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Near-Metamagnetism of Liquid 3He at High Pressure
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A new magnetic equation of state for liquid He is derived. This is obtained from a model for the
polarization dependence of the Landau parameters. The parameters of the model are constrained
by general thermodynamic relationships and microscopic symmetries. It is shown that the non-
linear field splitting of the A phase in liquid 3He is consistent with this model. %e propose that
liquid 3He can be viewed as nearly metamagnetic.

PACS numbers: 67,50.Dg, 67.65.+z

In a number of recent experiments' 3 it has been
possible to produce samples of nuclear-spin-polarized
liquid 3He with polarizations of 50% or larger lasting
for as long as several minutes. The large depressions
in the melting curve observed in these experiments
depend in detail on the magnetic equation of state,
MEOS, of the polarized liquid. ~ The behavior of liquid
3He as a function of polarization is not known experi-
mentally. Some attempts have been made to deter-
mine the properties of polarized 3He by either simple
extrapolations from the unpolarized phase or by intro-
duction of model calculations. 5 ~

The simple extrapolation used by Castaing and
Nozieres4 gives reasonable estimates for some quanti-
ties but it does not provide a detailed picture of the
magnetic equation of state. The two previous attempts
to calculate the MEOS of 3He were the paramagnon
model calculations of Beal-Monod and Daniel5 and the
extension of the Gutzwiller model by Vollhardt. 6 The
predictions of these two models at T=O are very dif-
ferent. While the paramagnon models predicts that
both the susceptibility and the total density of states
decreases with increasing field, the Gutzwiller model
predicts that both quantities increase. It is well known
that the total density of states decreases with increas-
ing field for liquid 3He; however, the trend in the sus-
ceptibility is not known experimentally.

In this Letter we present a model for polarized 3He

with a behavior that is quite different from the other
models. We predict that while the total density of
states decreases„ the susceptibility at constant density,
X„,~here rI is the density, &rill initially increase ~ith
polarization reaching a maximum value then dropping
to zero in the fully polarized phase. From the suscep-
tibility we can obtain the dependence of the energy
density, 8, on the magnetization density, At . The in-
itial increase in X„givesrise to a negative A, term in
g; the At term and %terms a, re positive. If the

Att ~ term is attractive enough it would give rise to a
field-induced ferromagnetic transition. A field-
induced transition f'rom an itinerant paramagnetic
phase to a ferromagnetic one is what Wohlfarth and
Rhodes described as a metamagnetic transition. In
liquid 3He this term does not appear to be attractive
enough; however, it allows for a new interpretation of
the magnetic properties of liquid 3He, i.e., 3He is near-
ly metamagnetic. This is in contrast to the usual pic-
tures of He as being nearly ferromagnetic' or nearly
localized. 6 As we will argue, currently available mea-
surements9'0 on the nonlinear field splitting of the A

phase in liquid He tend to support our picture.
We begin at the level of the Landau theory for a po-

larized Fermi liquid. The energy density is given by"

8 =8 o+ ge~~5n~+ —,
'

X f, Sn~5n. .. (1)

where 5n~ = n~ —n~ and n~o is the equilibrium dis-
tribution function in the presence of the field Bo. The

t

quasiparticle interaction f, has three distinct com-
Pp

ponents for the spin combinations f f, f j, and
$ $ (W 7 f ). For our discussion we can ignore the
transverse component of the interaction. We can ex-
pand f ~ in the usual way, '2 f,, =$tft P~(p p')

r

where the ft are functions of the polarization
5=At/n and the density. The Landau parameters

I

fi are related to the effective masses m" by Galilean
invariance

m '/At= 1+—,N (0)[fi
~ + (k„ /kF )'f 1 1 ],

where m' enters into the density of states,
N (0) =kF m" /2+2, and the Fermi momentum is
given by kF = kF(1+ a4)'1, cr = +1 ( ) ), —1 ( ) ).

