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New Test of General Relativity: Measurement of de Sitter Geodetic Precession Rate
for Lunar Perigee
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According to general relativity, the calculated rate of motion of lunar perigee should include a contri-
bution of 19.2 msec/yr frotn geodetic precession. We show that existing analyses of lunar-laser-ranging
data confirm the general-relativistic rate for geodetic precession with respect to the planetary dynamical
frame. In addition, the comparison of Earth-rotation results from lunar laser ranging and from very
long-baseline interferometry (VLBI) shows that the relative drift of the planetary dynamical frame and
the extragalactic VLBI reference frame is small. The estimated accuracy is about 10%.

PACS numbers: 04.80.+z, 95.10.Jk, 96.20.—n

General relativity predicts that a gyroscope attached
to a test body orbiting around the sun precesses with

respect to the distant standard of rest —distant galaxies—with the (prograde) angular velocity

06 = —
—,
' v xrM 0r/,

where v is the velocity of the body, r the radius vector
from the sun, and Mo the gravitational radius of the
sun. ' This is called the geodetic (or de Sitter) preces-
sion. On the basis of the theory of Fermi transport the
spin vector S of a gyroscope moves according to the for-
mula

dS/dt =0 xS.

For a general post-Newtonian metric and for a body
which moves with proper (i.e. , nongravitational) ac-
celeration a, Eq. (1) generalizes to

0 = ——,
' vxa+(7+ —,

' )vx VU;

here U is the Newtonian potential. The first term is

present also when U=O and space-time is Aat; it de-
scribes the Thomas precession, well known in special rel-
ativity. The Lense- Thirring eAect ' and geodetic pre-
cession are the main examples of the peculiar (and
Machianl) influence of mass motions on the inertial
frames, and have never been tested.

A space experiment to measure the relativistic preces-
sions is in preparation in the United States. " It involves

flying superconductive gyroscopes on a low Earth satel-
lite. The rotation axes are measured with respect to a
stellar reference system. The experiment is based on the

principle of equivalence, according to which the dynami-
cal laws governing a system of laboratory size are those
of ordinary electromagnetism and special relativity;
hence the gyroscope behavior determines parallel trans-
ported directions along a world line.

We shall use here instead a gravitationally bound sys-
tem, the earth-moon system, small with respect to the
rest of the planetary system (and we shall use the world
"local" in this sense). Similarly to the case of laboratory
experiments, the motion due only to interactions within
the system determines a privileged local frame; for ex-
ample, the frame of ideal Keplerian motion. In this
frame one can expect that the gravitational eA'ects of the
sun and of planets other than the Earth are essentially
reduced to their tidal forces and show up only through
the curvature tensor. One can say that this is a general-
ized principle of equivalence. Because of the nonlinear
character of gravitation, however, this is by no means a
trivial statement.

The work by Ashby and Bertotti' ' is essentially a
proof, in a suitable approximation, of this principle.
They extend Fermi's construction of a local inertial
frame to the neighborhood of the (gravitating) Earth. A
local metric is obtained in which the Earth —whose
center is at rest —appears solely through its own
Schwarzschild solution to the appropriate order and its
corrections due to higher harmonics and its rotational
gravitomagnetic field. The sun shows up in the tidal
terms, with very small relativistic corrections, and in a
minute nonlinear interaction with the Earth. Both these
corrections are negligible to the level required in the
present paper. They also compute explicitly the coordi-
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nate transformation from the usual, post-Newtonian
(PN) frame, in which the center of gravity of the solar
system is at rest, to this "Ptolemaic" frame. In an ex-
pansion with respect to the distance r from the earth, it
turns out, as expected, that the linear part of this coordi-
nate transformation corresponds to geodetic precession;
in other words, the spatial base vectors A~;~ of the new
frame precess with the angular velocity Qg with respect
to the old "Copernican, " post-Newtonian frame; there is

no Thomas precession. In the new frame the dynamics
of the Earth and its satellites are governed by the usual,
classical laws, corrected with the locally generated rela-
tivistic effects, if needed. These are the advance of the
perigee and the Lense-Thirring precession due to the
Earth's angular momentum. The Lense-Thirring effect
for the moon is much smaller than the geodetic preces-
sion.

If we introduce the angular momentum per unit mass,
L=rxv, of the Earth in its solar orbit, Eq. (1) shows

that Ag is directed along the pole of the ecliptic, in the
direction of L. QG has a constant part

Ao = —', cooMO/a@ =19.2 msec/yr, (3)

=0.96 coscoot msec/yr. (4)

coo is the sidereal frequency and t is reckoned from a
perihelion passage; a @ is the semimajor axis of the
Earth.

