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A theoretical study of the electronic level structure of tunneling semiconductor superlattices in the
Hall configuration is presented. Our self-consistent calculations reveal that surface-type states associat-
ed mth the depletion regions at the ends of the superlattice appear in the gap betvreen Landau levels

during Landau-level emptying. The surface-type states are pinned to the Fermi energy throughout the
range of magnetic fields where the quantum HaB plateau occurs. Our results explain the Hall quantiza-
tion index and the anomalously small activation energy observed recently by Stormer et al.

PACS numbers: 73.40.Lq, 71.45.-d, 72.20.My

Within the past few years, research on thin multilayer
semiconductor structures has attracted a great deal of at-
tention. ' This work has been stimulated by the possi-
bility of being able to synthesize systems with prescribed
electronic properties which can be used to study a variety
of very interesting physical phenomena. A prime exam-
ple of such a system is the superlattice fabricated from
layers of GaAs alternating with doped layers of A1GaAs.
Since the latter material has a larger energy gap than
GaAs, the electrons (or holes) donated by the ionized
impurities are confined mainly to the GaAs regions.
However, if the doped layers are thin, quantum tunnel-

ing occurs in the direction perpendicular to the layers,
giving a three-dimensional character to the electrons.
This system has been recently used by Stormer et al. s in
a novel and stimulating quantum-Hall-effect experiment.
Previously, the quantum Hall effect (QHE) had always
been observed in systems where the electrons (or holes)
have a purely two ditttens-iottal character 2Well-. known

examples of such structures are the inversion layer in a
metal-oxide-semiconductor field-effect transistor, s the
interface of a single semiconductor heterojunction such
as GaAs/A1GaAs, and a layered semiconductor multiple
quantum-well system. However, Stormer et al. demon-
strated that the quantization of the Hall resistance per-
sists in an electronic system which exhibits an anisotro-
pic three-dimensional energy dispersion relation. s

In this Letter we report self-consistent calculations of
the energy-level structure and corresponding charge dis-
tribution across a tunneling semiconductor superlattice
in the presence of a large magnetic field. We predict an
unusual behavior of the level structure as a function of
the applied field. The levels undergo a complex, highly
nonlinear global rearrangement ~ith respect to the Fer-
mi level every time that a Landau level is emptied. Most
interestingly, this transition involves the creation of
surface-type states (located mostly in the depletion re-
gion near the ends of the superlattice) which "peel off"
from the band continuum and closely track the Fermi
energy of the system. The calculated superlattice level

structure allows us to explain important features ob-
served in the QHE experiment, such as the value of the
Hail quantization index and, especially, the remarkably
small activation energy of the Hall plateau. We also
propose that the additional application of a potential
difference across the superlattice chain in a QHE experi-
ment would provide interesting information about the
distribution of localized states within the levels.

The superlattice can be viewed as a set of N potential
wells attractive to electrons and separated by finite bar-
riers. The main features of the miniband structure, such
as the bandwidths, are generally well represented by a
simple Kronig-Penney model which uses the available
experimental data such as the layer thicknesses and the
alloy composition x (as in the case of the superlattice
GaAs/AlsGat-„As, to determine the potential barrier
height). ' However, a more detailed calculation of the
electronic level structure should consider the existence of
midgap states at both ends of the superlattice. The phys-
ical nature of these states is related to impurities in the
substrate on which the superlattice is grown and/or to
states associated with the termination of the layer
growth. These midgap states at the ends of the superlat-
tice chain strongly affect its electronic level structure by
pinning the Fermi level of the system and producing de-
pletion regions near the ends. 3 7

In this calculation we make use of a basis of states be-
longing to the lowest electron miniband to describe elec-
tron propagation in the direction perpendicular to the su-

perlattice layers (z direction). In order to work in real
space, we transform from the miniband Bloch states to a
representation in terms of a Wannier set (of tight-
binding states) centered on the different GaAs layers.
The corresponding Hamiltonian for the single miniband
considered here is then given by

Hg g (Ut'Ct Ct tc)+tel tcj CJ'+(), (I)
where cl is the destruction operator associated with the
tight-binding state in the layer j ( 1 to X), and t is the
nearest-neighbor hopping matrix element (spin indices
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tion of the magnetic field for a GaAs/A1GaAs superlat-
tice with thirty layers, the case studied in the experiment
of Ref. 3.' The eigenvalues e are plotted relative to
tt for a region of magnetic field in which the second Lan-
dau band (n 1) is being emptied (only the center of
each broadened level is shown). In addition to the ex-
pected Landau bands due to the z dispersion of the elec-
trons (bandwidth 8'=4t in the case of large 1V), there
are states that "peel off" from the quasicontinuum to lie
in the gap region between the Landau bands. These
states [denoted by SS in Fig. 1 and belonging to the
n 0 Landau band with tr +'

2 and m 24,25] arise
because of the inhomogeneous self-consistent Coulomb
potential associated with the depletion regions near the
ends of the superlattice chain and, most interestingly,
closely track the Fermi level over a wide range of mag-
netic fields. The eigenvectors corresponding to these
states which lie in the Landau gap are strongly peaked
near one of the ends of the chain, and decay rapidly
(within about two GaAs layers) towards the interior.
Other states (denoted by QSS in Fig. 1) also show a ten-
dency to peel off from the continuum (and correspond-
ingly show eigenvectors having a somewhat enhanced
amplitude near one of the ends), but only for a small
range of magnetic fields. They promptly rejoin the band,
and recover their "bulklike" character. Notice that in

Fig. 1 there are only 48 mncr levels below p at 8 =9 T,
out of the 60 levels corresponding to the n 0 Landau
band. The other n 0 levels are not occupied (or only
partially so, as in the case of the upper SS doublet) since
they are associated with the depletion layers at the ends
of the superlattice. The highest ten levels in the n 0
band are at too high an energy to be visible in Fig. 1.