The model we have constructed consists of an ex-
pansion of the Landau parameters in the polarization.
In principle, these expansions can contain any nomber
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of terms; however, we truncate the expansions at a
finite order. The physical arguments are as follows:
For the l = 0 moments we have

fp ——fpt l (1 —bp~b, + b,S'), (2a)

Di Wt (0)iVt (0) [Cit l Cit t (fit t/2i+ I) ],
determine the linear coefficients. To second order in

fp'' =fp'' (I+ci~'). (21 )

The moment fpl t arises from the screened short-range
potential and the exchange of density fluctuations,
whereas fp comes mostly from the exchange of den-
sity fluctuations. In a polarization-potential pic-
ture'4 these correspond to core energies of the order of
10-100 K, depending on pressure. Since the magnetic
field energies are of the order of 1 K or less we expect

only small changes in fp . Thus, the expansion to or-
der LL2 should be reasonable at all b for the l =0 mo-
ments.

For the I = 1 moments the situation is more compli-
cated. In projecting out an l=l moment from the
quasiparticle interaction the longer-range parts of the
interaction will contribute, e.g. , spin fluctuations. '
These of course are low-energy excitations and they
will be more sensitive to the magnetic field energies
necessary to produce highly polarized 3He. Moreover,
we know from general arguments that fit l and fit t

will vanish'5 and that fit t is negative when dL = I.t To
account for the more detailed structure anticipated in

l

fi we include terms to fourth order in 5, where

fi = fil l(l —dpcrb, +diA —d2o.b, +d3b, ), (3a)

and

(3b)

In Eqs. (2a) and (2b) and (3a) and (3b) the moments

f, refer to the values of the unpolarized Landau
parameters.

The only other physical assumption we make is that
/

the moments fi for i~2 are zero. This is con-
sistent with the short-range nature of the quasiparticle
interaction as suggested by the induced-interaction
model'3 or the polarization-potential approach. '4 Ad-
ditionally we will see that this gives good agreement
with a number of experiments.

To determine the parameters we make use of ther-
modynamic and microscopic constraints. It has been
shown" that magnetostriction and the forward scatter-
ing sum rules, +&At =0, where

W-= (f-C,—.—.-f t t'/2l+1) [lV. (O)/D, ]
%'lth

C- = W-' (0) +f-/(2l+1)

5 we have five parameters if we include the expansion
of m', m' =m (1 —apa. A+aih2+. . . ). The sum
rule and Galilean invariance determine two of the
parameters. The compressibility at constant magneti-
zation, K~, with M the magnetization, and the tem-
perature dependence of the zero-field susceptibility, '6

X ( T) = X (0) (1 —o. T2) where X (0) is the T = 0, 8 = 0
susceptibility, gives two additional parameters.

To see this we note that'

~~' = n (BP/Bn)~ + Al, (BP/BAt)
„

i

i+ At2 II 2 TsF—K + El
3n Bn Bn

' = —,n~F(I + Fp) and TsF = (I+Fp) ~F.
Here Fp, Fp, and ~F = kF/2m' are the Landau parame-
ters and Fermi temperature of the unpolarized system.
To order At 2, Eq. (4) is exact and from this we can
detemine the change in the sound velocity,
hc~= (c~—ci)/ci, which at P =34.36 bars yields a
value of 3.5X 10 6 for 8 = 10 T. If we begin with Eq.
(1) we see that the termof order At 2 in Eq. (4) is

( —', )ng„[,' +F—i'i+ap2 + —', aii —Fpl l bp

—a, + —,(F t tbi+F l tci)].

