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Though having similar fractal dimensionality (D = 2.5), diffusion-limited aggregates and bond-
percolation clusters are shown to have quite different second-order light scattering (SOLS) behaviors.
The SOLS intensities scale as power of the fractal mass, I ~N, with x equal to = 1.1 for diAusion-
limited aggregates and = 1.5 for bond-percolation clusters. This difference arises from the contribution
of three- and four-body correlations. Thus it is suggested that SOLS can be used to reveal new structur-
al information about fractals and to diAerentiate between them when they obey the same mass-size rela-
tions.

PACS numbers: 82.70.—y, 05.40.+j, 42.20.3i

During the past few years there has developed a great
interest in fractal objects, their study being invoked to
understand various disorderly growth processes, the
roughness of interfaces, transport in random (e.g. ,

porous) media, flocculation, and gelation, and numerous
other phenomena in colloid and materials sciences (see,
for example, the papers collected in Refs. 2 and 3).
Fractals' are scale-invariant structures and their proper-
ties are naturally described via scaling laws. These
features bear a fundamental resemblance to critical phe-
nomena, and it is now widely appreciated that a fractal
is in general sufficiently complicated that it cannot be
characterized by just a few exponents. Indeed it has
been shown, for a wide variety of fractal systems and
processes occurring on them, that infinite hierarchies of
scaling indices and fractal dimensionalities are needed
(see, for example, Mandelbrot, Hentschel and Procac-
cia, Halsey, Meakin, and Procaccia, Halsey et al. , de
Arcangelis, Redner, and Coniglio, and Meakin et al. ).
The fractal dimensionality (D) defined in terms of the
scaling of mass (number of particles or occupied sites)
with a characteristic size (the radius of gyration, for ex-
ample) is represented by only one point in this spectrum
and therefore provides only one measure of the system
properties. Accordingly, new probes which reveal fur-
ther structural and dynamical information are highly
desirable. In the present Letter we focus attention on
the role of three- and four-body contributions to posi-
tional correlations in these systems.

First-order light scattering has been used extensively
to determine the various particle sizes o. and correlation
ranges g in simple liquids, polymers, and colloidal aggre-
gates, etc. ' Systematic analyses of the first-order inten-

But the scaling behavior of the radial distribution func-
tion, g(r), is determined by the same fractal dimen-
sionality (D) which governs the dependence of particle
number N on size R Tha. t is, N(R) —R implies

g(R) —R (2)

This scaling leads in turn to S(Q) —(Qt7) for inter-
mediate wave numbers, i.e. , Qo « 1 and Qg)) 1, where cr

is the diameter of an individual scattering particle and g
is the overall cluster size. '" lt follows from (1) and
(2) that different kinds of fractals with a similar fractal
dimensionality D cannot be distinguished by static-first-
order intensities.

In second-order scattering, on the other hand, each
electric field amplitude contributing to the detected sig-
nal involves polarization of two particles. We find that
adding these amplitudes, squaring, and ensemble averag-
ing then gives the observed intensity. Accordingly, two-,
three-, and four-body correlation eA'ects all contribute to

sity as a function of the magnitude of the wave vector

Q =(4tr/k) sinO/2 (here X is the optical wave length and
O is the scattering angle) involve convolution of particle
form factors P(Q) and interference S(Q); they depend
sensitively on how Q

' compares with a and g. In the
limit of small-angle scattering (Q 0), for example, we
have S(Q) = S(0) l

—(Q /3)Rs] from which the radius
of gyration Rz of a cluster is determined. For our
present purposes, however, it suftices to note in general
that the only interparticle correlations which enter are
those associated with two-body effects:

fI"'~S(Q) „d'r[g(r) —1]e
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From numerical evaluation of I for BPC's of increas-
ing size, Keyes et a/. found x = 1.5 and concluded that
Eq. (4) is satisfied for this case (D = 2.5). Note, howev-
er, that if this relation were valid in general the Ã depen-
dence of the SOLS would provide no structural informa-
tion beyond that already known from I ' . In any case,
we shall see below that Eq. (4) is violated for three-
dimensional diffusion-limited aggregation ' (DLA) clus-
ters for which x = 1.1 even though the eff'ective fractal
dimensionality, D, is about 2.5 ' (at least for clusters of
the size used in our work). This will be shown to arise
from the different nature of the higher-order positional
correlations in these two fractal objects.

