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Critical Behavior of the Thermal Conductance of 3Hc-4Hc Mixture Films
at the Kosterlitz-Thouless Transition
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%e report measurements of the convective conductance of 'He-4He films near the superfluid
transition. This thermal response is tested for the critical behavior observed in pure He films. %'e

find that this is preserved for mixtures. The parameters b and D/a2, however, show a strong re-
normalization, and an unusual 3He dependence. The conductance at fixed T —T, decreases upon
addition of He implying a decrease of the 20 correlation length. %e observe a decrease in the
maximum value of conductance which ~e attribute to a residual free-vortex density, even for
T Q Tg.

PACS numbers: 64.70.Rh, 67.40.pm, 67.60.—g, 67.70.+n

The superfluid transition of 4He films when phys-
isorbed on a two-dimensional (2D) substrate can be
described by the vortex-antivortex unbinding theory of
Kosterlitz and Thouless. ' Measurements which yield
the superfluid density —third sound, 2 5 quartz micro-
balance, 6 and torsional oscillator3 7—as well as experi-
ments on thermal transport, persistent currents, and
vortex diffusivity'0 have provided tests for the static
and dynamic aspects of this theory. A first series of
measurements on aspects of 2D to 3D crossover and
the universal character of the transition as a function
of film thickness have also been reported. "

There is, in addition, in the case of liquid helium,
the possibility to study the universal character of the
transition in the presence of 3He. Mixture films are,
of course, the 2D analog of 3D mixtures; but, in fact,
they are substantially richer in possibilities because of
the important roles of the liquid-solid and liquid-vapor
interfaces, and the arrangement of the 3He relative to
and along these interfaces. As regards the critical
behavior, mixture films have been studied near the su-
perfluid transition in several realizations: a submono-
layer of "He and 3He '2; multilayer films of 4He with a
more substantial amount of 3He, concentrations up to
50'/0'3 '; and a near monolayer of 4He with a large
amount of 3He. All of these realizations are of in-
terest because, among other effects, the boundary con-
ditions on the superfluid are quite different. In the
first case one is dealing with a monolayer mixture
bounded by a solid substrate on one side and effective-
ly vacuum on the other. In the second case, larger
amounts of He and He, one is dealing with what one
may call a "slab" of a 3D mixture with the twist that
the concentration is not quite uniform because of the
underlying van der Waals field. In the last case one
has a submonolayer mixture "sandwiched" between
the solid substrate and a 3D-like layer of He. There
are aspects of these realizations having to do with loca-
tion of the 3He and 4He, and possible mass rearrange-

ment as the temperature is changed. Many of these
questions are still not settled, and the extent to which
they affect the critical behavior at the superfluid tran-
sition is not clear.

The existing measurements with mixtures —mostly
of the superfluid density —yield a picture of the transi-
tion which is qualitatively very similar to that of pure
4He. The transition has the universal jump'3'4 in the
superfluid density predicted for pure films by Nelson
and Kosterlitz, '5 and an increase in dissipation due to
the vortex-antivortex unbinding. Theoretical phase di-
agrams'6 are not reproduced particularly well, '4 but the
general trend is that of a lower T, with increased 3He
concentration. Torsional-oscillator measurements in
particular show a less pronounced dissipation com-
pared with pure films of the same T„and a higher
residual dissipation for T ( T, .

We report in this Letter the first measurements of
thermal transport for mixture films to probe more
quantitatively the universal character of the superfluid
transition. We have chosen for this study to look at
rather dilute mixtures, & 3'/0 of 3He, or equivalently
0.1 layer of He. In this limit, and with the thickness
of the 4He in the 12-16-A range, the He behaves as
an impurity bound in 2D subbands defined by the 4He
film. '7 This low-temperature behavior, which is deter-
mined from measurements of specific heat, could very
well be modified near the superfluid transition by the
presence of vortices and the possible trapping of the
3He into the vortex cores. The thermal transport near
the transition takes place via the convective flow of
liquid and refluxing gas. The effective conductance K
has been shown' to be inversely proportional to the
number of free vortices per unit area. It is a measure
of the square of the 2D correlation length. Specifical-
ly, one may write

i f(T) 4'&=h
2

exp t
i
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where t = T/T, —1, h is the film thickness, f( T) is a
regular function of temperature involving the latent
heat, D is the diffusion constant, a is the vortex core
parameter, and b is a nonuniversal constant.

Measurements of thermal conductivity are quite in-
formative. In the zero-power limit they yield most
directly values of D/a and b via Eq. (1). A study of
these parameters as a function of "He thickness has
been reported. " The measurements we report here
have been done with the same experimental cell. This
consists of two copper plates linked with a 3 mx 2.52
p, mx2. 52 cm coiled ribbon of Mylar. The conduc-
tance is measured with a differential thermometer ar-
rangement and a regulation thermometer at the top of
the cell. With this design, we have demonstrated that
the largest conductivity that one can measure is deter-
mined by the Kapitza resistance between the helium
film and the copper. This limits the exponential diver-
gence of the film's conductance. The smallest conduc-
tance, on the other hand, is due to the diffusive con-
duction through the vapor.

We show in Fig. 1 the measured conductance for
two films of ~He, 12.1 and 16 A in thickness, along
with a number of mixtures. The data are labeled by
the percentage of 3He in the liquid film. This number
represents the portion of the 'He which is not in the
vapor. We measure this via an in situ gauge which reg-
isters the incremental pressure when He is added.
We note that if the 3He were at the free surface (such
as at T=0), then a concentration of 1% for the 12.1-A
film would correspond to a 3He coverage of 1.41
p, mole/m2 or 0.044 atomic layer. " We point out
several aspects of the data shown in Fig. 1: the rise as-

sociated with the transition, the shift in T„and the
surprising decrease in the upper bound with increasing
|:oncentration.

