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Jump Dynamics and the Isotope Effect in Solid-State Diffusion

M. Marchese, G. De Lorenzi, ' G. Jacucci, '~ and C. P. Flynn
Department of Physics and Materials Research Laboratory, Uniuersity of Illinois at Urbana C-hampaign, Urbana, Illinois 6I801

{Received 14 July 1986)

Vacancy jump rates in fcc solids are calculated accurately on the basis of the short-memory-aug-
rnented rate theory. %'e find that the observed isotope and return jump effects are both dominated by a
small temperature-dependent fraction of highly anharmonic trajectories in which strong hard-core in-

teractions occur.
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Diffusion rates in solids can be measured to better
than 1% in favorable cases. The relative rates for two
isotopes can be obtained still more accurately, by a fac-
tor of 10, to determine the isotope effect in the atomic
jump process. ' In principle the experimental results con-
tain detailed information about the potential energy and
(essentially) classical dynamics of the activated complex
during the jump. Unfortunately, no theory has been
available to describe, with anything approaching the ex-
perimental accuracy, the systematic relationship between
the diffusion rate and the potential energy of the relevant
atomic arrangements, Indeed, some researchers have
concluded that attempts to establish such relationships
may not be fruitful. 3 The isotope effect presents a spe-
cial challenge. Experiments reveal that changes of dif-
fusion rate with the mass of the jumping atom depend
largely on the crystal type. Closely similar results are
found for all close-packed structures, but no complete
explanation has been put forward for the observed behav-
ior. ' In this Letter we present detailed calculations of
vacancy jumps in model crystals that have realistic in-
teratomic potentials. We establish that rate processes
can be predicted from first principles with the necessary
accuracy when an appropriate theoretical framework is
used for the computation. The results demonstrate that
core repulsive forces are responsible for dynamical pro-
cesses that determine the observed isotope effect in single
crystals. The methods are equally applicable to other
atomic motions in stable solids.

Our results are based on the recently formulated
short-memory- augmented rate theory (SM-ART).
Certain invariant manifolds of the dynamical system
play critical roles in this theory. An interesting and im-
portant recent recognition is the way the topology of in-
variant manifolds constrains the global behavior of
dynamial systems in general and, for specific example, in
the dynamics of period doubling and the path to chaos.
For our present application, the center manifold (CM) in

the phase space of the crystal contains all trajectories
that oscillate metastably on the potential barrier separat-
ing the two crystal configurations between which the
atomic jump takes place. This manifold in the SM-ART
treatment replaces the "saddle surface" of rate theory;

it separates trajectories belonging to the two equilibrium
configurations, but in a way which takes correct account
of rapid jump reversals due to anharmonic couplings.
For a crystal of N/3 atoms the CM has 2(N —1) dimen-
sions. The (2N —1)-dimensional center unstable mani-
fold (CS ) is derived from the CM by an infinitesimal
initial displacement along the direction in which the
metastable trajectories decompose; the center stable
manifold (CS+) is the time-reversed analog of CS
Figure 1 shows these relationships schematically. The
main topological fact of importance here is that any sur-
face Z drawn from CM to regions of inaccessibly high
potential energy cuts all flow lines having one sense;
these must pass around CS+ and CS, and are
presumed to randomize there, before participating in any
return flow. Rapid dynamical events which have the
appearance of trajectories with immediate return jumps
are separated from Z by CS+ or CS, and do not con-
tribute to the flux. These dynamical effects cause
changes —10% in defect jump rates even in the least
sensitive cases,

Our full-flux calculations for trajectories through X
proceed as hybrids of theoretical, Monte Carlo (MC),
and molecular-dynamics (MD) methods. First, the
partition-function integral which determines the proba-
bility of the equilibrium crystal configuration (with a va-
cancy) is compared, by use of difference Monte Carlo

CS

FIG. 1. Sketch of flow lines in phase space showing the
center stable (CS+) and center unstable (CS ) manifolds and
their intersection at the center manifold (CM). Surfaces Z+,
X extending from CM to inaccessibly high-energy regions
(hatched in figure) cut all the flow in one sense.
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methods, with a similar integral for the "saddle plane. "
In the usual formulation of many-body rate theory, this
ratio is the jump rate, apart from trivial factors. The
saddle plane So is the hyperplane normal to the unstable
mode, at the saddle point of the barrier which inhibits
atomic jumps. It is known from MD6 and explained by
SM-ART6 that the rate at which actual jumps take
place falls belo~ the rate at which trajectories cut So in
the Vineyard theory. In fact the CM differs from a
simple product of saddle-plane and momentum coordi-
nates only because the top of the potential ridge is actu-
ally curved with large curvatures, p; ', along certain
principal directions i in the plane. We show here that
large fluctuations along these principal directions induce
hard-core collisions that play a critical role in the isotope
effect. This is demonstrated in the second part of our
calculation, which proceeds by molecular dynamics. We
calculate the fraction of trajectories which cross So but
fail to cut Z. These resemble earlier "conversion coeffi-
cient" calculations of Bennetts but they use center-
manifold concepts as a basis for the true jump criterion.
Together, the MC and MD results define the absolute
jump rate. We use the Lennard- Jones potential to
represent fcc Ar and Morse potentials for fcc Ag and
Cu, in crystallites with periodic boundary conditions.