Since the SOLS intensity involves the average square
of the sum of doubly scattered waves, it is quadratic in
the dipole propagator F(r~, r()) which acts on a r()-

varying polarization —induced by the incident field at
the ith particle —to give the field at the jth particle. '

More explicitly, in the long wavelength limit, we have
F„p=T where

T( )=3rr —I
r3 (5)

the familiar (static) dipole tensor. Now, the first scatter-
ing process, involving the particle i, say, induces a dipole
moment p; proportional to the scalar polarizability a and
the incident field amplitude Ep. This singly scattered
wave has the form T(r~;) (p; =aEo) at each neighbor-
ing particle j. Summing over all j, and then over all i,
we obtain the sum of doubly scattered waves at the
detector. The squaring, and averaging over all many-
particle configurations, then gives the second-order
light-scat tering intensity:

(6)

the static, second-order light scattering (SOLS). Fur-
thermore, the SOLS includes a depolarized component,
even though the system consists of isotropic particles.
This arises to the extent that the relative positions in-
volve a breaking of spherical symmetry. For this reason
SOLS has been used widely to study local anisotropy and
higher-order particle correlations in simple fluids, poly-
mers, ' etc.

For self-similar objects such as fractals, a scaling law
is expected for SOLS, e.g. ,

(3)
where the exponent x reflects the structural asymmetry
and many-body correlations. Keyes et al. ' have recent-
ly carried out an evaluation of x for bond-percolation
clusters (BPC's) and have made some conjectures con-
cerning its universality. In particular, they derive from
scaling arguments a formula relating the exponent x to
the fractal dimensionality D:

x =4 —6/D (4)

In writing the above, i,j and k, l refer to the pairs of
particles separated by r;~ and rk~, and the brackets
denote as usual the appropriate ensemble average. In
addition, we have expressed I for a particular labora-
tory polarization geometry —"VH" ' —in which the in-

coming beam lies in the xp plane, with the detector along
the y axis. Note that I is independent of scattering
angle because we are working in the long wavelength
limit. The incident and final linear polarization direc-
tions are z and x, so that only one space-hxed component
(xz) of the T tensors enters. The depolarization in the
SOLS arises from the fact that —even though, because
of the scalar a, p; =aEp is necessarily parallel to Ep—p~ =aT~; p. ; is not, because of the anisotropy of the
dipole tensor T. Since the first-order scattering is strict-
ly polarized, the much weaker second-order contribu-
tions are thus observed in the depolarization. Note also
that the SOLS intensity scales as a, vs a in the first-
order case, whereas both I ' and I are linear in

I &o I

= lo
From Eqs. (5) and (6) it can be seen how the SOLS is

sensitive to the structural anisotropy rather than just to
the density of a cluster. In the case of a rigid rod, for ex-
ample, the second-order intensity is proportional to N,
and similarly for a uniform-density object in two dimen-
sions (e.g. , a rigid sheet, or disk). For three intersecting,
perpendicular rods, however, the SOLS is greatly re-
duced because of greater cancellations in anisotropy.
The same eff'ect occurs to a most dramatic extent in a
compact cubic lattice which of course has a much higher
density and more fully developed spherical symmetry
than the three-rod system. This "demise" of local an-
isotropy as the cubic lattice is "filled up" provided, in

fact, a useful model for the decreasing (with density)
SOLS intensity observed almost twenty years ago in the
compressed rare-gas fluids. Thus, even without the
benefit of more detailed analyses, one must suspect the
validity of relation (4).

