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The power of electromagnetic radiation from a current-carrying loop of superconducting string is
much greater than that given by a naive estimate. Most of the radiation originates near the cusps where
the string velocity reaches the speed of light, and is emitted in short and sharply directed pulses.

PACS numbers: 98.80.Cq, 11.17.+y, 95.30.Cq

Cosmic strings are linear defects that could be formed at a phase transition in the early Universe and could have
played an important role in galaxy formation.!? Strings predicted in some grand unified models behave as supercon-
ducting wires.> Such strings moving through magnetized cosmic plasmas can develop large currents and can be ob-
served as sources of synchrotron radiation.>* Ostriker, Thompson, and Witten> have suggested that, for sufficiently
large currents, the electromagnetic radiation from superconducting closed loops can sweep away the surrounding plas-
ma. The resulting bubbles of radiation can be used to explain the voids observed in the large-scale distribution of
galaxies. In this paper we calculate the rate and the angular distribution of electromagnetic radiation from oscillating
loops, with somewhat unexpected results.

Witten has shown that the current in a superconducting loop can be expressed in terms of a scalar field ¢({?) which
is defined on the two-dimensional world sheet of the loop, x#({?). The field equations can be obtained from the ac-
tion>®

S =fd2§( —uN =g+ 3V —gg%0.a0p —eAuxt 160 ) — %nfd“x Fu F*. (1

Here, g =x* 5x,5 is the metric on the string world sheet; ¢% and ¢! are a timelike and a spacelike parameter on the
sheet; Greek indices take values from 0 to 3, Latin indices from the beginning of the alphabet take values 0 and 1, and
Latin indices from the middle of the alphabet take values 1,2,3. The coupling e is model dependent; typically e?~0.1
for fermionic superconductivity and e 2>~ 10 for bosonic superconductivity.? The action (1) is invariant under arbitrary
reparametrizations of the world sheet and under electromagnetic gauge transformations. To fix the gauge, it is con-
venient to impose the conditions

$x, =0, xFx,+xMx, =0, 9,4 =0, )

where dots and primes stand for derivatives with respect to £ and ¢!, respectively. Varying the action (1) with respect
to x#(¢%), ¢(£%), and A*(x) and using Egs. (2) we obtain

pOoxY = —eF %0 ,x 4+ %0 ,(8/00%) (h ~'e%x" .0 4) — % (8/8¢%) (h ~'x¥90 ,0'?), 3)
0y0=— ¥ ee®F, x* ;x", (4)
OsA* =47j*, (5)

where the indices are raised and lowered by use of the
Lorentzian metric n9,

terms on the right-hand side of Eq. (3) describe the back
reaction of the fields A4, and ¢ on the motion of the loop,

= ab b —_ 1%
O, =n(3/8¢%)(8/8¢°), T4=n*"9,9,, and the right-hand side of Eq. (4) describes the back re-

h=x*x,=—x"x,, ©) action of electromagnetic field on the current in the loop.
Assuming that for sufficiently small currents the back re-
jH= —es”bfdzgé(“(x —x(O)x 40, action is negligible, we have
. . . . O,x# =0,
It is easily verified that the current is conserved, 9,/* =0. 2* @
In the absence of external electric and magnetic fields, 0,0 =0. (8)
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The solution of Eq. (7) can be written as
1=¢°
(9)
x(¢.0)=73la(C—0)+b(g+ 0],

where {=¢!, and the gauge conditions (2) give the fol-
lowing constraints for the otherwise arbitrary functions’
aand b:

a?=b?=1. (10)

For a closed loop these functions must be periodic, since
x(&+L,1)=x(¢ 1), where L=M/u is the invariant
length of the loop and M is the loop’s mass. This im-
mediately implies that the motion of the loop is periodic
in time; the period is” T=L/2.

The general solution of Eq. (8) is ¢=¢,({—1)+¢,(¢
+1). We will be mainly interested in the special solu-
tion,

o="C(io/e)t, an

which corresponds to a constant current in the loop. The
current iy can take any value between zero and /pax,
where the critical current i,y is model dependent, but
can never exceed the symmetry-breaking scale of the
strings, 7.

