VOLUME 58, NUMBER 21

PHYSICAL REVIEW LETTERS

25 MAY 1987

Unusual Time-Dependent Phenomena in Taylor-Couette Flow at Moderately Low Reynolds Numbers
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The results of an experimental and numerical investigation into a new mechanism for the onset of time
dependence in Taylor-Couette flow are presented. The interaction between a symmetry-breaking bifur-
cation and a fold point gives rise to Hopf bifurcation. The resulting time-dependent flows may be either

periodic or irregular.

PACS numbers: 47.20.—k, 47.15.—x, 47.30.+s

The Taylor-Couette experiment concerns the flow gen-
erated between concentric cylinders when the inner one
rotates and the outer one is held stationary.! As the
speed of the inner cylinder is raised, steady cellular flows
which appear initially are followed in turn by time-
periodic and quasiperiodic motions. At even higher
values of the Reynolds number R (the nondimensional
speed of the inner cylinder), irregular motions occur
which are chaotic in the temporal sense,? although there
usually remains some definite spatial structure in the
flow.

It is known that both the steady and time-dependent
states are nonunique,3™> and the cell-selection process in
the steady regime is reviewed by Mullin and Cliffe.®
The main question addressed is how the uniquely defined
primary cellular state, formed by continuous increase in
R from small values, changes as the length of the fluid
column is varied. The exchange proceeds via the interac-
tion with a disconnected secondary branch which be-
comes primary when the length is changed. Our studies
to date have been restricted to comparatively small
values of the aspect ratio ' (=//d, where [ is the length
and d is the gap width); because the multiplicity of the
solution set is thereby limited, the delicate exchange pro-
cess is made more distinctive.

Recent numerical work” has shown that symmetry-
breaking bifurcations are important in the selection pro-
cess. In order to obtain agreement between the experi-
mental and numerical results for the 4/6-cell interaction,
allowance must be made for symmetry breaking by
steady flows that do not preserve the up-down symmetry
about the midplane of the fluid-filled annulus. The path
of symmetry-breaking bifurcation points, which lies on
the surface of symmetric solutions, can move from the
stable to the unstable part of the surface as the aspect
ratio is varied. This process gives rise to a singular point
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with geometric and algebraic multiplicity two, where the
symmetry-breaking bifurcation point coincides with the
limit point. We report experimental and numerical re-
sults obtained close to such a double-singular point,
which exhibit interesting dynamical behavior.

The apparatus consists of a machined inner cylinder of
radius r;=12.5%£0.01 mm which is located concentri-
cally in a precision-bore outer cylinder of radius r;
=25.0%t0.01 mm, giving a radius ratio n=r,;/r,=0.5.
The inner cylinder is rotated by a dc phase-locked loop
motor which has an accuracy of better than 0.1%. The
cylinders are contained within a square box through
which temperature-controlled fluid is circulated, so that
the temperature of the working fluid is held constant to
within 0.01 K. The overall aim is to control the value of
R to better than 0.1%, which is essential for the study of
the time-dependent phenomena in question. (Note that
R =wr\d/v, where o is the angular frequency of the
inner cylinder, d =r; —r,, and v is the kinematic viscosi-
ty.)

The radial velocity component is measured with a
laser-Doppler velocimeter operating in the forward-
scatter mode. In order to obtain good signal quality the
working fluid, silicone oil with a viscosity v=34.22 ¢S, is
seeded with latex spheres of diameter 2 um. The signal
1s processed by a phase-locked loop tracker which gives a
voltage output proportional to the velocity. Steady ve-
locity profiles can then be measured by movement of the
entire apparatus on a traversing lift. In addition, time-
dependent modes may be studied at preselected positions
and the velocity-time signature processed by software?® to
produce the autocorrelation function, which may be
Fourier transformed to give the power spectrum.

The length of the fluid column is determined by two
nonrotating end plates. The position of the top plate
may be accurately adjusted by use of an external cali-
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brated micrometer. The length measurement may be
cross-checked by our noting the positions at which the
laser beams intersect the end plates when a traverse is
made.

