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Self-Similarity and Fractal Dimension of a Roughening Interface
by Monte Carlo Simulations
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It is shown by Monte Carlo simulations that the area of an interface in two and three bulk dimen-
sions as modeled by a discrete solid-on-solid model above the roughening transition is self-similar
over a wide range of length scales. The fractal dimensions are estimated for the first time to be
2.8 0.03 and 1.58 20.06 for three and two dimensions, respectively. Additional Monte Carlo
simulations of two-dimensional Ising lattice-gas interfaces have also been performed and are con-
sistent with the solid-on-solid results.

PACS numbers: 68.35.Fx, 64.60.Ak, 68.35.8s, 73.40.—c

Surface roughness and interfacial disorders are top-
ics of broad fundamental and applied interest, relevant
to a wide range of physical phenomena. Some impor-
tant examples are the electrical transport properties at
interfaces between two different media, adsorption
and diffusion on surfaces, 2 crystal growth, 3 wetting, 4

and pore surface of rocks. 5 Recent progress has shown
that a useful quantitative description of a wide range of
surface and interfacial disorders can be obtained in

terms of self-similarity over a range of length scales
and the related fractal dimension. 6 One important
property of surfaces and interfaces6 is the amount of
area A (L) measured on different length scales L
For an interface in d bulk dimensions, we have

~(L,)-I, (1)

for Ii & L & l2 and dz = d —1. Ii and I2 are the limits
of self-similarity and D is the fractal dimension. D has
been measured experimentally2 5 and exhibits values
of 2» D & 3 for d = 3 systems. Low values of D are
associated with rather smooth, flat surfaces while
larger values represent more complicated space-filling
surfaces.

A complete detailed understanding of the origin of
such wide ranges of interfacial disorders does not yet
exist. It is a complex physical problem which depends
on both the physics and chemistry of the growth pro-
cess in the formation of the interfaces. Theoretical
and numerical studies of rather simple growth models
have contributed toward progress in such understand-
ing. 7 One such model which has been studied exten-
sively in recent years7 9 has been the discrete solid-
on-solid (SOS) model of the crystal-melt interface. It
is now widely accepted that the model has a roughen-
ing transition temperature, Tz, above vvhich the inter-
face changes from smooth to rough. Although there
are numerous computer-simulation studies of the
SOS model aimed at clarifying the nature of the
roughening transition, to our knowledge, evidence for
self-similarity and estimates for the fractal dimension
have not yet been reported.

In this paper, a Monte Carlo study of the nature of
the roughness of the interface above the roughening
temperature is presented for d = 3 and 2. It is shown
that the roughening surface is self-similar over a wide
range of length scales and the area density has a well-
defined fractal dimension of 2.8 +0.03 and 1.58 +0.06
for d=3 and 2, respectively. The amplitude of the
roughness scales linearly with the temperature. Addi-
tional Monte Carlo simulations of two-dimensional Is-
ing lattice-gas interfaces have also been performed and
are consistent with the SOS results

A standard discrete solid-on-solid model of two
coexisting phases in three dimensions is a two-
dimensional lattice of columns with integer heights h,

( —~ & h& & ~). (For d = 2, it is a chain. ) The SOS
model ignores overhangs and bubbles and is used ex-
tensively in various modifications of studied inter-
faces. 7 In my Monte Carlo simulations, a square lat-
tice of N x N columns (with lattice constant w = 1) is
considered (extension to d = 2 is straightforward).
The energy E of a given configuration of h, at tem-
perature T is taken as

(2)

with Boltzman constant ka and reduced coupling K(-J/ka T). The sum is over nearest neighbors and J
plays the role of an effective interfacial tension. The
roughening transition occurs for K ' —1 and 0 for
d =3 and 2, respectively. The energy E is also related
to the excess area A,„, which is defined to be the in-
crease in surface area due to excitations and can be
considered to bc a measure of the roughness. The
ground state is flat and has zero energy and excess
area. The total area of the flat ground state (in units
of the lattice constant, m=1) is N2. We define the
ensemble-averaged excess area density as

A (L) = (~,„(L))/N'= (~„„,(L))/N' —1. (3)