One expects that the radiation rate from an oscillating

; T ) L
j(w",k)=’7°f0 die™ [ "dgexpl— ik x(C.OIX(C0),

The asymptotic behavior of j(w,,k) at large n can be
found by use of the method introduced by Srednicki and
Theisen.!? The main contribution to the high-frequency
radiation comes from the vicinity of the cusps where
[x| =1, and so a’=—b’ [see Egs. (9) and (10)].
Choosing the origin of space-time coordinates and the
parameter on the string so that the cusp is at
{=t=x=0, we can expand the functions a and b near
the cusp®!%

a(Q) =apl+ s agl’+ cag’+ -,
(15)

b($) =byl+ b5 + ¢ by’ 3+ - -
Using the constraint equations (10) we obtain the fol-

lowing relations between the expansion coefficients:

ay=—bg |ag| =|bsl =1;

(16)

ap-ag =bg- by =0.

The coefficients ag,bg and ag’,bg” are typically of the or-
der L 7' and L 72, respectively. If we take k in the
direction of the luminal velocity (—ag), then

ot —k-x=nL T3x03,3,1%2¢,¢%). (17)

The main contribution to j(w,,k) comes from the in-
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loop with a current ig can be estimated® by use of the
magnetic dipole radiation formula

P~w*Mm*~ig, (12)

where M ~ioL ? is the magnetic moment and w~L ~'is
the typical frequency of oscillation. However, the dipole
formula is reliable only for nonrelativistic sources.
Strings, on the other hand, oscillate with relativistic
speeds and tend to form cusps where the string velocity
momentarily reaches the speed of light.®° In the cases of
gravitational ' and Goldstone-boson radiation,!' the
high-frequency radiation from the vicinity of the cusps
substantially increases the total power (by a factor
~10). We will see that in the case of electromagnetic
radiation the effect of cusps is even more dramatic.

The power of electromagnetic radiation from a period-
ic source is given by

P=Y,Pn

2
Wy % .
5. fdﬂj,_, (wn, k) j*(@p,k),

(13)
P,=—

where the integration is over the directions of k,
|k| =w,, w,=27n/T, T is the period of oscillation, and
Jj*(w,,k) is the Fourier transform of the current density
(6). In the case of a constant current (11), the charge
density vanishes, j%=0, and

(14)
tegration region where | w,r —k-x| <1,
l¢l lel sn =1L (18)
This gives
| j(wn k)| ~ioLn . (19)

Now suppose there is a small angle 6 between the direc-
tions of k and —ag. Then

w,— |k aj| ~6% |k-ag| ~ |k-bg| ~0L "o,

and the additional terms in w,t —k-x are of the order
©,0%, 0, 0L ~1(Z2, 1% ¢r). This shows that the estimate
(19) remains unchanged for

6sn =3 (20)
Equations (13), (19), and (20) imply that

Po~n2L 20%| j(wn,k) | 2~ign ~ 23, 1)

The numerical coeflicient in Eq. (21) can be calculat-
ed for some simple loop trajectories by use of the method
of Turok,® Vachaspati and Vilenkin,'® and Burden.'?
We did this calculation for several loops from the fami-
lies of solutions found by Kibble and Turok’ and by Bur-
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den.3 The result is
Py=«kign "3 (n>1), (22)

with k~10.

The most surprising feature of Eq. (22), which makes
the case of electromagnetic radiation very different from
that of gravitational or Goldstone boson radiation, is that
it gives a divergent total power, P. We expect, of course,
that, with back reaction taken into account, the behavior
of P, at large n will be modified. If the series is cut off
at some n~n,, then the total power is

P = 3kignl. (23)

An upper bound on n, can be obtained in the following
way. According to Egs. (18) and (22), the energy As
=P,nT =xigTn'? is radiated in one oscillation period
T=L/2 from a region with Al~n ~'3L. The region it-
self has energy pA¢, and we should obviously require
that Ae < uA¢. This implies

ne < (/i) ¥~ (nfiy)?, (24)

where we have used the relation y~n2. The correspond-
ing upper bound on the total power of radiation is

P <«kign. (25)

We see that for ig<<n the energy lost in one oscillation
period is only a small fraction ( <«kio/n) of the total en-
ergy of the loop. This suggests that although the effects
of back reaction are large in the vicinity of the cusps,
they do not substantially alter the large-scale motion of
the loop, and so the use of unperturbed equations of
motion (7) and (8) in deriving Eq. (22) for n<<n, is
justified.