Figure 1 also shows the quite sudden highly nonlinear
rearrangement of most of the level structure with respect
to p, occurring close to the value of 8 at which the band
n 1 is emptied completely. This unique behavior is a
consequence of the self-consistent interactions, and
would not appear in a noninteracting-electron scheme.
The global level rearrangement occurs every time that a
Landau band empties, but with decreasing "jump" am-
plitude for increasing n, because of the decreasing frac-
tional charge of each band with respect to the total. '3 In
addition, Fig. 1 shows that the surface states SS remain
almost stationary in energy across the global level rear-
rangement (other than the expected systematic slow drift
with respect to p, which changes their fractional occupa-
tion). Indeed, the surface states must dominate the
behavior of the quasiparticle excitations near the Fermi
level of the system in this regime, and are thus of the ut-
most importance for the QHE experiment.

Let us now discuss the consequences of the calculated
level structure for the QHE. In the usual two-
dimensional electron systems, at low temperatures and
large magnetic fields, the Hall resistance is quantized ac-
cording to pH lt/e v, where v is an integer to a very

high experimental accuracy, while the longitudinal
resistance nearly vanishes. The Hall plateaus are under-
stood in terms of the Fermi level's lying in a region of lo-
calized states which exist in the tails of each broadened
20 level. The integer v is a topological invariant '
which is identified with the number of Landau levels l
(counting spin) having their extended states below the
Fermi level. In a single 2D system v l, whereas in a
multiple-quantum-well stack v ls, where s is the num-

ber of wells in the stack. On the other hand, both experi-
mental's and theoretical' evidence suggests that the en-

ergy range of extended states in the middle of each 2D
level is very narrow. Moreover, since the impurities and
disorder which produce localized states in a typical 2D
system are also present in the case of a superlattice, we

expect that the broadened levels e~„will show similar
characteristics. Indeed the experimentally observed
value v 48 of the QHE index reported by Stormer et
al. , 3 for the plateau centered at 8 =8.9 T, is completely
consistent with identification of v with the number of
broadened levels e „whose centers lie below the Fermi
energy in our calculation (see Fig. 1) for a reasonable
choice of model parameters. ' The surface states SS
have a strong 2D-like character, being nearly confined to
a single GaAs layer, and lying outside of the bulklike en-

ergy bands. It is thus reasonable to suppose that, in
common with 2D systems, 's's the SS also have only a
very narrow range of extended states at the middle of the
broadened e~„ level. Correspondingly, the activation
energy d, of the QHE plateau should be given by the
separation between p and the closest extended surface
leuel (Note t.hat there are localized states right at p
which come from the tails of the nearby levels as a result
of the finite level broadening I.'2) We find 6&0.5
meV. This value is over an order of magnitude smaller
than the activation energy which one would expect in the
absence of surface states (since then one would estimate
6= htu, —W=13 meV, as is explained in Ref. 3). Thus
our calculations provide a plausible answer to the puzzle
of the very small experimentally observed activation en-

ergy h,„&=0.26 meV. Precise agreement with experi-
ment can be attained here by small variations of the con-
stants b and b", or by reduction of I to =0.5 meV, but
this would be somewhat artificial since one expects other
effects also to have an impact on this fine tuning. ' "
The above interpretation of the QHE experiment in

terms of the calculated level structure also answers the
question raised by Stormer et al. as to why an integer
QHE is observed experimentally in this system even
though there is unequal filling with electrons of the su-
perlattice quantum ~elis in the region of the depletion
layers.

It is interesting to notice that variation of the total
electronic density by the application of a voltage across
the superlattice (possibly in a backsided-gate configura-
tion' ) would affect the value of 6, as well as the number
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of levels below p, changing the Hall quantization index
in a concurrent QHE experiment. This could provide a
direct experimental map of the distribution of extended
and localized states within the surface levels, as well as
information on the mixing of spin doublets which seems
to affect the widths of QHE plateaus. 's This informa-
tion is of great current interest, ' and experimental
work in this direction would certainly be very stimulat-
ing.

In summary, we have calculated the electronic level
structure of a semiconductor superlattice as a function of
the magnetic field in a Hall configuration. Self-
consistent interactions produce a global level rearrange-
ment at the emptying of the Landau bands which is pre-
ceded by the peeling off of surface states from the band
continuum. These surface states track the Fermi level in
the region of the Hall plateaus, and are vital in under-
standing the main features of the QHE experiment.
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