We have evaluated numerically the SOLS, according
to (6), for two types of fractals having similar fractal
dimensionality: diA usion-limited aggregates ' and
bond-percolation clusters. For 300 lattice DLA's, with
sizes up to N =1000, the results for lnI vs lnN give a
straight line with slope x = 1.1. To check the eAect of
the (cubic) lattice constraint, another 300 og-lattice
DLA's' with the same sizes were also generated. Ap-
proximately the same ¹ caling behavior for I was ob-
served, but with less fluctuation among the smaller clus-
ters. The results for oA-lattice DLA's are plotted in Fig.
1 by solid circles.

In order to compare the SOLS of DLA's with the re-
sults for BPC's reported in Ref. 15, the same rules were
used to "grow" the BPC's and I vs N again calculated.
From the average of 32 clusters, with sizes up to
N =1000, we confirm that x = 1.5—see the solid circles
in Fig. 2. We also checked the fractal dimensionalities D
by computing the radii of gyration: We find Rg —N
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FIG. l. Intensity of second-order light scattering vs size of
DLA clusters. Solid circle, total intensity; open circle, contri-
bution from two-body correlations.

FIG. 2. Intensity of second-order light scattering vs size of
BPC's. Solid circle, total intensity; open circle, contribution
from two-body correlations.

with D = 2.5 for DLA's and D = 2.55 for BPC's.
As mentioned earlier, since the scaling behavior of the two-body distribution function is determined by D via (2), it

follows that the diff'erences in second-order light-scattering intensities are due to differences in the contributions from
many- (i.e. , three- and four-) body correlations. To explore this point quantitatively, we rewrite the SOLS intensity (5)
as

r

It~) ~, g [T„,(ij)] + g T, (ij ) T, (jk)+ g T, (ij)T,(kl)
iwj i~j ~k i &j ~k~l

(7)

Here the first term in curly brackets includes the pair-
distribution effects, while the second ensemble average
corresponds to the three- and four-particle contributions.
The open circles in Figs. 1 and 2 show our results for the
two-body terms in It . It is not surprising that, for both

types of cluster, these terms obey the same scaling law

( —N"), consistent with the fact that both aggregates
are characterized by the same D. Note also that the
SOLS intensity for DLA is dominated by the two-body
terms, whereas that for BPC includes significant contri-
butions from three- and four-particle correlations, their
relative importance increasing with N.

Having established the role of the higher-order corre-
lations, it is nevertheless most difficult to calculate them
directly. Further insight into their diff'erences in DLA's

and BPC's can, however, be gained from the nearest-
neighbor distributions. ' By evaluating g(r) at r =lat-
tice constant, we find that each DLA particle has ap-
proximately two nearest neighbors, reflecting the
branched polymer nature of the aggregate's local struc-
ture. For cubic-lattice BPC's, on the other hand, each
particle has approximately three nearest neighbors, con-
sistent with these clusters being formed at the percola-
tion threshold (p =p, =0.25): A bond can be placed in

each of two cubic-lattice directions, so that about half of
the adjacent sites are occupied. Thus the local anisotro-

py and the many-body correlations arise from the
different nearest-neighbor geometries of DLA's and
BPC's.
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In conclusion, we have presented an analysis of the
second-order light scattering from two diAerent fractal
objects, difusion-limited aggregates and bond-percola-
tion clusters. Since these two objects have similar mass-
size fractal dimensionalities (D= 2.5), they cannot be
distinguished via first-order scattering experiments.
However, it is easily appreciated that these two fractals
are structurally diAerent from one another, and analyses
of simulation results have shown that, unlike the
percolation clusters, the center of a two-dimensional
DLA is a special point for which the radial and tangen-
tial correlations are diAerent. Thus it is natural to seek
supplemental properties which are amenable to direct ex-
perimental measurement for characterizing them. We
have suggested the usefulness of measuring and calculat-
ing the size-scaling behavior of the second-order light
scattering. We have shown in particular that the
I —N" exponents are significantly different for DLA's
and BPC's, and that this diAerence arises from the com-
peting contributions of the three- and four-particle corre-
lations. Further studies of this kind will be important for
elucidating the nature of local anisotropy in these basic
fracta1 structures.
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