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to Tunneling
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The effects of diffusion-enhanced Coulomb interactions in highly disordered superconductors are stud-
ied by use of a set of coupled Eliashberg-type equations in the exact eigenstate representation. Solution
of these equations shows how Coulomb-induced inelastic scattering leads to gaplessness and other low-

frequency structure in the superconducting state which can be qualitatively correlated with that in the
normal density of states. Recent superconducting tunneling experiments compare favorably with this
theory.

PACS numbers: 74.60.Mj, 71.55.Jv, 74.50.+r, 74.70.Mq

In the past few years there has been a large effort de-
voted to an understanding of the interplay of disorder
and Coulomb interactions in both the normal and super-
conducting states. However, previous calculations for
the latter have exclusively focused on the behavior of H, 2

and T,. ' Recent superconducting tunneling experi-
ments by Dynes et al. suggest that valuable information
about Coulomb interactions in the presence of strong dis-
order is contained in the structure of the superconduct-
ing density of states N, (co). It is the purpose of the
present paper to present a general formulation of the in-

terplay of Coulomb interactions and disorder which can
be applied within the superconducting state and which
treats the normal state on an equivalent footing.

Using the exact-eigen state approach and self-
consistent Hartree-Fock theory, we derive a set of cou-
pled Eliash berg-type equations for the self-energy.
These are then used to compute both the normal and su-
perconducting densities of states. While self consistent-
Hartree-Fock theory is not a rigorous approach for the

inclusion of higher-order-in-(1/sFr) effects, this is the
basic framework for treating superconductivity. Furth-
ermore, this approach leads in a more natural way to the
same results for the quasiparticle lifetime as have been
obtained by previous schemes in which self-consistency
was imposed to avoid divergences. Our calculations al-
low us to extrapolate normal-state properties into the re-

gime of strong disorder where we find considerable devi-
ation from perturbation-theoretic results.

In treating the phonon attraction we, as in all previous
studies, ' rely on earlier calculations which show that
the requirement of charge neutrality cancels the expect-
ed enhancement due to the diffusive motion of electrons.
By contrast the Coulomb interaction is profoundly af-
fected by disorder and, unlike the phonons, this must be
included at the level of a strong-coupling approximation.
This is the reverse of the situation in which the standard
Eliashberg equations are derived.

With use of the exact-eigenstate basis, the (matrix)
self-consistent Hartree-Fock equations for the Coulomb
contribution to the self-energy Z are

Z(E, to) = —TgL I dE'V(q, ico„—ico„')L(q,E —E') r3G(E', ico„')r3,

where V is the screened Coulomb interaction, 6 is the matrix Nambu Green s function which depends on Z, and r; are
the usual Pauli matrices. The quantity L(q,E —E') is essentially the product of four impurity wave functions and is

given phenomenologically in terms of the diffusion constant D by

L(q,E E') =tr '(Dq )[(E —E') +(Dq ) ]—
%'e introduce a variational Ansatz for the self-energy of the form

X(E,ico„)=ico„[1—Z(E i co„)] rp E [1 —Z3(E i co„)]i3+ [&(Ei co„)—@p]i~ (3)

The function E(1 —Z3) which is usually irrelevant in clean superconductors is important here because of a nonanalytic
energy dependence associated with L(q,E E'). Here Np is the ph—onon contribution to the pair potential N. While
our formalism is general our specific calculations will address the 2D limit since there the effects of disorder on the
Coulomb interaction are most dramatic. In 3D the singular behavior near the mobility edge is similar to the behavior
in 2D in the weakly localized regime.

Detailed examination of Eqs. (1) for real co shows that because of the singular dependence of the Coulomb kernel at

small (E,co), the dominant contribution to the integral comes from the energy shell E'=to'. Because attempts to solve
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for the full E and co dependence proved intractable, Eqs.
(1) were solved self-consistently only for the on-shell
contributions to X(e,co), i.e. , X(e', ro') Z(/o', ro'). Our
numerical results were checked in the perturbation limit
to insure that the functional dependences of Z found in

the above approach agreed with known analytic results.

In our treatment of the superconducting state, we ig-
nore the anomalous pseudopotential effects of the
Coulomb interaction. These can be readily included
following Ref. 2. The phonon contribution to the pair
potential whose magnitude dominates the Coulomb con-
tribution is given in terms of the BCS coupling constant
0~aCS,
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~here & ' = (co„' Z' +@' ) 'i and the primes denote func-
tions of frequency m„'. The density of states is obtained
from N(ro) =Re(Np/2/zi)Tr fdEG(E, /o) for both the
normal (n) and superconducting (s) states.