The area density A (L) is measured on a different
length scale (L) and averaged over equilibrium config-
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urations generated by standard Monte Carlo tech-
niques. ' To obtain A (L), we average out the details
of the configurations with a length scale less than L.
[The lattice is divided into cells of size LxL An
average column height in units of L is obtained for
each cell and used to calculate the excess area density
A (L ). This definition is computationally efficient and
suffices for this first calculation. An alternative defini-
tion will be considered elsewhere. ] A(L) is thus a
measure of excitations with length scale larger than or
equal to L. The configurations of column heights are
generated by a standard biased random walk in phase
space with a probability governed by the Boltzmann
distribution. ' (About 40000 Monte Carlo steps per
site with periodic boundary conditions are used. ) A
range of couplings (K) and system sizes (N) have
been considered for both d = 3 and 2. The excess area
density A(L) is self-similar over a wide range of
length scales (see Figs. 1 and 2). The amplitude of
roughness scales with the temperature Tor K '. The
slope of the log-log plot in Fig. 1 is 0.8 +0.03 for d = 3
and provides an estimate of the fractal dimension
D=2.8+0.03. [See Eq. (1).] For d=2, the slope is
0.58+0.06 and D=1.58+0.06. The error is estimat-
ed from the scatter of the data points. An approximate

description of our results is

A(L) —K 'L Os for 1=3
~(L) —K 'L '" for d=2. (4)

For lowe«emperatures (larger K), both the amplitude
and regime of self-similarity are reduced. Because a
lattice is used in the model, the lower limit (Ii) is
bounded by the lattice spacing. The upper limit
[I2(N)] for large systems near the thermodynamic
limit (N = ~) should depend only on the temperature.
For small system sizes [N & i2(N = ~) ], long-
wavelength excitations are prohibited. The upper limit
i2(N) to scaling decreases as the size N decreases. See
Figs. 1 and 2 (for K =0.002 and K =0.02, respective-
ly). The fractal dimension D is the same within the ac-
curacy of the simulations for a given bulk dimension
and raises the possibility of universality for D. A
standard test for universality would be to consider dif-
ferent lattices, such as the triangular lattice for d = 3. I
have considered perhaps a stronger test for universali-
ty by considering a Monte Carlo simulation of the full
Ising lattice-gas model with an interface.

Monte Carlo simulations of a two-dimensional Ising
lattice gas with an interface have been performed to
probe the universality of the SOS model results. A
square lattice with M columns and N rows (240x80
and 240x40) has been considered for temperature
T= 0.5 and 0.7, in units of T, .to Top- and bottom-row
spins are coupled to pinned spins to impose an inter-
face for T( T, Periodi. c boundary conditions are
used for the other two sides. At these temperatures,
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FIG. 1. Log-log plots of Monte Carlo results for the ex-
cess area density A (L) for different system sizes (Nx N)
and couplings (E), measured on length scale L for the
two-dimensional SOS model. The solid line is a fit ~ith
slope of 0.8 indicating a fractal dimension of 2.8. Bulk
dimension (d) is 3.

FIG. 2. Log-log plots of Monte Carlo results for the ex-
cess area density A (L) for different system sizes (N) and
couplings (E), measured on length scales L for one-
dimensional SOS model. The solid line is a fit ~ith slope of
0.58 indicating a fractal dimension of 1.58. Bulk dimension
(d) is 2.
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240 X 40
T =0.7

for generating surface fractal with known roughness
amplitude and fractal dimension. This should be use-
ful for other simulations, investigating various static
and dynamic physical phenomena associated with self-
similar surfaces.

The author has benefitted from Dr. A. H. Thomp-
son and the Exxon Production Research Rock Physics
Group. He thanks them.
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FIG. 3. Log-log plots of Monte Carlo results for the ex-
cess area density A (L ) for two-dimensional Ising square lat-
tice with an interface (see text). Temperature T is in units
of T, . The solid line is a fit with slope of O.SS, consistent
with the SOS results.

well-defined interfaces are observed. The excess area
density is shown in Fig. 3. Self-similarity and fractal
dimension is consistent with the SOS results. This
provides support for the possibility of universality for
the fractal dimension. Similar simulations for d= 3
are under considerations.

The observation of self-similarity for the roughening
interface is possible because the SOS models are in the
critical phase at and above the roughening transition.
Critical systems exhibit fluctuations on all length
scales and can be self-similar. The demonstrations of
self-similarity by computer simulation and the mea-
surements of the fractal dimension, to my knowledge,
are new and have a number of important implications.
First, these results raise the possibility that surface
self-similarity in some physical systems may be related
to dynamical formation conditions favorable to the
freezing in of an equilibrium configuration of systems
above the roughening transition. Further theoretical
and experimental investigations to probe this possibili-
ty may lead to new insights and understanding.
Second, since the SOS model has been shown to be a
successful approximation in modeling wetting films, "
two observations follow: The surface of the wetting
films above roughening is self-similar, and interfacial
adsorption'z is in fact adsorption onto a surface fractal.
Third, my simulation indicates that the SOS model
provides a convenient and weil-controlled technique
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