The film's convective conduction, the critical
behavior, can be extracted from these data by allowing
for the limiting series and parallel conductances, the
upper and lower bounds. This conduction, if univer-

sal, should obey Eq. (1). To test this we plot in Fig. 2
the conductance normalized by f( T) h ' against t
on a semilog scale. It seems clear from the straight
lines in this figure that the mixture data are consistent
with this equation. The solid lines are least-squares
fits of these data with D/a2, b, and T, as variational
parameters. This, we believe, is the first test of mix-
ture films to this equation. We note, in particular, the
following behavior. For either of the 4He films the
conductance at fixed r tends to drop upon the addition
of 3He. This is true for both the quantity Kh/f(T)
plotted in Fig. 2, and E itself. Since we have that
K —gjn, this implies that the 2D correlation decreases
upon addition of 3He. This is the opposite of what is
observed in 3D mixtures. '9

In Fig. 3, we have plotted the parameters D/a2 and

b as functions of concentration. To emphasize the
similarity of these parameters in their concentration
dependence, we have shifted the values of b, and re-
scaled the values of D/a2 for the 16-A film to match
the higher-concentration region of the 12.1-A film. 20

We see from Fig. 3 that both of these parameters
undergo a rapid initial variation, within a concentration
region of —0.002, and then a somewhat less rapid
variation beyond this. In order to understand this, we
calculate the number of free vortices, n/, present in a
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FIG. 1. The measured conductance in watts per kelvin for
two films of 4He. The numbers for each film indicate the
percentage of He for each successive concentration, with
the highest curve for 12.1 A being for pure He.
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FIG. 2. The normalized conductance, Khl f( 8, plotted
vs t '~ to test Eq. (1). The solid lines are least-squares fits.
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FIG. 3. Dependence of Dja' and bon 'He concentration.
The results for the 16-A. film have been rescaled (see Ref.
20).

G.Ol2

pure 4He film for T & T, . This given byz'

nf = 2L!Sgka Tm2/KWA2D, (2)

where land Ware the length and width of the flowing
film, L is the latent heat, and Ss is the entropy of
the vapor. Using Eq. (2), a value of a2= 2.2 A2, and
the experimental value of D/a, we calculate nf—109-10'3 cm 2 in the region in which our data are
analyzed. By comparison, the number density of 3He

in the range of concentrations studied is between 10'2

and 3x10'3 cm z. Thus, as we progress from low to
high concentration the number of 3He goes from being
within the range of the native free-vortex density of
the pure film to a value exceeding this. This crossover
takes place between the data at x =0.0029 and 0.0049.
It is perhaps this crossover which is responsible for the
two regions in the behavior of D/a2 and b in Fig. 3.

There are two ways in which we see the 3He affect-
ing the behavior of the film. As a normal impurity it
must affect the hydrodynamic flow associated with the
vortices and hence the vortex-antivortex interaction.
Further, it is known that 3He —at least in bulk
4He —resides preferentially at the vortex core. 22 This
dressing up of the vortex should lower the diffusion
constant and increase the core radius. This is con-
sistent with our observation of a decrease in D/a2. If
we take the He binding energy to a vortex as 3 K, the
value appropriate for bulk vortices, 22 then we estimate
that all but —6% of the He is trapped on vortex
cores.

Another result of our measurements is the lowering
of the upper value of the conductance. We suggest
that this is due to the presence offree vortices even for
T«: T, . To see this, we note from Eq. (2) that
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FIG. 4. The dependence of K„'(x) on concentration.

See text. The solid lines have a slope of r.

nfD~ K '. For pure films nf vanishes at T, and K
would diverge but for the limit imposed by the Kapitza
resistance. In the case of mixtures, K is bounded by a
value much lower than in pure films, K„(x). We in-
terpret this as indicating that nfe0 even for T «. T,.
To show the concentration dependence of K„'(x), we
have plotted in Fig. 4 K„'(x)—K„'(0) versus con-
centration on a log-log scale. By subtracting K„'(0),
we are taking away the effect of Kapitza resistance.
The solid lines in this figure describe these data well in
the higher-concentration re ion. These lines have a
slope of —,'; thus, nfD —x' 2. Since D is expected to
decrease with the addition of He, then nf must in-
crease even more rapidly than x't2. This He3-induced
free-vortex density applies to Tbelow and near T, .24

This suggestion, that the presence of 3He results in a
free-vortex density, is consistent with experiments on
the decay of persistent currents. These data are taken
for T much below T,.9 It is found that the addition of
3He greatly enhances the decay. This is consistent
with a greater density of free vortices in addition to
those induced by finite velocity or perhaps depinning
or other effects. 25 26

Lastly, we mention our results of the shift in T, with
He. We find that T, shifts nonlinearly with the addi-

tion of 3He, particularly in the low-concentration re-
gion, Indeed, it appears that T, at first might increase.
This has been observed previously by Smith et al. '2

and is something that we are exploring further. We do
note, however, that the shift in T, that we observe is
at higher concentrations is not in disagreement with
the results of Laheurte et al '4 which are. for concentra-
tions greater than 10o/o. The result of these workers
shows a more canonical, nearly linear shift.

In summary, we have reported new data for the
thermal conductance of helium films which for the
first time, in the case of mixtures, test the universal
character of this response near the superfluid transi-
tion. We find that the sharp divergence observed for
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pure films is retained but with a strong renormaliza-
tion of parameters within a relatively narrow region of
concentration. We observe a lowering of the upper
value of conductance which we interpret as due to the
presence of free vortices even for T & T, . We attri-
bute this behavior to the presence of 'He.
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