If geodetic precession were not present, the sidereal
mean motion of the moon and the lunar perigee and node
rates would all be changed by the same amount. de Sit-
ter, in his classical paper of 1916, predicted this effect
for the node and the perigee and found that at that time
the observations were not accurate enough. In principle
we could determine the geodetic precession rate by com-
paring in the PN frame the observed and calculated

and a correction with a 1-yr period due to the eccentrici-
ty e@ of the Earth's orbit,

0
~ coscoot = —', (cooMoe @/a @)cosmot

rates for any of these motions. We choose to consider
the 8.85-yr-period sidereal rate of perigee motion, for
which the nonrelativistic part of the calculated rate is
determined with high accuracy from the observed mean
motions of the moon and Earth and other known quanti-
ties. The observed rate of perigee motion co minus the
mean motion rate L' for the sun can be determined accu-
rately from variations in the Earth-moon distance.

Currently, numerically integrated ephemerides for the
moon are calculated with the use of programs developed
at the Jet Propulsion Laboratory and Massachusetts In-
stitute of Technology which include all known general
relativistic effects of significant magnitude. ' ' A recent
lunar-ephemeris fit to lunar-laser-range observations
from August 1969 to July 1986 is described by Newhall
et aI. ' The lunar motion is tied in to the PN planetary
dynamical frame' via other kinds of solar-system obser-
vations, including particularly microwave tracking data
for the Viking landers on Mars. The mean motion of the
Earth with respect to the planetary dynamical frame
(PN) is essentially determined by its motion with respect
to the perihelion of Mars plus the calculated perihelion
precession rate for Mars. Since the general relativistic
contribution to the perihelion precession rate for Mercu-
ry has been verified to 0.5% accuracy' and the corre-
sponding rate for Mars is much less, the uncertainty in

the rate is small. The overall uncertainty in the Earth' s

mean motion, or equivalently in the mean niotion of the
sun L ', is 0.25 msec/yr. '

The accuracy of the observed value of co —L' can be
determined from how well the lunar-range data fit the
calculated emphemeris. We consider the quantity

I —D =L' —3r,

where L is the lunar mean longitude, I—=L —6, and
D=L —L'. From the leading terms in the known expres-
sions' for the partial derivatives of the lunar range
with respect to 1 and D, we can find the change in range
hp which would correspond to perturbations A(l

D) and ~(i+D):—
Ap =at [[0.0272 sinl +0.0144 sin (1—2D) —0.0077 sin 2D]5 (1 D)—

+ [0.0272 sinl —0.0048 sin (1—2D) +0.0077 sin2D]A(1 +D )j (6).
Here a is the lunar semimajor axis, t is the time, and the
periods of the three periodic terms are 27.55, 31.81, and
14.77 d. Thus the signature of an error in I —D is an os-
cillating error in range which has an envelope increasing
linearly in time. We have not been able to find any other
parameter in the lunar problem which would give error
terms that mimic the t sin(l —2D) and t sin(2D) terms
from Eq. (6).

The present Jet Propulsion Laboratory lunar ephem-
eris fits the range normal points for the McDonald Ob-
servatory from the end of 1975 to early 1982 with an
rms residual of about 18 em. ' Similarly, the rms resid-

uals for the McDonald and Haleakala Observatories
since December 1985 are about 6 cm. ' We have calcu-
lated the maximum value of h(l —D) which would give
no more than twice the observed rms range residuals for
the first halves of 1976 and 1986, and find

6 ~1 —D
~

~1.5 msec/yr. (7)

This appears to be a reasonable estimate for the present
uncertainty in the diAerence between the observed and

calculated values for co —L'.
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The uncertainty in the calculated value of co based on

data through May 1982 was given by Dickey et al. as
0.45 msec/yr. The single largest source of error was the
uncertainty in the inclination of the lunar orbit to the
ecliptic. Combining this with the uncertainties in the ob-

served values of co —L' and L' gives

6 [co,b,
—co„l,) 1.6 msec/yr. (8)

Since the general-relativistic rate of 19.2 msec/yr for
geodetic precession was included in the calculated value,
this indicates that an accuracy of ~ 10% for the
general-relativistic rate appears to be achievable with

presently available data. However, detailed computer
studies of the data are needed in order to determine the
actual accuracy, as discussed later.

