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Transfer-Matrix Inversion Identities for Exactly Solvable Lattice-Spin Models
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A new functional equation satisfied by the commuting row-to-row transfer matrices is derived for the
eight-vertex model. Functional equations of the same form are satisfied by hard hexagons, magnetic
hard squares, the self-dual Potts models, the Andrews-Baxter-Forrester models, and others. These new
functional equations are called inversion identities because they generalize the inversion relation for local
transfer matrices. It is conjectured that all solvable models satisfying Yang-Baxter equations possess
such inversion identities and that, in general, these functional equations can be solved for the transfer-
matrix eigenvalues.

PACS numbers: 02. 10.+w, 75. 10.Hk

In statistical mechanics, interaction-round-a-face
(IRF) models' are called exactly solvable if they yield a
parametrized family of solutions to the star-triangle or
Yang-Baxter equations. The IRF models then possess
commuting families of row-to-row and corner transfer
matrices whose elements are single-valued entire func-
tions of a spectral parameter u. For these models it
should be possible to obtain exact expressions for ther-
modynamic quantities such as free energies, correlation
lengths, and interfacial tensions from the eigenvalues
V(u) of the row-to-row transfer matrix V(u). Although
there are now vast hierarchies of known exactly solvable
models, these calculations have been successfully carried
out only for a relatively few IRF models, namely, the
eight-vertex model, hard hexagons, interacting hard
squares, and most recently magnetic hard squares. In
each case the key step was the establishment of remark-
able functional equations satisfied by the row-to-row
transfer matrix V(u), these taking quite distinct forms
for the diN'erent models.

In this Letter I present functional equations of a new
form called inl. ersion identities. Functional equations of
this form are satisfied by all of the above IRF models
and others including the self-dual Potts models and the
Andrews-Baxter-Forrester (ABF) models. The general
form of an inversion identity is

V(u)V(u+g) =y(Z+u)y(X —u)I+y(u)P(u), (I)

where u is the spectral parameter and k is the crossing
parameter. The function p(u) is a given rational, trig-
onometric, or elliptic function, I is the identity matrix,
and P(u ) is an auxiliary matrix that commutes with
V(u). At first sight an inversion identity appears to con-
tain little information. However, since the elements of
V(u ) and consequently P(u) are all quasiperiodic entire
functions, the identity places severe restrictions on the ei-
genvalues V(u). In fact, the inversion identity almost
completely determines the zeros of V(u) and P(u) and
hence the eigenvalues themselves. I will not pursue the
methods of solving these equations here; instead, I will

derive the inversion identity for the prototype eight-
vertex model and point out its connection with the uni-
tarity or inversion relation for local transfer matrices.
In concluding, I will summarize some inversion identities
for other IRF models to indicate the scope of this ap-
proach.
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0t(u) 0&(X ~ u) 0,'(Z)
01(a) ' —

0, h) '
0,'(g) '

0, (u) 0, (a ~ u) 04(0)
04() )

'
04(X)

'
a4(X)

'

(2a)

where 6~(u) and 04(u) are standard elliptic theta func-
tions' of nome q =e ". Then the four independent face
weights of the eight-vertex model can be written as

co~ = W(al, a2, at, a2) =p 'cc —,

co2=W(a~, aq, —a~, —a2) =tip 'ss

co3 —W(a], o2, at, a2) it cs —,

co4 = W(a), a2, —al, a2) =p 'c s,

(2b)
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where o. and o.' are the configurations of two successive
periodic rows of N spins. The elements of V(u) and its
eigenvalues are entire functions of the complex variable
u with quasiperiodicity determined by (2). The trans-
pose matrix V (u) =V(k —u) corresponds to rotation of
the lattice through 90' and, when u =0, V(u) and
V(X —u) reduce to shift operators.

Let V=V(u), V'=V(u+k) and similarly for the face

where o1,o2=+ 1 and the face spins are in anticlock-
wise order starting at the bottom left-hand corner. In
the ferromagnetic regime u, k, and ~ are all pure imagi-
nary with 0 & q =e"' & I and 0 & Imu & Imk & (tt/
2)Imr. The elements of the row-to-row transfer matrix
are
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weights Wand W'. Then it follows that

[VV'](o
~

a') =TrS(o], cr2, cr2, 01)S(cr2, 0q, cr3, o2) . . S(a1v, a] (T] (T]v), (4a)

where the sixteen 2 x 2 S matrices have elements

[S((T],a2 a2~ 01)] (r], r2) = W(0 1~ a2~ r2~ rl ) W (r1 ~ r2~ a2~ a]) (4b)

