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Inherent Spin-Density-Wave Instability in Heavy-Fermion Superconductivity
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Both anisotropic superconducting (SC) states of heavy electrons with odd-parity p pairing and with

even-parity d pairing are shown to have an inherent instability towards the spin-density wave which gen-

erally coexists with the SC state. A model is presented which contains an on-site repulsion characteristic
of heavy-fermion materials, in addition to an intersite attraction. The second transition below the SC
transition observed in (Ul —„Th„)Be|3 is interpreted in terms of the spin-density-wave instability.

PACS numbers: 74. 10.+f, 75.10.Lp, 75.30.Ds

Much attention has been focused on the so-called
heavy-fermion systems recently. ' It is now widely ac-
cepted that an unconventional superconductivity devel-

ops at low temperatures in some of these materials
(UBei3, UPts, and CeCu2Siz); namely, the supercon-
ducting (SC) gap vanishes at isolated lines or possibly at
points on the Fermi surface (FS), although it is still

highly controversial whether the SC state has odd parity
or even parity. In this connection Th-doping experi-
ments, (Ul, Th„)Bei3, are crucial to our uncovering
the nature of the unconventional superconductivity. As
x increases, the SC transition temperature T~ first rapid-

ly drops and then ceases to decrease, remaining at a rela-
tively constant value of x =2-4 at.%. In that concen-
tration region a second phase transition is observed as a
sharp peak in the specific-heat and ultrasound mea-
surements.

Concerning this second transition several authors
have attempted to explain it theoretically in terms of a
transition between diff'erent phases of nontrivial aniso-
tropic superconductivity belonging to a multidimensional
irreducible representation. However, the proposal based
on this by Joynt, Rice, and Ueda' was not supported by
a recent ultrasound experiment.

Here we propose an alternative explanation: We in-

terpret it as the transition to a spin-density-wave (SDW)
state out of an unconventional SC state, both of which
coexist below this transition. Although Batlogg et ai.
have already suggested such an interpretation, no one
has seriously examined this possibility so far. Needless
to say, in a conventional isotropic singlet SC, the
second-order phase transition to the SDW out of the SC
state is impossible because the SC gap opens over all of
the FS"

In this respect we mention similar experiments on

(Ul, Th, )Pt3, ' U(Ptl „Pd„)3,' and URu2Si2. ' In
the former two systems the doping induces a SDW state
by suppression of the SC state. In the last system the
SDW appears at TN =17 K, coexisting with the SC state
below T~ =0.8 K. These experiments undoubtedly indi-
cate a sharp competition and delicate balance among
various ground states (the SC state, magnetism, and
also the normal-Fermi-liquid state) in heavy-fermion

materials.
Since a physical origin of the observed anisotropic un-

conventional SC state with a pointlike (or linelike) gap-
less region on the FS comes from the strong on-site
repulsion that prevents isotropic-singlet-pairing forma-
tion, the model should contain the repulsive interaction
in the l =0 channel of the partial-wave decomposition as
an essential ingredient, in addition to the attractive in-
teraction in the 1=1 channel (p-pairing case) or 1=2
channel (d-pairing case). A possible microscopic origin
of these interactions is discussed by Miyake et al. ' and
Ohkawa and Fukuyama. '

We shall demonstrate that nontrivial superconducting
states with odd parity or even parity have an inherent in-
stability towards the SDW by the very reason that the
nontrivial SC state comes about. We shall study com-
paratively the p- and d-pairing cases and argue the ex-
perimental relevance of our results for (U,Th) Be|3.

We start with the following mean-field Hamiltonian
(p-pairing case):

H =Ho+ HU+ H

with

H p
=gq e (k ) Ckt Ct, ,

Htt =+„M(ckt+gt Cki+ H.c.),

Ht, = —gk Et, (k)ct, C t, +H.c.], —

where we assume the tight-binding model on a two-
dimensional (2D) square lattice (the lattice constant
a= 1), e(k) = —ty(k) = —t(c osk„+c osk y), and that
the band is half filled to ensure the SDW nesting whose
wave vector is Q=(tr, tr). The self-consistent conditions
for the SDW and the SC order parameters, M and
A~(k), are given by

M = —Ugq(ckt+gt Cki),

~, (k) =g„~,(k, k')&c„',.Ct „,.),

where U is the on-site Coulomb interaction. We assume
a pairing interaction of the form g~(k, k ')
=g~(sink, sink, +sinkysink ) so that A~(k) =A~r~(k)
is stabilized where r~(k) = (sink, +i sinks)/W2. Thus
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this SC state has isolated points at which the gap vanishes on the 2D FS.
By diagonalizing (1), we obtain

I =UTQ gk{co„+e (k)+M —Ihp(k) I ]/D(k, co, ),

1 =g Tg„g„ I
r (k)

I
'[Qp~+e'(k) —M'+ Ihp(k) I

'j/D(k, co„),

D(k, m„) =[M„'+e'(k)+
I hp(k)+M I

'] fm„'+e'(k)+
I hp(k) —M I

'].
(2)

Note that when M 0 and hp 0 the BCS-like equations are recovered as expected. These coupled equations com-
pletely determine M and Az self-consistently.

