¢) can be rewritten as
@)
(8)

U(r) =e ~'@rS:lo —it1
Vi3 =7f(0) ‘CURS;;

7 is the Hamiltonian in a frame that rotates with the
crystal. The signal becomes

F(1)=Tr{S.e ~ ™ p(0)e 1. (9)

Equation (9) shows that the effect of Berry’s phase on
the signals can also be viewed as the effect of the “ficti-
tious field” term — wgS. that appears in the rotating
frame. The adiabatic limit wg < wg corresponds to the
first-order perturbation-theory limit. In that limit,
and with an initial density operator [S,.(0)cosa
+5,.(0)sinal?,

FG1)=—(% )'/ZsinZaQ+cosﬁwR1)sin2th, (10)

showing that lines are expected at Qwgy—+3wg)/2x,
wo/n, and (ZwQ—\/?wR)/Zn with relative areas 0.25,
1.00, and 0.25.

In the general case of a system with a time-dependent

: T
e Pr=(n(0) | W(T) [ n(0))exp [ —ij;) drin(0) | BG) | n(0))|.

An objection to the claim that Fig. 2 is a manifesta-
tion of Berry’s phase may be raised. Since the instan-
taneous eigenstates of #(z) are two doubly degenerate
pairs, it may be unclear whether a true adiabatic change
is possible. However, provided that the instantaneous
eigenstates are chosen so as to diagonalize S, within
each manifold of degenerate states, as has been done in
Egs. (3), transitions between degenerate eigenstates do

FIG. 3. As in Fig. 2(a), but with a 7.2-G static field applied
along the rotation axis. The field is produced by Helmholtz
coils coaxial with z and with the current direction opposite to
the sample rotation direction.

Hamiltonian, the evolution operator can be written

u) =W(t)Texp{ —i j;ldt’[A(t’)+B(t')] } an

AW =Y 0,() | n(0))n(0) |, (12)

B()=ildw ~"()/di1w (1), (13)

where {|7(¢))} and {w,(¢)} are the instantaneous eigen-
states and energies at time 7 and W (¢) is a unitary trans-
formation between {|n(0))} and {|n(:))}. Equation
(11) is the generalization of Eq. (7), expressing U(¢) in
terms of the Hamiltonian 4(¢z) + B(¢) that appears in a
frame that “‘follows” the time-dependent eigenstates of
the original Hamiltonian. In the adiabatic limit, the
generalized fictitious field B(¢) is a perturbation on A(¢)
and B, is given by

(14)

- not

occur and Berry’s phase remains meaningful.
Wilczek and Zee® have treated degenerate systems in
greater detail. Alternatively, a real static magnetic field
H can be applied along z to lift the degeneracy of the
states in Eqgs. (3). As shown in Fig. 3, the linear depen-
dence of the splitting of the NQR line on wg is un-
changed. The real and fictitious fields can be made to
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cancel one another.

The equivalence in NQR between rotation and the ap-
plication of a field is not complete. For example, if the rf
fields are applied and detected perpendicular to the rota-
tion axis or static field direction, different signals will be
observed in the two cases unless the rf coils rotate with
the sample. In addition, the spin interaction with a real
field depends on the gyromagnetic ratio y, while the
effect of the fictitious field induced by rotation is in-
dependent of y. The absolute sign of y can then be mea-
sured by determining which sense of rotation relative to
the real field direction tends to cancel the real field. Fig-
ure 3 shows that y is positive for 3°Cl, as expected.

Sample spinning is commonly used in solid-state
NMR to obtain narrow lines.'® It is generally assumed
that the NMR spectrum of a rapidly rotating sample is
simply the orientationally averaged spectrum. The re-
sults here show that this assumption is not always
correct. In particular, whenever the spin eigenstates de-
pend on the sample orientation, adiabatic rotational
splittings or shifts may appear. Such effects may be ex-
pected in overtone NMR spectra'® and NMR spectra of
dipole-coupled nuclei when wg 1s small compared to the
dipole couplings. It is also anticipated that the adiabatic
rotational splitting may serve as a coherence dephasing
mechanism, for example in NQR of randomly tumbling
particles when the rotational correlation time is large
compared to wg '.'” Finally, Pines and co-workers have
provided independent experimental evidence for Berry’s
phase effects in magnetic resonance, using rotating rf
fields in high field NMR.'8:1°
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