A reliable estimate of n, cannot be obtained without
our addressing the difficult problem of the back reaction.
In the limit of an infinitely thin string, the first term on
the right-hand side of Eq. (3) is infinite and has to be re-
normalized (one has to extend the method developed by
Dirac'® for a point particle to the case of a string). The
effect of the other two terms (describing the inertia of
the current) is easier to estimate. We note that in the vi-
cinity of the cusps h =x"x, is quadratic in ¢ and so the
most divergent terms as (%— 0 are of the order
(io/e)2L2¢ 73, On the other hand, terms on the left-
hand side of Eq. (3) are ~uL ~!, and so the back reac-
tion is important for ¢<¢, ~ (io/en)??L. This corre-
sponds to ny ~ (en/ip)? and

P~3x(enig)?3. (26)

We note that this estimate is consistent with the upper
bound (25) and emphasize that it can be changed when
the electromagnetic back reaction is properly taken into
account. Note also that for {> ¢, , the current in the lo-
cal rest frame of the string is i < (io/imax) Y2imax (since
ip< imax)-

The angular distribution of the radiation from a
current-carrying loop is highly asymmetric. The dom-
inant part of the energy is emitted from the cusps in nar-
row beams directed along the luminal velocity. The radi-
ation is not continuous, but comes in periodic bursts.
The angular distribution of radiation averaged over the
period is

dP/dQ~ido ™3, (27)

where 6 has the same meaning as above and Eq. (27) ap-
plies for n)? <6<« 1. The shape of the propagating
pulse of radiation can be found by use of the method of
Vilenkin® and Vachaspati.'> We choose the z axis in the
direction of the luminal velocity (§=0) and assume, as
before, that the cusp occurred at x=¢r=0. Then the
electric and magnetic fields on the z axis are perpendicu-
lar to the axis; their magnitudes are given by E =B
~ioLr ~'|z—1| ~'. The behavior of the fields at small
nonzero 6 can be found for z=r: E=B~iyr~'673.
We expect these equations to be modified by the back re-
action for |z—1¢| <n, 'L and 9 <n, 3

So far we have discussed the radiation from an isolat-
ed loop with a constant current. Another case of interest
for astrophysical applications is that of a loop oscillating
in a constant external magnetic field. The current in-
duced by the field, i ~e?BL, oscillates with the period of
the loop. For B << n/elL, i <en and the Lorentz force on
the loop is negligible compared to the string tension.
Hence, we can use the free-string solution (9). For a
constant field B, Eq. (4) determining the current takes
the form

Oy0 =eB- (x'xx), (28)
and can be solved exactly,
o=4eB-[a(¢—1)xb(l+1)]+00(¢ 1), (29)

where ¢9(£,7) is a solution of the homogeneous equation
(8). The radiation from a loop with a current given by
(29) can be analyzed in the same way as that from a
loop with a constant current, with very similar results.

To summarize, we have found that the power of elec-
tromagnetic radiation from a superconducting loop of
string is much greater that one would naively expect.
Most of the radiation is emitted in short and sharply
directed pulses originating near the cusps. In an astro-
physical setting, the pulses of radiation sweep the plasma
they meet on their way, producing relativistic jets. A
model of quasars with superconducting strings as the en-
ergy source will be discussed elsewhere.!® (We note that
jets can also be produced by bursts of gravitational radi-
ation emanating from the cusps.'®) The highly asym-
metric character of radiation from superconducting
strings may present a problem for the Ostriker-
Thompson-Witten scenario.” It appears that, instead of
blowing spherical bubbles in plasma, strings will tend to
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drill narrow holes in it.

We are grateful to Wayne Christiansen and Wojtek
Zurek for pointing out a possible relation between the
bursts of radiation from the cusps and astrophysical jets.
This work was supported in part by the National Science
Foundation, by General Electric Company (A.V.), and
by the U. S. Department of Energy (T.V.).
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