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From Light to Heavy Qnarkonia: An Integrated Bethe-Salyeter View
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A modification in the (harmonic) kernel of a QCD-oriented Bethe-Salpeter equation known for
good fits to qq and qqq spectroscopy gives a comprehensive description of qq, Qq, and QQ systems.
The new assumptions are (i) proportionality of the "reduced" spring constant cu' to o., (~' = coo'u, )
and (ii) the replacement r r'/(1+Aomimir')' co/co—o. These provide a more direct QCD
motivation for confinement and effect a smooth transition from harmonic (qq) to linear (QQ)
confinement.

PACS numbers: 14.40.—n, 11.10.St, 12.40.gq

The age-old problem of a total understanding of the
entire range of hadronic spectra (from the lightest to
the heaviest) continues to pose a challenge' despite
numerous piecemeal successes, especially on the
heavy sectors. 2 The natural language of description is
still thought to be QCD, but its complex structure
does not easily admit of a closed-form solution for
confinement (despite great strides in lattice QCD), so
that the usual fashion has been to consider effective
kernels with linear or quadratic behavior. While linear
confinements for heavy quarkoma has, by and large,
been established, quadratic confinement is not ruled
out, at least for the light or semilight sectors. The oth-
er aspect of the dynamics concerns the role of relativi-
ty which, though modest for heavy quarkonia, is
thought to be crucial for the light sectors. As a result,
the minimum dynamical framework for the imple-
menting of an effective confinement program is pro-
vided by the Bethe-Salpeter equation6 in preference
to the Schrodinger equation.

A QCD-oriented Bethe-Salpeter approach with
quadratic confinement had been proposed some time
agor and found to provide a rather good description of
light and semilight flavored hadrons (qq, qqq), not only
for their mass spectra~ 5 s but also other properties
(such as pionic and electromagnetic couplings)
depending on their (relativistic) wave functions. 9'o
The key ingredients in the qq harmonic kernel, which
is assumed to have the same spin (y(t) y(2)) and color
( —,

'
A,

(t)
&& —,

' k(2) ) dependence as that of the one-gluon-
exchange term, are (i) a universal spring constant toi

hopefully common to all flavors, and (ii) the quark
mass for the flavor sector under study, while the one-
gluon-exchange term plays a modest enough role to
warrant a mere perturbative inclusion. The model has
so far had two major drawbacks: (i) The harmonic-
oscillator (h.o.) kernel gives too-large spacings for QQ
sectors, and (ii) the experimental qq masses require
smaller (and mildly flavor-dependent) values of the
zero-point energy (ZPE) than the standard h.o. value
( —,

' ) for qq. 4 s s

In this Letter we seek to remedy these defects

through the following additional assumptions in the
h.o. kernel structure:

2= 2=o&~.

r r —co/coL

r'- r'(I+A emtmr')

and in the process find an excellent fit to the entire
range of meson spectra from qq to QQ within a single
unified framework.

Assumption (I), which involves the running cou-
pling constant a„provides a rather explicit QCD mo-
tivation to the kernel and facilitates a further flavor
variation in to, so that roti is now postulated as a more
natural candidate than to2, for universal constancy over
a wider flavor range. Assumption (2) is designed to
account for the ZPE flavor variations in the earlier for-
malism at the cost of a second constant Co. Finally the
r structure in assumption (3), where m i, m 2 are the
participating quark masses, offers the possibility of an
effective linear confinement for QQ systems (large
m, ), while retaining the harmonic features already
tested at the qq sectors (small m;), provided the third
constant A 0 is small enough.

Before discussing the fits to the data (Tables I-III),
we summarize some of the essential features of the
calculations whose basic philosophy as well the line of
approach have been adequately described in the earlier
publications. 4 s First, the four-dimensional Bethe-Sal-
peter (BS) equation must be reduced to a three-
dimensional form via the null-plane approximation
(NPA)s in which the relative momentum component
q plays the same role as does the component qo in
the instantaneous approximation. Initially, the lack of
Lorentz invariance of the h.o. kernel ( —r2) had stood
in the ~ay of a formal NPA covariance of the resulting
three-dimensional BS equation in the null-plane vari-
ables (q~, q+), thus making the corresponding wave
function unsuitable for applications to processes in-
volving moving hadrons. This defect has recently been
remedied" through a Lorentz-invariant adaptation of
the harmonic kernel in momentum space in the fol-
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TABLE I. Mass spectra of cc and bb states (in megaelec-
tronvolts). For input parameters, see text.

