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Dynamics of Ring Polymers in the Presence of Fixed Obstacles
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The configurations and dynamics of a polymer ring (R) inside a strongly crosslinked polymer gel (G )
are discussed and compared to those of linear (L ) and branched (8 ) polymers in G. R is not topologi-
cally connected to 6 in the sense that the contour line of R can be reduced to a point without crossing
any of the chains of G. This topological requireraent leads to the correspondence between the configura-
tions of R in G and the set of lattice trees (randomly branched polymers). But the dynamics of R in G is

much faster than that of entangled 8, and is similar to the dynamics of entangled L.

PACS numbers: 36.20.Ey, 05.50.+q, 61.41.+e, 66.10.Cb

Ring polymers (R) constitute an interesting and im-

portant class of macromolecules. ' DNA molecules are
often found in the form of very high-molecular-weight
R. Gel electrophoresis is a common method of separa-
tion and characterization of DNA. 2 The existing theo-
ries of gel electrophoresis apply only to linear polymers
(L) and are based on the reptation models; therefore,
they are not directly applicable to R. It is important to
develop a theory for the static and dynamic properties of
high-molecular-weight R in a gel (6). This theory
would be a starting point toward the understanding of
the experimental results of the R diffusion into a matrix
of L 'o and, possibly, the dynamics of a melt of R"

In this paper, we propose a theory for the configura-
tions and dynamics of R in G. We compare our theoreti-
cal predictions with those for L in G and branched poly-
mers (8) in 6, and with some experimental results. The
unexpected predictions of the present theory are that the
configurations of R and 6 can be mapped onto those of
randomly branched unlooped polymers (lattice trees),
but the dynamics are similar to those of entangled L. In
order to explain these predictions clearly, we review the
results of the dynamic theories of L in G and 8 in G.

The dynamic properties of 6 are determined by chem-
ical crosslinks and topological entanglements. Per-
manent (temporary) entanglements are topological in-
teractions which permanently (temporarily) reduce
available configurational space. '2

We have confined the scope of this paper to the dy-
namics of polymers in an array of fixed obstacles; there-
fore, we assume that networks have no dangling ends and
loops (no temporary entanglements). The network of
primitive paths of 6 has crosslinks and permanent entan-
glements at its vertices and divides space into cells of
average size a. For a polymer diffusing through 6, this
distance a defines a length scale, called the tube width,
at which topological constraints become important.

A polymer diffusing through a network has no per-
manent entanglements (otherwise, it would not be dif-
fusible). The distance between the temporary entangle-
ments of a flexible polymer in a network is determined
by the cell size a of this network. In 8 solvents and in

the absence of solvent, the section of the polymer be-
tween entanglements can be modeled by a random walk,
and the molecular weight of this section M, -az. For a
network in a good solvent M, -a'/", where v~3/(2+2)
is the Flory exponent (0.6 in d 3 dimensions). If the
molecular weight of the polymer is much larger than
that of the chains of G between crosslinks, the polymer
will be swollen by G. ' This effect is similar to the swell-

ing of long chains in a melt of shorter ones. '4 Thus, in d
dimensions, the radius of gyration of L (or star poly-
mers) diffusing through 6 is

Rg ) M3/(@+2)

and for randomly branched polymers'

RP) Ms/(2d+4)

(la)

(lb)

r, —M (2)

The confining tube can be defined as a region with a
high-average-density profile of a diffusing polymer,
where averaging is taken over a much longer time than
the relaxation time of the sections of mass M„but much
shorter than the equilibration time of the whole chain. '2

The central line of the tube (the line of maximum aver-
age density) is called the primitive path of the polymer.
In Fig. 1, we present a two-dimensional sketch of entan-
gled L and 8 (solid lines) in G. The topological con-
straints (primitive paths) of 6 are denoted by circles.
Primitive paths of L and 8 are represented by dashed
lines.

A polymer can be divided into its primitive path and a
set of unentangled loops, called defects. A few of these
defects are represented by dotted lines in Fig. 1. The dy-
namic properties of a primitive path and unentangled
loops are very different. Unentangled loops relax quickly
(Rouse-type relaxation time -M, ) and diffuse along
the primitive path. This diffusion of the unentangled
loops of stored length (defects) along the primitive path
of the polymer was considered originally by de Gennes9
for L in 6.

The equilibration time r, for the density of defects
along the primitive path is proportional to M:
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FIG. l. Entangled linear (L) and branched (8) polymers
(solid lines) in a gel (6) (primitive paths of 6, open circles). L
and 8 can be divided into their primitive paths (dashed lines)
and a set of unentangled loops (four of them are outlined by
dashed lines).