For the specific heat we have

C„/T=(~'/3) [lVt(0)+ W, (0)]
= (n /3) N(0) [1+(a, —aN'3 ——,

' )ti ]. (5)

From the Maxwell relation Bc„/i)8=TQ2~/QT2 we
have that

a, —a p/3 ——,
' = ——,

' (u/n') (1+Fii )g'

The four remaining parameters are constrained by
the sum rules and the vanishing of fit t and fil t for
b, =1. In this limit (b, =1) the sum rule +it=pAit t =0
with fit t and fit t equal to zero gives the additional
constraint

fit —f1 t2/[Q i (())+fl l ] (6)

We note that Eq. (6) gives a relationship between the
effective mass mt and the parameters fp

With all of the parameters of the theory determined
we can calculate several other properties of the system.
The most significant result is for the MEOS, which we
express as the polarization dependence of X„.From
Eq. (1) we obtain X„'= 82E/8 Jlt 2, where "

X„'= —,
'

[Wt ' (0) + Wt
' (0)

+ftt +ftt 2ftt ) (7)

To obtain the results shown in Fig. 1 we have used the
expansions Eqs. (2a) and (2b) and (3a) and (3b) in
the exact expression, Eq. (7), for X„.For the m"'s
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that appear in X„weused Eqs. (3a) and (3b) in the
Galilean-invariant expression for the effective mass.
It is useful to study the leading correction, of order b, 2,

in X„,where X„=X(0)(1+Pb2). The coefficient P is

given by
(1+Fo)P= —[—,

' +ao(ap ——,
' )

-a, +-,'(F,«I, —F,t tc, ) I.

What is most significant here is that we find P & 0.
Clearly, if 3He remains paramagnetic up to LE =1 and

P & 0 then X„must have a maximum since X„Oas
1. The coefficient P could be obtained by mea-

surement of X„athigh pressure. At the melting pres-

sure there would be a 5% increase in a 20-T field and

only an 0.1% increase at saturated vapor pressure.
A direct measurement of P would clearly distinguish

between our nearly metamagnetic model and the other
models. 56 However, recent measurements of the
nonlinear field splitting of the A phase of 3He may al-

ready give us the information. 9 The transition tem-

perature T, ' is given by

(T, '/T, ) = (~Ft/eF) exp(1/git t —I/git t ), (8)

where gi'' = —'W (0)aot t and git t = —,'(A(')+A('))
with A$' Ft't'/(I F+ga). If we expand this in the

field we have ( T, ' —T, )/8 = t„+t,28, where the
coefficients are given in Table I. The most significant
feature of this result is that t, 2 & 0. This is determined
)gglc)y by the pgrametcg cornbinatio~ pf tbI y f jc
which also is the largest contributor to P. At the
higher pressures if P & 0 then t,2 & 0, and for P & 0
we have t,2 & 0.

The experimental measurement of the nonlinear

field splitting is only known for T, ' —T, '. '0 At
P=29 bars Osherof finds the nonlinear term in

T, ' —T, ' to be approximately 0.6 p, K/T2 while our
calculated t,2 is 1.8 p, K/T2. That our nonlinear term in

T, —T, is larger than the Ai —A2 splitting is as it
should be. The reason is that the terms quadratic in 8
must come with the same sign in T, ' and T, '. For
example, in the weak-coupling limit the quadratic term

in T, ' —T, '= T,t —T,t which is odd in 8 (or 5). The
strong-coupling corrections of course change this.
Without a measurement or calculation of the strong-
coupling corrections it is difficult to determine how

they will affect T, '. However, we believe the follow-
ing arguments are most plausible: A decrease of the
spin fluctuations, i.e., a decrease in X„,would reduce
the strong-coupling corrections. This will drive the
system closer to the weak-coupling limit, i.e.,
T, ' T,t. In this case the A2 term in T, ' would be

more negative than in T, ' giving a positive 5 term in

T, ' —T, '. On the other hand, increasing the spin
fluctuations with increasing b, would increase the
strong-coupling corrections. This would tend to push