Equations (1) and (4) were solved numerically on the
real axis. In the normal state the weak-scattering limit
serves as a useful analytic check on our numerical ap-
proximations and gives insight into the self-consistent
scheme outlined in Eqs. (1). In this limit that contribu-
tion to the normal-state self-energy which depends sensi-
tively on self-consistency is the imaginary part of Z. If,
in Eqs. (1), the entire self-energy is replaced by a con-
stant imaginary piece I, the resulting equation for the
single-particle I reduces to that found in Refs. 5. Here,
the self-consistency in the equation for I emerges natur-
ally. Our numerical solutions for the inverse quasiparti-
cle lifetime are compared with various analytical expres-
sions in the inset of Fi . 1. Curve (1) corresponds to the
perturbation result I ') = (T/4eFz)ln[16D x (eFz) /T].
Curve (2) is a plot of the self-consistently determined
I =(T/4eFz)ln[Dx T/(I ) ] and curve (3) includes
I /T corrections to I resulting from the solution of
I = (T/2/zeFz) (tan 'T/I )ln [Dx T/(I ) ] Here.
x is the usual 2D screening length. For moderate to
large disorder our numerical results for I (evaluated at
co=0 and shown by the squares) differ from all of the
above primarily because of renormalizations due to ReZ.
This effect leads to a factor-of-2 discrepancy for our
most disordered system (eFz=5) For this disorde. r the
suppression of the magnitude of I is accompanied by
considerable frequency structure in the real part (as well
as the imaginary part) of Z. The frequency dependence
of ReZ is shown in Fig. 1(a) for eFz=5. [The actual
curve corresponds to a superconducting system but
ReZ(ro) is found to be relatively unaffected by the su-
perconducting order. l It should be stressed that the
magnitude of the deviation of Z(co) from 1.0 is consider-
able and Z(tu) —1 assumes values comparable to those
in strong-coupling superconductors. However, unlike the
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FIG. 1. Frequency dependence of the renormalization func-
tion Z(/o) and gap parameters 6(/o) at T= 1 K for aFz=50.
Here &0 is the phonon contribution to the gap. Inset: The
scattering rate at co=0 vs 1/aFz Dashed . lines, defined in the
text, represent analytical approximations which are compared
with our numerical results for normal (squares) and supercon-
ducting (triangles) samples.

strong-coupling superconductors, ReZ(co) —
1 varies

considerably over an extremely narrow range of Iom fre-
quencies.

This frequency variation in ReZ(ro) is mirrored by
structure on a similar scale in the normal density of
states. We note that to leading order in (eFz) ' the
normal density of states derived from Eqs. (1) reduces to
that obtained elsewhere. For larger disorder the
normal-state self-energy required numerical solution.
We found that it was important to include the full fre-
quency dependence of the inelastic lifetime in order to
compute the resulting normal-state density of states at
T =1.0 K, which is shown in the inset of Fig. 2 for vari-
ous eF r with eF = 10 K. These curves, which clearly
show the large depression in N„(co) from the clean value,
can be compared to the perturbation results (see dashed
lines). For larger disorder, a flattening of the curves
near co=0 occurs relative to the perturbation results.
This arises because for high disorder the logarithmic
divergence in the density of states is smeared out by in-
elastic processes rather than by thermal fluctuations. It
is important to note that in the present calculation the
depression in N„(/o) is found to grow more slowly with
disorder than the perturbation-theory prediction.

When compared to the normal state, Z and Z3 are
modified as a result of the superconducting pairing. The
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FIG. 3. Comparison of phenomenological pair-breaking
model (see text) for N, (co) (dashed curve) with full numerical
results (solid curve).

FIG. 2. Density of states in the superconducting state at
T 1 K for various cFr values. Here T, =1.2 K. Inset: The
normal-state density of states for the same parameters. The
dashed lines are perturbation results.

most dramatic effect is in ImZ because it is most sensi-
tive to the behavior near the Fermi level. The reduction
of the number of states at low energy by the Cooper
pairing leads to an increased quasiparticle lifetime in the
superconducting state. Presumably this will have a num-
ber of interesting experimental consequences. The trian-
gles in the inset of Fig. 1 indicate the values of the in-
verse quasiparticle lifetime at m=0 in the superconduct-
ing state. The comparison with the normal-state values
(squares) shows the degree of suppression of the scatter-
ing rate. Here the Debye frequency and the electron-
phonon coupling were adjusted to give a superconducting
gap in the clean limit of 1 K. For cFr =5, Fig. 1(a)
shows the frequency dependence of the inelastic scatter-
ing rate in the superconducting system. This frequency
dependence is comparable to that observed in ReZ(co).