The difference Fo of the free-energy integrals of So
and the equilibrium crystal are shown for Ar, Ag, and
Cu as functions of T in Fig. 2. The actual figure gives
Fg(T)/Fg(0) as a function of T/T~, with T the melt-
ing temperature. Monte Carlo results of runs up to 10
steps are indicated by uncertainty bars. These are two-
sided samplings 9 of the potential-energy difference for
the crystal between its equilibrium and saddle-plane con-
figurations, with a chosen mapping from one to the oth-
er. The final uncertainties are determined by the ob-
served correlation lengths9 of several hundred steps that
remained even for optimized calculations. Note that
direct-difference computations are essential because the
free energy of activation is only —1% of the total free
energy of the 31-atom periodic clusters.

Curved lines through the points in Fig. 2 represent
analytical evaluations of the free-energy differences by
anharmonic expansions of the potentials about their ex-
trema6 and a power-series expansion for the partition
functions; the straight hnes are the results for harmonic
terms only. The relevant expansions take forms like

V=Vo+ 2 gkrokqk+V~,

with the q normal coordinates, and with

VA 6 g/jkd/Jk6IJ6IJ &
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The free-energy difference is
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FIG. 2. Free-energy difference (in units of the barrier
height) Fo(T)/Fo(0) between So and the equilibrium state as
function of the reduced temperature T/T, with T the melt-
ing temperature.

with

(4)

+V Vo Vo ls the potential-energy difference between
the ground and saddle-plane minima and the v; oJ;/2Jr
are normal-mode frequencies, with saddle-plane proper-
ties distinguished by tildes. Equation (4) is the Vineyard
harmonic result but with one extra saddle-point frequen-
cy vN 3, namely, the frequency along the reaction coor-
dinate in the otherwise frozen ground state. The lines in

Fig. 2 are obtained by use of

~1-g/Jk (3dllkdJJk+ 2dlJk )/24rol'oJJ'rot

—g,.ke;g, k/8o) roj, (5)

from Toiler et al. ~ and a similar expression with tildes
for A. It is apparent in Fig. 2 that analytical expressions
(curves) reproduce the full MC results for the free-
energy difference with an error &1% for F for all three
potentials. Thus, the required accuracy in F~ can prob-
ably be achieved either analytically from V(q), or by
MC methods.

%e have employed the identical systems to find what
fraction of trajectories that cross the saddle plane actual-
ly lead to completed jumps. Given any position on So,
and velocity in So, we have been able to find a perpen-
dicular velocity which causes the trajectory to approach,
and linger indefinitely on, the potential barrier; this tra-
jectory (b in Fig. 1) must therefore lie in CS+. Larger
velocities (e.g., a) give trajectories leading directly to
transitions, and smaller ones (e.g. , c) to trajectories
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which reverse their perpendicular velocity. Further
reductions lead at d to a trajectory which originated at
prior time from oscillations near the barrier (i.e., in

CS ) and finally to trajectories (e.g. , e) which corre-
spond to jumps in the reverse direction. This sequence is

consistent with expected changes from a to e along the
broken line in Fig. 1. In practice our calculations pro-
ceeded iteratively. A trajectory computed for an es-
timated initial perpendicular velocity was treated by
linear response theory to obtain an improved estimate for
use in a subsequent trajectory calculation. The pro-
cedure converged rapidly so that only a few iterations
were needed. Details will be described in a more com-
plete publication.

The investigation yields values of the critical perpen-
dicular velocity required for a jump, given a position on

So and velocity in So. All velocities perpendicular to So
that are greater than zero would lead to jumps if the po-
tential barrier were not curved. As in Bennett's calcula-
tions, 6 the actual fraction A of successful jumps is ob-
tained from a probability integral over perpendicular ve-
locities from the critical value (which for our case may
be positive or negative) to all higher perpendicular veloc-
ities (from b through a to ~ in the schematic Fig. 1).
When averaged over a sampling of initial positions and
velocities in So, this yields the thermal-average success-
ful fraction A. For trajectories near CM the present
theoretical framework establishes that the parity of total
saddle-plane crossings in a trajectory (odd or even) de-
pends continuously on initial position and momentum
coordinates; this assures that crossing rates derived from
integrals over states in So and the normal momentum are
meaningful (as was simply presumed in the earlier com-
putations ).