(it is of the order of diffusion time of defects along the
primitive path). At this time, the length of the primitive
path reaches its equilibrium value, unless there are
branch points at both ends (e.g., central chain of an H
polymer in Fig. 1).

The above description applies to a polymer of any to-

pology. Below, we consider relaxation and diffusion of
L, 8, and R in 6 separately.

If a gel containing an unattached polymer is stressed,
the polymer can relax by moving out of its original
stressed tube into a completely new, unstressed one. For
L, this process is called reptation. The relaxation time
of L, called reptation time, is proportional9 to Ms:

(3)

During this time, the center of mass of L moves a dis-
tance on the order of RP; therefore, the diffusion co-
efficient of L in 6 is

D(L) (~P))2/r(L) M 3dj(d+2)—
Notice the difference between the exponent 1.8 (for
d 3) of Eq. (4) and exponent 2 of Ref. 9. This differ-
ence comes from the assumption of swelling of L in 6
[Eq. (1a)]. L are not swollen in the melt of other L, and
the diffusion coefficient for L in L is -M, as is exper-
imentally observed. 's

A branched polymer cannot reptate along its tube the
way L does, because unentangled loops (defects) cannot
pass the branch point. This difference in the boundary
condition dramatically affects polymer dynamics. The
dynamics of the simplest type of 8 [the symmetric star
polymer (S)] in 6 was originally solved by de Gennes. '

The solution was later modified, ' ' but the exponential
dependence of relaxation time on molecular sleight M,
of the arm of S still remains intact:

r,")-exp(aM. ).

The reason for this dependence is that, in order for an

f-arm S to relax (completely change its configuration),
all of its arms must retract all the ~ay to the branch
point (to form huge unentangled loops with the branch
point in the same cell of 6 as the tips of the arms). The
retracted arms are then pushed out through the gates of
the cell (faces between adjacent cells) into completely
ne~ configurations. The probability of a large unentan-
gled loop in 6 is exponentially smail'; hence Eq. (5).

Diffusion of an f-arm star consists of a set of steps of
its center between neighboring cells of 6 (steps of order
a). To make such a step, S needs to vacate all but (at
most) two gates of the cell. The probability of this in the
z-gate cell is

[1+(z —1)(f—1)/2]z!f!
(z+f —1)!

The diffusion coefficient is therefore an exponentially de-
caying function of M, :

D' '-c(z,f)a'/r, ' )-c(z,f) exp( —aM, ).

We would like to stress that the factor a in the exponen-
tial does not depend on the number f of arms of the star
polymer. (An opposing point of view with a-f —2 has
appeared in some recent papers. ' ') To move the
center of S, the f—2 arms need not be retracted simul-
taneously! Following the retraction, it is only necessary
that the tips of these arms leave the cell containing the
branch point through the same gate as one of the two
remaining arms of S. Thus, the functionality of the
branch point f enters a combinatorial prefactor c(z,f)
in Eq. (6), but not the exponent. This is to be contrasted
with the other relaxation mechanism described by
Klein, 2' where the branch point together with f—

1 arms
of the star move along the tube of the remaining arm.
The relaxation time associated ~ith it is proportional to
exp[(f —2)a'M, ], where a'+a. Thus the relaxation of
a three-arm star is a combination of the two mechanisms—the retraction of the arms and the fluctuations in the
position of the branch point, as described by Klein. 2'

But for the number of arms f & 3 the first mechanism
clearly dominates.

Consider a cyclic polymer inside a network, but not
permanently entangled ~ith it, so that it can diffuse
without breaking any chemical bonds [Fig. 2(a)]. The
fact that only temporary entanglements of the R with
the 6 are present means that the R is topologically
equivalent to a point (can be reduced to a point without
crossing any other chains). As mentioned above, primi-
tive paths of 6 divide space into cells of average size a.
The set of the centers of these cells forms a lattice dual
to that of crosslinks and permanent entanglements of 6.
The gates of 6 correspond to the bonds of the dual lat-
tice. The absence of permanent entanglements implies
that the R crosses each gate an even number of times. If
~e replace this even number of crossings by a single
bond, we obtain a lattice tree [Fig. 2(b)]. Thus, the
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FIG. 2. (a) Ring polymer in a gel can be mapped onto (b) a

lattice tree on a dual lattice.

statistics of R in 6 are similar to the statistics of lattice
trees. This point was suggested by Khokhlov and

Nechaev, 22 and independently by us for the present
work. In Ref. 22 the term "lattice animals" was used. It
includes closed loops forbidden for temporarily entangled
R in G. Closed loops are irrelevant for the static proper-
ties of lattice animals 3 but they make R diffusion in 6
impossible.