Let us examine the SDW instability out of the p-pairing SC state via a second-order phase transition below Tq.
(Thus the SDW and SC states generally coexist below TN )Takin. g M~ 0 and T~ TN in (2), we perform the 2D in-
tegrations over the first Brillouin zone in the reciprocal space of a square lattice by linearizing e(k) about the FS
(t » T) We o.btain

1
2RTN

M

1 27rt

/
(E I &n I (Mn+hp) I ton I (ton+ hp) gp

2RTN ——tan
I~„l (Ec hp 2 hp

(3)

where u =U/2z t and gp =2gp/tr t under the condition TNlhp & O(hp/t). The two energy cutoff parameters Ett and
Ec are introduced. It is seen that it is always possible for the SDW to appear below T~ irrespective of U. [Note that
there is an upper limit u,„=[in(2e"Eg/trTc)ln(2t/trTc)] ', with y the Euler constant, beyond which TN becomes
higher than Tc [We point . out, however, that TN rapidly decreases as hp increases since very few electrons remain
available in the neighborhood of the gapless region on the FS for the formation of the SDW to work. We show the
variation of TN as a function of u in Fig. 1.

Let us now turn to the even-parity pairing case. We consider here a d pairing described by hd(k) =hdrd(k) with
rd(k) =(cosk, —cosk~)/2, assuming a pairing interaction of the form gd(k, k') =gdzd(k)rd(k'). The mean-field
Hamiltonian corresponding to (1) is diagonalized to yield the coupled self-consistent equations

i =UT+„g, [~„'+e'(k)+M'+h$(k)] -',

i =g, TQ. g„r$(k)[~„' +e'( k) +M'+ h$( k)]-'.
(4)

The structure of these equations is quite different from that of (2) for the p-pairing case, reflecting the symmetry of
each SC order parameter. With the same approximation that leads to (3) (t » T,hd), we obtain by taking M 0 andT~ TN

»(2«/ I ~. I )
27rTN ,, ( „'+ $)'"

In(2«/ I ~. I )
2' TN

gd ) ~
g (co +h$)

( 2+ hd 2) 1l2+ h
ln

( 2+ hd 2) I/2

where gd =2gd/tr t It is easily se.en that again the SDW always appears, irrespective of the value of U, via a second-
order transition, although TN is generally depressed by the presence of the d-pairing SC state as illustrated in Fig. l.

From (3) and (5) near T~ and the SDW transition temperature TNn without the SC state, we obtain the initial
depression of TN approximately (t » TN, ) as

(hp/2trTNO) —,
' g(3) [ln(t/TNo)] ', p pairing,

(hd/2' TN ) —' j(3) d pairing

where g(3) is the zeta function, implying that the initial
depression in the d-pairing case is larger than that in the
p-pairing case. The numerical calculations are shown in

Fig. 2. In the present work even-parity d-pairing is very
eA'ective in preventing the formation of the SDW com-
pared to the present odd-parity p pairing.

Since we have chosen the p- and d-pairing states such
that on the 2D FS with square symmetry the gap van-
ishes at the points k=(tr, 0) (p case) or k=(tr/2, tr/2) (d
case), the electrons in the ungapped region of the FS feel

a residual repulsive interaction which ultimately leads
the system to the SDW transition. ' However, if the hy-
pothetical SDW transition temperature TNO in the ab-
sence of the SC state is much lower than Tc, the present
d pairing virtually does not exhibit the SD%' instability
because TN is heavily suppressed as shown in Fig. 2.

Here we should point out two experimental facts
relevant to our results: (I) In (U~ „Th„)Be~3 for x
=2-4 at.% the second transition temperature takes its
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FIG. 1. Variation of the SDW transition temperature, nor-
malized by TN at U =U„, as a function of the on-site repulsion
U/U„: curve 1, without the SC state; curve 2, in the presence
of p pairing; and curve 3, in the presence of d pairing. (Ea/
Tc =500, Ec/Tc =300, r/Tc =1000.)

FIG. 2. Change of TN in the p pairing (curve 1) and d pair-
ing (curve 2) cases as a function of TNp/Tc (EB/T. c =500,
Ec/Tc =500, Ec/Tc =300, r/Tc =1000, ge =0.0652, and

gd =0.0446. )

minimum when T~ exhibits a local maximum as a func-
tion of x [see Fig. 2(b) in Ref. 6]. (2) For x (2 at. %
the second transition does not appear at all when T~ is

relatively high. Under the assumption that the dilute
doping aAects mainly T~, these correlations between the
two transition points T~ and TN are qualitatively under-
standable if we identify the second transition as the
SDW one: As shown before, Tz is a sensitively decreas-
ing function of Tc for both the p- and d-pairing cases.

The NMR and muon-resonance experiments show
that the spontaneous sublat tice moment is less than
—(10 —10 )pa/U if anything. This fact does not
contradict our interpretation because in the present
SDW state the electrons available to participate in the
SDW formation are limited to only those in the
ungapped region and its neighbor on the FS. Thus the
spontaneous moment per U atom must be very small.

In conclusion, we have found an inherent SDW insta-

bilityy

in the non trivial anisotropic superconducting
states. This comes from the very fact that the heavy-
fermion systems are characterized by having an extreme-
ly narrow band on the FS and thus a strong repulsive in-
teraction between quasiparticles with large effective
mass.

We thank T. Ohmi, M. Fujita, and T. Tsuneto for use-

full

discussions.
Note added. -We have further examined' the relative

stability between the SDW and the various SC states. It
turns out from symmetry considerations that to classify
fully the SC states relative to the SDW, the parity syrn-
metry (odd or even) and the translational symmetry
(odd or even) by the nesting vector Q of the order pa-
rameter h(k) are both important; the less-competitive
SC states are the EO states (even parity and odd under
the translation) and OE states rather than the OO or EE
states. This does not contradict Miyake, Schmitt-Rink,
and Varma' and Scalapino, Loh, and Hirsch, who
claim that the even-parity pairing is stabilized by anti-

ferromagnetic spin fluctuations.
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