TABLE II. Mass spectra of qq (q = u, d) and ss states (in
megaelectronvolts). For input parameters, see text.

M (calc.) Meson M (calc.)

q (2980)
y(3097)
x(3415)
x (3510)
x(3555)
71 (3590?)
y(3685)
y (3770)
x(?)
y(4030)
y (4160)
p (4415)

q('. )
y(9460)
x(9873)
x(9894)
x(9915)
y (10025)
x (10254)
x(10271)
y (10355)
y (10575)

0000
0101
1011
llll
1211
2000
2101
2121
3211
4101
4121
6101

0000
0101
1011
1111
1211
2101
3111
3211
4101
6101

lowing sense:

a'
(p'[K„, [p) = lim~- & t)m' m'+ (p„—p„')' '

3035
3092
3510
3526
3556
3661
3696
3716
4029
4087
4101
4419

9486
9498
9899
9903
9912

10001
10269
10278
10321
10536

n (140)
p (775)
8(1235)
f,A, (1320)
p '(1600)
A (1680)
g(1690)
h(2030)
p (2350'?)
r(2510'? )

4 (1020)
E(1420)
f'(1525)
y(1680)
g (1850'?)

0000
0101
1110
1211
2101
2220
2321
3431
4541
5651

0101
llll
1211
2101
2321

163.0
915

1182
1352
1590
1532
1682
2009
2288
2571

1051
1364
1460
1644
1776

which ensures automatic NPA covariance for the re-
sulting three-dimensional BS equation. " However, in
the limited context of mass spectra (of immediate in-
terest) it suffices to consider the hadron in its rest
frame, and hence to take the simpler h.o. representa-
tiOn (r2).

With use of the techniques of Refs. 4 and 7, and in
the notation of Mitra and Mittal, ' the reduced three-
dimensional BS equation in the hadron rest frame,
after incorporation of the assumptions (1)-(3), is ex-
pressible as

[q2y2 —W('vr»2) —,' r12m—t2cottngM 'Qq —G (M) ]@(q)= 0,

2 2' 2
mt m2 2cotto. , 2Co~sm 12&12+
m22 m 1' M

1+

W(V'q ) = ,' Mr 12aipu, m—12'vrq[ I —A pm 1m2Vq ]

—,
'

Q q
= q2'7»2+ 2q '7» + —', .

G (M)/r12 4 (M m12 ) 2m120&sM (2J S 3) + z m12MCOosr12i

v)2=4m)m2m)2, m)2= m)+m2,
—2

(5)

(7)

(8)

The solution of Eq. (4) was given in Mitra and Mittal (for the case Ao= Ct1=0) in the h.o. basis. In particular,
the eigenvalues of Q» were determined in terms of SO(2, 1) algebra to be given bys

Q
' = (—'Q ) = ——' —'(J11+ —')' —z— (10)

where A. = ——', (+ —', ) for even (odd) values, respectively, of the total h.o. quantum number N.
While the constant Ce term presents no formal difficulty, the treatment of the "potential" term W'when Aoa0

may be given either directly in the r representation (which in turn requires a detailed numerical analysis), or
preferably in an h.o. basis which has the advantage of exhibiting a greater transparency in its dependence on the to-
tal quantum number N with little sacrifice in numerical accuracy. The latter is achieved through the effective re-
placement

(I+Aamtm2r2)tt2 - [I+Aemtm2(N+ —,)/ptvl't =oN,
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E(496)
K'(892)
g i (1270)
02(1350)E'"(1430)
L (1770)
K'"'(1780)
K'""(2060)

D(1869)
D"(2010)
F(1971)
F'(2140)

8(5271)

0000
0101
1110
1111
1211
2220
2321
3431

0000
0101
0000
0101

0000

564
983.5

1252
1312
1412
1595
1738
2064

2010
2098
2113
2198

5253

where Pili is the inverse range parameter for the Nth
state of h.o. excitation which would now be defined
nonlinearly through the equation

TABLE III. Mass spectra of strange, charm, and b-fhvor
states (in mcgaclcctronvolts). For input parameters, see
text.

M (calc.)

zation for S states (cc,bb) and 5 x 5 for all others.
One more item concerns the relativistic correction to

the one-gluon exchange, and for this we have con-
sidered only the term which is believed to be fairly
unambiguous, viz. , the spin-dependent (ai rr2) part
of the Fermi-Breit term. It produces the following ad-
ditive correction to M2:

8M2 64 ~ . (M2)M —1 —lg (P2( )3/2

where g„= 1,—', ,—„, . . . for the successive radial exci-
tations of the principal (L = 0) state under study.