In this investigation we have concentrated on the
four-cell state as a secondary mode. The loci of critical
points are presented in Fig. 1 in terms of I' and R. The
solid lines are obtained from computation of the Navier-
Stokes equations with appropriate boundary conditions
by numerical bifurcation techniques’® and the points are
determined experimentally. The line 4B is the locus of
limit points of the symmetric solution and has not been
investigated experimentally in this study, although a de-
tailed experimental and numerical investigation has been
performed for another radius ratio.'® AC is the locus of
symmetry-breaking bifurcation points which lie on the
unstable part of the symmetric solution surface and can
therefore not be observed experimentally. The point A is
a double singular point where the limit and symmetry-
breaking bifurcation point coincide.

Higher-order bifurcations of this type are known to be
accompanied by Hopf bifurcations.'"'> The mechanism
for the occurrence of the Hopf bifurcations is illustrated
in Fig. 2. In Fig. 2(a), the aspect ratio is such that the
symmetry-breaking bifurcation lies on the stable part of
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FIG. 1. Comparison between the experimental and numeri-

cal results for the bifurcation set. 4B is the path of supercriti-
cal fold points. AC is the path of subcritical symmetry-
breaking bifurcation points. ADE is the line of axisymmetric
Hopf bifurcation points. DF is the line of subcritical Hopf bi-
furcation points giving rise to the tilt wave. DG are the mea-
sured points for the onset of axisymmetric modulation of the
tilt wave.

the solution surface. Thus, by continuity, the solution
branch emerging at the bifurcation point will be stable
too. In an experiment one would observe the develop-
ment of an asymmetric state as R is reduced through the
bifurcation point. The bifurcation will of course be
disconnected by the presence of imperfections in the ap-
paratus, but a sharp change in symmetry is found.!'°
(The magnitude of the asymmetry is very small and
great care is needed for its reliable detection, but as will
be seen below the consequences of its presence are far
reaching.)

Figure 2(b) shows that as the aspect ratio is changed
the symmetry-breaking bifurcation point moves onto the
unstable part of the symmetric-solution surface. Con-
tinuity indicates that on the asymmetric branches, close
to the bifurcation point, the linearized operator has two
eigenvalues in the unstable half of the complex plane.
(These eigenvalues are continuously connected to those
on the symmetric-solution surface whose corresponding
eigenvectors are symmetric and antisymmetric, respec-
tively.) However, continuity arguments also indicate
that sufficiently far from the bifurcation the branches
should be stable since a continuous change in I' takes us
from Fig. 2(b) to Fig. 2(a). [Note that the reverse situa-
tion can occur where the branches in 2(b) are unstable
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FIG. 2. Schematic bifurcation diagrams for an aspect ratio
(a) greater than that at 4 in Fig. 1 and (b) less than that at 4
and greater than that at D in Fig. 1. f; measures the sym-
metric component of the solution and f, the antisymmetric
component. The symbols +A, +S, (—A,—S) indicate stability
(instability) to asymmetric and symmetric perturbations.
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and those in 2(a) are initially stable and then become
unstable.] The simplest way to account for the situation
is as follows: As R is decreased along the asymmetric
branch in Fig. 2(b) the two real eigenvalues first coalesce
and form a complex-conjugate pair which then crosses
the imaginary axis, thereby ending up in the stable half
plane. This mechanism leads to the presence of a Hopf
bifurcation and thus to periodic orbits. A path of Hopf
bifurcations on the asymmetric surface emanates from
the double singular point. Further, the frequency of the
periodic orbit should approach zero at the double singu-
lar point and will be small in general.

The line ADE in Fig. 1 originates at the double singu-
lar point 4 and is the locus of Hopf bifurcations into an
axisymmetric oscillation. Oscillations which have simi-
lar spatial characteristics to these have recently been re-
ported, '3 but it is not clear if they are of the same type.
The numerical results give the location of the Hopf
points and indicate whether the bifurcation is subcritical
or supercritical, but the program cannot yet compute the
periodic orbits, so that we cannot follow the bifurcating
branch. The Hopf bifurcation was found, numerically,
to be supercritical along AD and subcritical along DE, so
that the axisymmetric oscillation exists for parameter
values outside the region enclosed by ADE. The oscilla-
tion to the right of 4D was confirmed to be axisymmetric
in the experiment by our splitting the laser system and
using two detectors to determine the phase relationship
around the cylindrical gap. Each bifurcation point in the
experiment was determined at a fixed value of I" by our
varying R. The variations were such that equilibrium
operating conditions were always maintained.