For this same moderately disordered system we have
found that the inelastic-scattering rate gives rise to gap-
less superconductivity. This derives in large part from
the significant suppression of the order parameter, as a
result of renormalization due to ReZ. At T=1 K, we
find I —0.22kaT (see Fig. 1) which is roughly equal to
the order parameter (also suppressed by ReZ) and is
thus sufficient to give rise to gaplessness. It should be
stressed that even when the ratio of these two quantities
is as low as 0.1 (cFr =50) we will see some degree of
gaplessness (see Fig 2) unlike the situat. ion in magneti
cally dirty superconductors. This is due to the fact that

the pair-breaking mechanism is inelastic. The frequency
structure and values of the complex gap parameter
A(rv) =&(co)/Z(ru) are shown in Fig. 1(b). Note that
the maximum in Imd, (ro) occurs at frequency tu

'" cor-
responding to the inverse of the renormalized quasiparti-
cle lifetime rv

'"—ro ImZ/ReZ
I

. In addition,
Red(co) which vanishes with cv 0 as co is clearly
suppressed even at large m relative to the expected value
of —k BT, for a clean system.

In Fig. 2 is plotted the superconducting density of
states for various eFr ranging from 50 to 5. Note that
the characteristic peak in the density of states occurs
below the clean gap value, in large part because of the
reduction of the gap by a factor ReZ. As the disorder
increases the density of states rapidly fills in at low fre-
quency. At high disorder there is a slight dip just above
the renormalized gap frequency. This arises from a
competition between the normal-state reduction in

N„(co) and the usual increase in N, (cv) just above the
gap frequency.

Dynes et al. have reported gaplessness in granular
aluminum samples, the onset of which correlates well
with other indicators of strong localization. The present
results for N, (to) shown in Fig. 2 contain the gross
features of the data in Ref. 3. The authors proposed a
simple one-parameter pair-breaking formula for N, (co)
=N„(0)Re(rv+iy) [(rv+iy) +do] 't where y repre-
sents the broadening of the single-particle states due to
inelastic scattering and ho is the superconducting gap.
This phenomenological form (dashed line) is compared
with our numerical results in Fig. 3. To make the two
curves as similar as possible we chose the gap value ho to
be such that the peaks in the two curves for N, (ro) occur
at the same position. The inverse lifetime was chosen to
be y =—ruImZ(c0)/ReZ(cu) I~ which was evaluated by
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Eq. (1). The differences in the two curves, which we
view as important, arise primarily from the frequency
structure in A(ru) —=@/ReZ(co) deriving from Z(ro).
Thus these differences contain information about the dy-
namics of the Coulomb interaction. While ours
represents a fully microscopic —as distinct from a
phenomenological —theory, the results presented here
should not be used to describe quantitatively the tunnel-
ing data of Ref. 3, since much of the data presented
there are in the strongly localized regime and for three-
dimensional (3D) samples. The present approach can be
extended to this case by the introduction of an energy-
and scale-dependent diffusion constant D following Ref.
2. This should lead to quantitative but not qualitative
changes. Additionally, in order to probe the frequency
structure associated with the Coulomb interaction and
thus to quantify the differences between the two curves
in Fig. 3, more detailed and systematic experiments are
also needed. If we interpret the factor ~F~ as the resis-
tivity divided by the Mott resistivity, in the most disor-
dered samples of Ref. 3 one finds from Eqs. (1) an
inelastic-scattering inverse lifetime of 0.02 meV which is
of the correct magnitude as deduced from these tunnel-
ing experiments.

While detailed future analyses of the frequency struc-
ture in N, (r0) can be useful in elucidating the nature of
the dynamical Coulomb interaction, even more impor-
tant are temperature-dependent studies. Because the in-
elastic scattering is much weaker, the superconducting
density of states at low T more closely resembles that of
a clean superconductor. This effect, which is seen in our
numerical calculations, is a very important signature of
Coulomb-induced structure in N, (ro) and clearly should
be verified experimentally.

In summary, there is an intimate relationship between
anomalies observed in the normal and superconducting
states in highly disordered superconductors. This results
from an interesting interplay between the superconduc-
tivity and dynamical Coulomb effects. As one conse-
quence, the inelastic-scattering lifetime significantly af-

fects the superconductivity, while at the same time it is
itself modified by the onset of the pairing. The latter ef-
fect should be studied in future transport measurements,
whereas the former is already evident in superconducting
tunneling. Clearly, experimental studies within the su-

perconducting state may prove to be among the most
useful probes of the interplay of Coulomb interactions
and disorder.
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