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Rydberg Atoms in Uniform Magnetic Fields: Uncovering the Transition
from Regularity to Irregularity in a Quantum System
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%e investigate the eigenvalue spectra of hydrogen Rydberg atoms in strong magnetic fields for mani-

festations of quantum stochasticity and find (i) a smooth transition from a Poisson-type to a Wigner-

type distribution of level spacings in the range of energy ~here classical motion becomes increasingly
chaotic, (ii) the occurrence of multiple avoided crossings, and (iii) connected with this, an extreme sensi-

tivity of oscillator strengths, and thus of observable spectra, ~ith respect to small variations of an exter-
nal parameter, viz. , the magnetic field strength.

PACS numbers: 31.60.+b, 05.45.+b, 32.70.Cs

Studies of the behavior of quantum systems in a range
of energy where their classical counterparts undergo
transitions from regularity to irregularity, as manifested
in phase space by the gradual destruction of invariant
tori, to date have largely been restricted to model Hamil-
tonian systems. Well known examples are the stadium
problem, ' the quantum Sinai's billiard, z or harmonic os-
cillators with cubic, ' quartic, 4 or still higher-degree po-
lynomial corrections. In this Letter we show that phe-
nomena which have turned out characteristic of the onset
of "quantum stochasticity" in these model systems can in

fact be recovered in the quantal energy spectra of a real
physical system, viz. , of Rybderg atoms in uniform mag-
netic fields. This means that one has a simple prototype
system at hand in which to study —not only in theory but
also in experiment, quantitatively and in detail, and as a
function of a continuously tunable external parameter—phenomena that are expected to be typical of the
quantum properties of nonintegrable systems in general.
The methods of characterization of "chaotic" quantum
spectra which we adopt in this Letter are (i) the statisti-
cal analysis of fluctuations of energy eigenvalue se-
quences in the transition region between regularity and
irregularity, (ii) the search for multiple avoided cross-
ings of levels in this region, and (iii) the sensitivity of ei-
genvalues and transition rates to small changes in the
perturbation, viz. , the magnetic field.

Rydberg atoms in strong microwave fields have been
proposed6 for investigations of "quantum stochasticity, "
and experimental results for the field ionization of elec-
trically polarized hydrogen Rydberg atoms have recently
been compared with classical calculations in the chaotic
regime. %e believe that Rydberg atoms in magnetic
fields lend themselves even more readily to complete
studies of the transition from regularity to irregularity,
since quantpl calculations are still feasible in the corre-
sponding range of energy. By contrast, quantal calcula-
tions of the microwave ionization of Rydberg atoms are
prohibitive because huge numbers of bound levels and
the continuum must be included.

After separating the trivial azimuthal dependence, the
Hamiltonian of an electron under the combined influ-

ence of a fixed Coulomb potential and a uniform mag-
netic field,

0 pz —2/r+2PL, +Pz(x +y ) (1)

(in atomic units, p 8/80 with 80 2(arrt, c) /(eh)
=-4.70x10s T), reduces to that of a nonintegrable sys-
tem with two degrees of freedom. Computations of the
classical trajectories by a number of authorss have es-
tablished the existence of irregular orbits above a certain
energy which depends on the value of the z component of
the angular momentum and the strength of the magnetic
field. With regard to experiments currently performed
with magnetized hydrogen and deuterium Rydberg
atoms by the Bielefeld group we chose their magnetic
field strength, 8 6 T, and L, 0. To find the range of
energy where, in the corresponding classical situation,
the transition from quasiperiodicity to chaos occurs, '0 we

first computed classical trajectories and determined the
areal fraction of regular orbits in the Poincare surfaces
of section at z 0. For 8 6 T, L, 0 we find the tran-
sition to occur for energies between ——100 and —25
cm below the field-free ionization threshold [cf. Fig.
1(a)1.

By the nonintegrable nature of the Hamiltonian (1),
the Schrodinger equation belonging to it can only be
solved by numerical means. The numerical approach we
take has been described elsewhere. " In the present cal-
culations basis sizes of up to 6400 were handled for
determining both eigenvalues and eigenvectors. Accura-
cies of at least six sigmficant figures were obtained for
energy values, and of three significant figures for oscilla-
tor strengths. Results for oscillator strengths of hm 0
transitions from 2po to even parity Rydberg states in the
m 0 subspace as a function of the energy of the final
states are shown in Fig. 1(b) in comparison with the cor-
responding fraction of regular orbits in the Poincare sur-
face of section at z 0. Figure 1(b) conveys a qualita-
tive impression of the increasing complexity of the quan-
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FIG. 1. The fraction of the Poincare surface of section of

classical motion at z 0 which is filled by regular orbits as a
function of orbital energy (a) compared with the oscillator
strengths of Am 0 transitions from 2@0 to hydrogen Rydberg
states as a function of the quantal energy of the Rydberg states
(b). The breakdown of regularity in classical motion is reflect-
ed in an increasing complexity of the quantal spectrum.
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FIG. 2. Nearest-neighbor energy-spacing histograms (left)
and results for the average value of the Z,3(L) statistics (right)
for hydrogen Rydberg levels (m 0, even parity) in a 6-T field
in three successive energy intervals. The smooth curves in the
histograms are the results of least-squares fits by the Berry-
Robnik distribution (2). For the physical conditions chosen
the numbers of levels falling into the individual energy inter-
vals are 47, 71, and 116, respectively. The change from a
Poisson-type to a Wigner-type distribution of the level spac-
ings, and the transition from the Poisson case to the random-
matrix theory predictions (GOE) in the h3 statistics is evident.

tal spectrum as one penetrates into ranges of energy
where classical motion becomes more and more chaotic.