The experimental measurements of the axisymmetric
oscillation were extremely difficult to perform. These os-
cillations arise at supercritical bifurcations on the asym-
metric branches which are bounded by unstable sections
at either end. Therefore, these branches must either be
located by jumping to them by trial and error or be
reached via larger aspect ratios where they are continu-
ously connected to the stable part of the fold. The
second method is not efficient as the steady asymmetric
mode is very sensitive to perturbations introduced by
movement of the end plates. Therefore the method of
trial and error was adopted.

The oscillations arising at the Hopf bifurcation were
found to be extremely sensitive to variations in R. A
typical statistic is that a 0.26% change in R gave a 13%
change in period and approximately doubled the ampli-
tude. The wave form rapidly changed from sinusoidal
very close to the bifurcation point to a large-amplitude
triangular shape as R was increased. When R was fur-
ther increased to around 1% above the bifurcation point,
the amplitude became so large that the mode collapsed
to the six-cell symmetric state which is the primary flow.

The periods of the axisymmetric oscillation were long
compared with the normal wavy flows found in the
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Taylor-Couette system. With the fluid used here, they
were in the range 12-70 s with the longer periods nearer
point A. A comparison between the numerical and ex-
perimental nondimensionalized frequencies is given in
Fig. 3. The scatter in the data is due to the extreme sen-
sitivity of the frequency to changes in R mentioned
above. At aspect ratio 5.512 the oscillation observed in
the experiment is initially regular but becomes irregular
upon increase of R. The irregularity takes the form of
occasional bursts in the velocity-time trace superposed
on the regular oscillation. The power spectrum (aver-
aged over 16 h) for the irregular flows is presented in
Fig. 4 where the dominant peak of the main wave can be
seen together with a low-frequency broad-band com-
ponent.

The line DF in Fig. 1 is the locus of Hopf bifurcation
points into an azimuthal traveling wave with wave num-
ber 1. The bifurcation is subcritical, i.e., the onset of the
wave occurs with decrease in R. This is the normal tilt
wave such that there is a 180° phase difference on oppo-
site sides of the annulus.

The line DG is the experimentally determined locus
for the onset of axisymmetric modulation of the tilt wave
and is found by further reduction in R. We believe that
this arises as secondary bifurcation at the multiple bifur-
cation point D, where there is an exchange of stabilities
between the two modes. Further reduction of R to a few
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FIG. 3. Comparison between the experimental and numeri-
cal results for the nondimensional frequency of the axisym-
metric wave as a function of I The wave frequency has been
nondimensionalized by division with the inner-cylinder fre-
quency.
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FIG. 4. Power spectrum of the radial component of velocity measured in the midplane in the chaotic regime, plotted on a loga-

rithmic scale.

percent below DG causes the collapse of the time-
dependent mode back to the primary six-cell state. The
computed curve DE is the locus of subcritical bifurcation
points to the axisymmetric oscillations, but it is not ob-
servable since the asymmetric flow is unstable.

The numerical and experimental results indicate the
presence of periodic orbits whose frequency tends to zero
as the double singular point is approached. The detailed
dynamical behavior could be studied by use of center-
manifold theory and computation of the coefficients of
the nonlinear terms numerically. This will be done in
the future. However, we can infer from the symmetry in
the problem that the equations will have the form

F=r(etarz+b,rt+b,z%
+ higher-order terms,
1)
=p+asyritazi+biritbyz’
+ higher-order terms,

where r and z are the amplitudes of the antisymmetric
and symmetric modes, respectively, and ¢ and u depend
on R and I'. This system has been studied by Guckenhei-
mer,'! who showed that its asymptotic behavior depends
on the magnitude of the coefficients and that, for ap-
propriate values, the behavior is similar to that observed
here. It is also known that a periodic forcing of systems
like Eq. (1) can lead to chaotic behavior. Thus the irreg-
ular motion observed in the experiment may be due to
small imperfections producing a periodic forcing at the
rotation frequency of the inner cylinder.
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