The agreement between the calculated post-Newton-
ian motion of the lunar perigee and the observed motion
is an indirect verification of the generalized equivalence
principle' ': Without such agreement it would not be
possible to transform away locally the relativistic eff'ects

of the sun with a geodetic rotation. It is also important,
in the light of Mach's principle, to connect the local
dynamical frame with the extragalactic very long-
baseline-interferometry (VLBI) frame. According to the
standard theory the local, parallel-propagated Fermi
axes—with respect to which the local motion is

inertial —rotate with respect to the VLBI frame with the
geodetic precession QG. Hence the rotational angular
velocity 0 of the Earth relative to the VLBIframeis
the sum of its angular velocity with respect to the local
Fermi axes and the geodetic precession velocity QG.

VLBI +local+ +G.(E) (E) (9)
If we assume, as usual, that the distant standard of rest
of the PN planetary frame —connected to the Fermi
frame with the "geodetic" rotation —agrees with the
VLBI frame, Eq. (9) is equivalent to the agreement be-
tween the kinematical (VLBI) and planetary (PN)
determinations of the angular velocity of the Earth.

This can be approximately checked by comparing
values for Earth rotation time UT1 as determined by
VLBI with values with respect to the PN planetary
dynamical frame determined from lunar laser ranging.
The Polaris-IRIS VLBI results are available from late
1980 to the present, and results from the NASA Deep
Space Network also are available. The UT1 results from
lunar laser ranging are available up through May 1982
and from early 1985 until July 1986. ' Although a
thorough comparison including the latest data has not
been done recently, the UT1 rates from the two tech-
niques appear to agree to better than 1.5 msec/yr. If
we estimate the uncertainty in the lunar-laser-ranging
results since late 1980 as being roughly 1 msec/yr and
the VLBI uncertainty as considerably less, the uncertain-
ty in the relative rotation rate between the planetary
dynamical frame and the extragalactic VLBI frame

would be about 2 msec/yr. Thus an accuracy for the
contribution from geodetic precession to the mean
motion of perigee with respect to the VLBI frame of
about 10% of the geodetic precession rate appears to be
achievable.

It also would be possible in principle to determine the
geodetic precession rate by use of other observable quan-
tities besides the mean motion of lunar perigee. The
general precession of the Earth's rotation axis has been
determined by observations of stellar proper motions,
by astrometric observations of the planets and the sun,
by lunar laser ranging, ' and by VLBI. However,
comparison with a calculated value is not possible be-
cause of our poor knowledge of the mean moment of in-
ertia of the Earth. Similarly, the contribution of geodet-
ic precession to the mean motion of the moon cannot be
determined accurately because we do not know the mass
of the Earth-moon system and the lunar semimajor axis
accurately enough to calculate the classical contribution
to the mean motion. For the node of the lunar orbit, the
contribution of geodetic precession to the mean motion is

poorly determined because the motion of the node has
relatively little eAect on the lunar range.

Another possibility would be to use an artificial earth
satellite such as LAGEOS instead of the moon. The
node of the LAGEOS orbit, for example, can be deter-
mined accurately enough, but, it precesses as a result of
the Earth's oblateness and other perturbations. Its clas-
sical precession is determined by the even zonal harmon-
ic coeScients of the Earth's gravity field, and the uncer-
tainty in these coeScients is far too large. For example,
an uncertainty in J2 of a part in a million produces an
uncertainty of 450 msec/yr in the nodal precession. The
moon, which is 30 times farther away than LAGEOS, is
very little afrected by the uncertainty in J~ or in higher
terms.

As explained in Refs. 9 and 10, the uncertainties in

the Earth's gravitational field could be overcome by
means of a new LAGEOS-type satellite, coupled with
the present LAGEOS. They must have the same semi-
major axis a and inclinations which add up to 180'.
With this orbital configuration, the point lying half way
between the two nodes provides a locally inertial direc-
tion. The sum of the geodetic and Lense-Thirring pre-
cessions for this locally inertial direction with respect to
the extragalactic VLBI reference frame can be deter-
mined by combining satellite laser ranging and VLBI
measurements of UT1.

In summary, it has been shown that the data are con-
sistent with the general relativistic rate for the geodetic
precession with respect to both the planetary dynamical
frame and the extragalactic VLBI frame. The estimated
accuracy is about 10%.

Since submitting this Letter, we have learned that de-
tailed studies to determine the geodetic precession rate
from lunar-laser-ranging data are being carried out at
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the Harvard-Smithsonian Center for Astrophysics.
The preliminary results indicate worse accuracy than our
estimates in this Letter. The results are sensitive to the
set of parameters which is solved for and to the editing
of the data. We therefore caution readers that indepen-
dent determinations of the accuracy based upon full
computer studies are needed, in which the geodetic pre-
cession rate is specifically parametrized and all other
relevant parameters are solved for simultaneously.
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