To put this observation on a more quantitative footing
we undertook a statistical analysis of the level fluctua-
tions of the sequence shown in Fig. 1(b). Following the
procedure described by Bohigas, Giannono, and
Schmit'2 we first determined the function N (E ), which
gives the average number of levels up to energy E, and
replaced every eigenvalue E; by a; N(E;) to obtain a
level sequence with constant average spacing, D, between adjacent levels. For this sequence nearest-neighbor spacing
distributions were calculated. Figure 2 shows histograms of the distributions obtained in three successive energy inter-
vals, along with the corresponding results of the Dyson-Mehta h3 statistics. The smooth curves in the histograms
represent least-squares fits by the family of functions

Pz(S,q) q e v erfc( 2 Wxq'S)+(2qq'+ —,
' xq' S)exp( —qS ——,

' pq'2S2) (0 » q ~ 1, q'=1 —q), (2)

which Berry and Robnik'3 have shown to yield quite
generally the correct description of the level spacing dis-
tributions in the semiclassical limit for any system with
two degrees of freedom when one chaotic region predom-
inates. These functions interpolate between a Poisson
distribution (regular case, q =1) and a Wigner distribu-
tion (chaotic case, q 0). In the problem under con-
sideration the turnover from a Poisson-type to a sig-
ner-type distribution as one proceeds to energies where
classical motion becomes increasingly irregular, is obvi-
ous from the curves shown in Fig. 2. In an analogous
manner the h, 3 statistics display a transition from the
Poisson case to that characteristic of the predictions of
random-matrix theory (Gaussian orthogonal ensemble,
GOE). The universality of the characterization of the
onset of quantum stochasticity by these level fluctuation
laws is thus reinforced also in magnetic Rydberg atoms.

%e note that our finding is confirmed by very recent,
independent work of %intgen and Friedrich, ' and De-
lande and Gay' for the same system. These authors,
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FIG. 3. Energy levels of hydrogen Rydberg states with
m 0 and even parity as functions of the magnetic field
strength in a narrow strip around 6 T. Note the occurrence of
rapid successions of (a) avoided crossings and of (b) triple
avoided crossings. The numbers attached to the levels indicate
the state of excitation of the levels in the 0+ subspace.
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ticipating in the triple avoided crossing of Fig. 3(b) as a

function of the magnetic field. This example illustrates
that small variations of the field can cause extreme fluc-
tuations of the line strengths and, thus, lead to drastic
changes in the outward appearance of the observed spec-
tra. To our knowledge, this is the first time that these
manifestations of quantum stochasticity are—theoret-
ically —discovered in this "real" quantum system. The
ranges of energy and field are easily accessible in the
laboratory, and thus the experimental verification of
these symptoms of "quantum chaos" in bound-bound
transitions of hydrogen Rybderg atoms in strong mag-
netic fields is strongly encouraged by our investigation.

This work was supported by the Deutsche Forschungs-
gemeinschaft. %e thank the staff of the Supercomput-
ing Center at the University of Karlsruhe for generously
providing computer time on the Cyber 205.
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FIG. 4. Oscillator strengths of dm 0 Balmer transitions to
the levels participating in the triple avoided crossing of Fig
3(b) (numbers 353, 354, 355) as a function of field strength in
a narrow strip around 6 T. The transition strength to level 352,
which goes through an avoided crossing with level 353, is
sho~n for completeness. Note the extreme fluctuations of the
line strengths at slight variations of the field.

however, restrict themselves to the limiting cases of com-
plete regularity, or irregularity, while we study the be-
havior of the system in the transition from the one limit
to the other.

A statistical analysis of experimental data for the po-
sitions of Rydberg levels in a strong magnetic field is

hampered, apart from possible resolution problems, by
the fact that transition strengths to levels may become
very small, and consequently the missing of these levels
in the spectral sequence can considerably counterfeit the
level-spacing distribution. Manifestations of quantum
stochasticity which lend themselves more unambiguously
to direct experimental verification are revealed when we

ask about the dependence of positions and intensities of
spectral lines belonging to transitions to Rydberg states
on the field strength. %e have computed, in the transi-
tion regime from regularity to irregularity, the energies
and wave functions of m =0, even-parity states as func-
tions of the field in the interval 5.95 T~B ~6.05 T.
Examples for the behavior of the energy levels are shown
in Fig. 3 in two ranges of energy. Noteworthy is the oc-
currence of rapid successions of avoided crossings [Fig.
3(a)j, and even of a triple avoided crossing [Fig. 3(b)l.
These have been predicted as typical symptoms of quan-
turn stochasticity. The extreme sensitivity of the actu-
ally observable spectra on the field strength is demon-
strated by Fig. 4, where we have plotted the oscillator
strengths of hm =0 Balmer transitions to the levels par-
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