Explicitly, the S matrices are given by

S(o],a2, a2, cr]) =X(02)AX(0'1), S(a],02, —a2, —o'1) =X(a2)BX(a]),

S(0'],a2, a2, 0'] ) X(02)CX(a] ), S(01,(T2, a2, 0]) X(0'2)DX(a] ),
(sa)

where o.],o2= ~ 1,
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The orthonormal eigenvectors of the local spin-flip operator X are

1 1 1

x —x+ =0. (6a)

These vectors are respectively right and left eigenvectors of A and satisfy

Xx+ =x+, Ax+ =(c+c—s+s —)x+, x —X = —x-, x-A=@ (I —
q )c s x

It follows that the diagonal elements of (4a) are given by

[VV'](0'~ a') =(c+c—s+s —) + []]( (I —
]I )c s ]

(6b)

(6c)

For the oA-diagonal elements, observe that

CX= —C, CA=p (I —
q )c s C,

and

C C+C—2

D=
p

6 T/C S+S — gS+S S

(6d)
Moreover, ]t](0) =0 and ]]](X)= I so that (I) is trivially
satisfied when u =0 and V(u) is the shift operator. By
way of comparison, Baxter's functional equation for the
eight-vertex model, in the present notation, becomes

V(u)Q(u) =p(u)Q(u —X)+]t](u —X)Q(u+g), (8)

p'o] (2X)
~(x)

(6e)

]]](u) =(cs)~= [e](u)O4(u)A]](X)O4(X)]~. (7)

So, by progressively moving any C matrices to the right,
annihilating all of the A matrices, and contracting the C
matrices with the paired D matrices, we see that each
oF-diagonal element in (4a) is of the form (cs) multi-
plied by an entire function of u.

The above arguments establish the inversion identity
(1) for the eight-vertex model. The auxiliary matrix
P(u) commutes with V(u), the elements of P(u) are en-
tire functions of u, and

where Q(u), like P(u), is an auxiliary matrix commut-
ing with V(u). This equation is entirely consistent with
(I) and, in fact, provides a direct relation between the
matrices P(u) and Q(u).

Since the common eigenvectors of V(u) and P(u) are
independent of u, the functional equation (I) is satisfied
by the individual eigenvalues V(u) and p(u). More-
over, in the ferromagnetic regime and for large %, the
term ]t](u)P(u) is exponentially small compared with
V(u ) V(u +X) and so the inversion identity reduces to

V(u) V(u+X) =(t](X+u)]]](X—u),

which is the inversion relation. " This functional equa-
tion is satisfied, in the thermodynamic limit, by all of the

1503



VOLUME 58, NUMBER 15 PHYSICAL REVIEW LETTERS 13 AVRir 1987

eigenvalues V(u), not just the principal eigenvalue. In
this sense the matrix V(u+X) =V ( —u) is almost the
inverse of V(u). The extra term p(u)P(u) in (1) arises
from the periodic boundary condition and so, physically,
we would expect it to be exponentially small at least
away from criticality. Indeed, if the boundary condition
in (4a) is changed to rrtv+~ =crt'v+~ =I and the trace is

replaced by a sum over ~~+~ =+ 1, then one obtains
precisely (1) without the term p(u)P(u). This is an im-
mediate consequence of the inversion relation for local
transfer matrices

(IO)

which explains the connection between the local inver-
sion relation (10) and the transfer-matrix inversion iden-
tity (1).

Inversion identities obviously hold for the Ising and
six-vertex models, since they are special cases of the gen-
eral eight-vertex model. In the six-vertex case the ellip-
tic functions reduce to trigonometric functions and, for
the Ising case, P(u) =R is just the spin-reversal opera-
tor. ' Inversion identities, however, appear to hold
universally for solvable IRF models. For hard hexagons
and interacting hard squares, for example, (I) holds
with ) =rr/5, p(u) =[0~(u)/0~(X)], and P(u) =V(u—2k). Similarly, inversion identities hold for magnetic
hard squares on both the E and T solution manifolds.
On the E manifold k =tr/3, tt (u) = [0~(u)/6~(X)l, and

P(u) =V(u+ 2k) '
[ll () + u)y(X —u) [I+( —1) Rl+ ( —I ) p(k —u)V(u)+ tt (X+u)RV(u+X) J,

whereas on the T manifold, X is arbitrary and p(u) =(sinu/sink), precisely as for the six-vertex model. Finally, for
completeness, it should be noted that inversion identities have also been obtained for the self-dual, q-state Potts models
and the ABF models. For the Potts models it is found that p(u) =(sinu/sink) with 2cos) =Jq, whereas for the n
state ABF models in the lattice-gas representation, it is found that p(u) =[6t(u)/6t(A, )] with X =tr/(2n+ I).

I thank Rodney Baxter for useful discussions.
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