We have calculated A in three different approxima-
tions. The results, presented in Fig. 3, provide interest-
ing comparisons. The line shows the analytical calcula-
tions of Toiler et al. 4 which use an expansion of the po-
tential up to the first anharmonic terms, viz. , the djq in

Eq. (2). Shown as open circles for the case of Ar are
calculations of A obtained from MD by the sampling of
trajectories with the anharmonic potential used for the
analytical results. The solid circles are MD results for
the full crystal potential. The analytical and MD results
for the same truncated potential agree precisely. In con-
trast, the results for the truncated and full potentials
differ significantly above T —T /4. The departures that
occur at high temperature amount to 5.5% changes of
jump rate. These results show that the full MD analysis
is essential; the desired accuracy of —1% cannot be
achieved with less effort.

The isotope effect provides a sensitive experimental
monitor of the jump dynamics. For the ratio of rates for
two isotopes of mass M and M+8M one may ~rite
R(M)/R(M+6M) I+xbM/2M, vIith tc=xH+A
&d A/dM, and x'H the value of r for a harmonic approxi-
mation to the potential on So. Figure 3 shows x as a
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FIG. 3. Analytical anharmonic calculation (solid lines), MD
results for the truncated potential (open circles), and MD re-
sults for the full potential (filled circles), for the conversion
coefficient and the isotope-effect factor for the three models
investigated: Ar, Ag, and Cu. Points (open triangles) are
values for A and x computed by Bennett6 for Ar. Points (filled
triangles) are experimental measures of the isotope effect fac-
tor from Peterson. ' Insets: A and x at T for the truncated
Ar potential with an added hard-core repulsion, as functions of
the core radius oo, in units of the Lennard-Jones parameter cr.

function of temperature for our models of Ar, Ag, and
Cu, from the analytical method for the truncated poten-
tial and MD for the full potential. Experimental results
for Ag and Cu are indicated by solid triangles with un-
certainty bars. The MD data for the full potential agree
with the analytical approximation at low T and are con-
sistent with the experiments near T . The overall trend
from xH at T 0 to the observed x at T is the qualita-
tive behavior suggested much earlier by Flynn. '0

It is clearly important to understand why the results
for the full potentials give very similar x and A as func-
tions of T/T while the truncated potentials all give
roughly the same wrong answers. By means of addition-
al studies we have established unambiguously that the
difference arises from hard-core collisions. Thus, the
isotope effect and return jump rate are largely deter-
mined by the core repulsion of the full interaction be-
tween the moving atom and its neighbors.

We have verified this conclusion in two ways. First,
by examining individual MD runs we find that trajec-
tories for the full and truncated potentials are usually
very similar. However, in a small, temperature-
dependent fraction of events there occur large departures
that cause the changes of x and A evident in Fig. 3.
These special events correlate with states having large
initial values of g =g,.e;/p;, with e; the initial energy
associated with direction i in the saddle plane So (with
saddle-surface curvature p; '). In simplified theories
the occurrence of rapid return jumps depends on quanti-
ties like (Q&. Motion along those i with p; small is
known to create collisions between the migrating atom
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and its near neighbors; cases with a; large, and conse-
quently g also large, obviously correspond to strong col-
lisions (Bennett earlier notes the existence of "obstruc-
tive" collisions in dynamical simulations ). The inter-
pretation is confirmed by the fact that much larger devi-
ations of A and a' occur when the velocity is directed to
increase the displacement, than in the time-reversed tra-
jectory when the velocity is directed to smaller displace-
ments.

As a check we have performed further calculations in
which a rigid core repulsion, of radius era, is added to the
truncated potential for Ar. The hard core has little ef-
fect for small an but for values of an close to unity it
causes the reduction of tc shown inset in Fig. 3 (for
an 1.06o' the repulsive core occludes the saddle point, cr

being the usual Lennard-Jones parameter). Values of era

for the real solid are about 1.02cr, "which correctly gives
tr-0. 89. These results provide a direct confirmation
that the observed effect on tc arises from a deformation
of the center manifold associated with the hard-core
repulsion. The present calculations are the first to reveal
these interesting and general features in the dynamics of
atomic jumps in crystals.

In summary, we have described a systematic pro-
cedure by which diffusion rates in simple solids may be
predicted accurately in terms of the crystal potential.
These methods, based on the SM-ART treatment, have
been applied to vacancy motion in fcc crystals. A new
description of the isotope effect and jump rate at high
temperature is obtained. These properties apparently de-
pend on hard-core effects in the crystalline potential.
Both the calculated isotope effect and its insensitivity at
high temperature to specific atomic forces are in agree-
ment with experiment. The fraction of unrandomized
"return jumps" is about 10% for vacancy motion in fcc
crystals near T .
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Science Foundation Grant No. DMR-83-16981.
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