T, ' away from T,t making the b, 2 term, which is posi-

tive, smaller in T, ' than in T, '. This would also give

a positive coefficient to the 5 term in T, ' —T, '. We
believe that the latter possibility holds in liquid 3He.
This allows us to make an estimate of the strong-
coupling corrections by the assumption that the correc-
tions to the h2 term are the same as the linear term;
this will probably underestimate the effect. For
example, in linear order at 29 bars, '0 T, ' —T,
=1.7(T, —T, ') and by use of this for the quadratic
order we would get a value of 0.74 p. K/T2 for the

8 (B=M/X) coefficient in T, ' —T, ', which is in

good agreement with experiment. 9 This of course is
only a crude estimate. What is needed is a direct mea-

TABLE I. Some of the predictions of the model. The parameters are defined in the
text. The experimental values for t, I are from Ref. 10.

P
(bars)

r, ( (pK/T)
Theor. Expt.

&e2

(p, K/T') (m/s)

0.0
34.36

0.57
7.16

6.66
28.0

8.0
39.0

0.075
2.3

202.2
438.6

0.84
0.77
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surement of T, ' —T, to make a comparison with our
theory.

The key result of this paper is that the possibility X„
initially increases with increasing field, i.e., P &0,
This result is not very sensitive to the approximations
we have used. The largest contributor to P is the I =0
parameters in the combination Fo& tbi —Fot &ci. At
the melting pressure this is five times larger than the
I = 1 contribution coming from the density of states.

Setting ft —0 for—l ~ 2 would have very little effect
on this, unless there were an unusually strong polari-
zation dependence in these parameters. The expan-

/

sions to order b2 in the fo 's are based on sound
physical arguments. On the other hand, the expan-

f

sions for the fi 's were chosen for their simplicity
since there are no simple physical arguments for these
expansions. Fortunately, this will have no effect on
the value of P. The reason is that the two sum rules in
the fully polarized phase determine the values of
m

&
/rrt and Fot & bi —Fo& 1 ci. Thus, the parametrization

of the fi 's will only determine how m t jm reaches
its fully polarized value, the final value being fixed by
the sum rules. Of course if a metamagnetic transition
did occur we would expect that the two main assump-
tions, i.e., truncation at !=1 and retention of only

/

terms of order h2 in fo, break down. However,
since this does not seem to be the case we believe that
these assumptions are good. Finally, the good agree-
ment between our theoretical predictions for the field

dependence of T, ' and the experiments9'0 is further
confirmation of the soundness of our approximations,
since any errors in the field dependence would be ex-

ponentially magnified in the T, ' equation.
We can summarize our main results as follows.
(1) We have obtained a new MEOS for liquid 3He,

i.e., He is nearly metamagnetic. An increasing X„asa
function of b, was also predicted by Vollhardt. 6 This,
however, resulted from the increase of the total densi-
ty of states in hip calculation, which is the opposite of
the experimental behavior (see Quader and Bedell7).
Thus, the origin of the metamagnetic behavior seen by
Vollhardt is quite different from what we have found.

(2) This model gets good results for the linear field
splitting (see Table I) and properly accounts for the
magnetostriction. We have also made the predictions
for the sign and magnitude of the nonlinear field split-
ting of the A i phase of 3He.

(3) We can also make some qualitative predictions
regarding the transport coefficients: The transport
properties at T && eF are dominated by the spin fluc-
tuations. We would expect an initial decrease with in-
creasing b, in the transport coefficients since the spin-
fluctuation scattering is initially increasing. There
should be a minimum (near the maximum in X„),for
example, in the viscosity since in the fully polarized

phase it has increased by a factor of 200 or more. 7'8
A recent measurement of the viscosity'9 as a function
of the polarization is consistent with our prediction.

(4) Recent experiments 0 suggest that X„increases,
reaching a maximum at some finite polarization. Un-
fortunately, this is not conclusive since it is difficult to
extract the liquid susceptibility from the measure-
ments. Moreover, the interpretation of the data re-
quires a detailed model of melting which is currently
not understood.
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