The input parameters have been fixed, partly
through a prior estimate of the quantities ai ( =aiiio, , )
and Co from hght quark spectroscopy, s and partly
through a search program, starting from the heaviest
(bb) sector which yields the most sensitive determina-
tion of Ao. Tables I-III give a comparison of our
theoretical values with the data, "by use of the follow-
ing inputs for the basic constants

aio2=0.025 GCV2, Co=0.2958,

7 pk(2~N)"'= tr2~o(m, zM a)'"

Equation (4) now has the formal solution

(12) 30=0.02828

as well as the quark masses (in gigaelectronvolts)

G (M) +2rt2mt2aioa, Qt't =2pbty (N+ —,), (13)

which does not yet include the (Coulombic) effect of
the one-gluon-exchange term. For the running cou-
pling constant we have earlier used the representa-
tion5'2

r

12m
1

M
(33 —2f) (i4)

A =0.25 GeV,

for estimating the (perturbative) effect of the Cou-
lomb term. Its principal features are still retained for
the simpler representation obtained by the replace-
ment

(15)

which is what we advocate for its appearance in the
confining term, in keeping with a natural desire to en-
sure that the basic dynamics (at source) be indepen-
dent of the quantity (M) to be determined.

As for the Coulomb term ( V, ), while its perturba-
tive inclusion continues to be reasonable for the light-
quark sectors, a more accurate treatment is called for
ln thc hcavy (cc,bb) sectors. This llas bccrl achicvcd
through a diagonalization of its matrix elements
{n

~ V, ~
n') for different pairs (n, n') of radial excitation

corresponding to a given set of JLS values. In the
present study we have considered a 10X10 diagonali-

m~=0. 27, m, =0.41,
( )

m =1 76 mb = 5.21.
The most impressive fits are now seen for the bb

and cc sectors which had so far4 's not been "under-
stood" in this model. The present success has been
brought about partly by the flavor variation of o,„
which effects a much needed decrease in the quantity

( = aiotr, ) from the qq to QQ sectors, and partly by
the "small" Ao term which nevertheless dominates
through the factor mim2 in the heavy sectors, while
playing a negligible role in the uds spectroscopy. t4 The
last mechanism effectively provides a linear confine-
ment for QQ systems in conformity with the usual be-
liefs, '2 without disturbing the quadratic form of con-
finement found earlier for uds spectroscopy. 4 s s

For the qq sectors, while the quality of fits cannot be
judged by the standards of QQ systems, there are
nevertheless some important discrepancies for the
ground state which show a systematic tendency towards
overestimation. However, this trend decreases rapidly
with L excitation so that the fits are almost perfect for
L ~ 1 states (except for A and L). The tendency to-
wards overestimation of the ground-state masses also
shows (quite expectedly) a sharp decline with increas-
ing flavor mass, as seen from a comparison of the
unequal-flavor sequence K,D,F,B, so that the fit looks
almost perfect at the stage of B-meson.

The additive constant Coitai02 to the h.o. kernel (r2)
which is designed to simulate the shortfall in the zero-
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point energy noticed in the earlier formulation, ~ 's has

played a twofold role: Apart from filling up the zero-
point energy shortfall almost perfectly, for all but the
L = 0 states of light (qq ) quarkonia, it has had the ef-
fect of narrowing down the earlier variations in the p
values (the Gaussian inverse range parameter) for the
different qq hadrons, a very desirable feature for other
hadronic properties which depend on the details of
their wave functions. The remaining mass discrepan-
cies for qq states of L = 0 seem to point to some mild
flavor variations in Co, a relatively fine structure effect
not pursued in this study.

Finally a word about the pion is in order. Its rather
"accurate" mass determination (163 MeV) has been
brought about from Eq. (13) corresponding solely to
the confining kernel, without, however, our including
either the Coulomb or the Fermi-Breit effects. In-
deed, the latter would have led to inconsistencies such
as M2 ( 0 and/or n, ( 0, in view of the unusually
small mass (less than A) of the pion. Neglect of these
terms, only for the pion, had earlier been recommend-
ed on very similar grounds. However, this is not to
claim any authenticity or genuineness about the pion
mass result (which is clearly out of step with the main
trends), but rather to illustrate the peculiar difficulties
associated with this unique particle which has pro-
voked so many authorsts to give it a special (Gold-
stone't) status.

We are grateful to D. S. Kulshrestha for several il-

luminating discussions.
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