Thus, any R in G can be mapped onto a lattice tree on

a dual lattice, but a lattice tree corresponds to many con-

figurations of R in G. Mapping of R in 6 onto lattice
trees neglects configurational details on scales smaller

than a. This simplification is justified by the fact that
short-time dynamics is not affected much by large-scale

topology; therefore, the nontrivial aspects of the dynam-

ics of R in 6 come from motion on the scale of a and

larger. In fact, instead of our mapping the R itself, it
would be more appropriate to map the line of maxima of
the density of R averaged over short times (see the defi-
nition of the confining tube above). This would elim-

inate the branches of the lattice tree appearing and

disappearing with very high frequency, corresponding to
a few monomers of R getting in and out of new cells of
G, and leave only relevent large-scale motion.

Lattice trees model randomly branched unlooped poly-
mers. Therefore, the configurations of R in 6 are simi-

lar to those of randomly branched polymers. This simi-

larity implies that the radius of gyration of R in 6 has
the same dependence on molecular weight as Eq. (lb):

R$R) ~sl(2d+4)

The dynamics of R in 6 are introduced in a way simi-

lar to the dynamics of L in G. The motion of R in 6 re-

sults from elementary displacements (by distance of the
order of a) of small unentangled loops (of size -M, ).9
These displacements correspond to the hopping of the
lattice tree branches between the adjacent bonds. Unen-

tangled loops (defects) undergo one-dimensional dif-
fusion along the contour of R as they move along the
contour of L ~ The only difference is in the geometry of
the contours. This implies that the longest relaxation

times for the two systems are proportional [Eq. (3)]:
~(R) ~3

D(R) (RP))2/r(R) ~—(3d+))l(d+2) (9)

This prediction agrees with recent computer simula-
tions. 2 The difference in the molecular-weight depen-
dence of L in 6 [Eq. (4)] and R in 6 [Eq. (9)] implies a
similar difference in electrophoretic mobility, 3 s which is
consistent with experiments.

In our treatment of the dynamics of R in 6, we as-
sumed that overlapping branches of the lattice tree do
not interact in the sense that unentangled loops do not
penetrate one another too deeply. This would slow the
dynamics, because for one such loop to retract, another
loop that penetrated through it must move out first. We
believe that this effect cannot be neglected for the melt
of R in R. It is probably the major cause for significant
slowing of the dynamics of R in R. Thus, going from R
in 6 to R in R, we predict an increase in relaxation time
r, as a result of the trapping of unentangled loops,
~hereas ~hen ~e go from L in 6 to L in L r, should de-
crease because of constraint release.

The results presented in this paper are directly appli-
cable only to R in 6. The equilibrium conformations of
R in L do not correspond to lattice trees, but for very
high-molecular-weight L, diffu. sion of R in L is due

Despite the similarity in conformations the dynamics
of R in 6 differs from that of 8 in G. The unentangled
loops diffusing along 8 cannot pass branch points and
are reflected from them, causing an exponential depen-
dence of relaxation time on the molecular weight of the
arms [Eq. (5)]. The R has no chemical branch points
and the branch points of the lattice-tree representation of
R in G do not restrict the motion of unentangled loops
along the contour of R.

The dynamics of the lattice tree on the dual lattice can
be described in the following way. The motion starts
with the leaves of the tree jumping to adjacent bonds.
Later, the combined motion of leaves corresponds to a
displacement of the branches of the tree. Finally, the
motion of the larger branches transforms into a diffusion
of the trunk of the lattice tree (and of R). This dynamic
picture is similar to the way artists make cartoons; there-
fore, this model is called the lattice-tree animation mod-
el.

This picture is to be compared with the reptation of
nonramified R in 6 proposed by Klein. ' The probabili-
ty of a nonramified configuration (linear lattice tree with

no branches) is exponentially low, and the probability of
staying in this configuration long enough to reptate in

the same manner as a L in G does is still lower. There-
fore, this diffusion method of R in 6 seems less likely
than the proposed lattice-tree animation model.

The diffusion coefficient of R in 6 can be determined
from Eqs. (7) and (8),
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mainly to an exponentially small fraction of R (non-
threaded ones). ' Their configurations and dynamics,
until they encounter the ends of L, are similar to R in G.
Therefore, the dynamic theory of R in L can be con-
structed analogously to that of Ref. 21 by use of the
lattice-tree animation model instead of the nonramified
R reptation model. The contribution from the majority
of R in L, the threaded ones, can be described by the
Orwoll-Stockmayer model with bond-flip rates equal to
the constraint release rates, determined by the molecular
weight of L.
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