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Thouless Responds: The observation that a gauge
transformation can be used to sho~ the equivalence of
the constant-J, random-( + h )-field Ising model to the
random-(+ J), constant-field spin-glass'2 has been
made to me by a number of other people. 3 Although
the argument given is clearly correct for a finite Cayley
tree, I do not think that it is correct for the Bethe lat-

tice, which can be regarded either as an infinite sys-

tem, or as the limit of a finite Cayley tree with bound-

ary conditions designed to give homogeneous bulk
properties. For the ferromagnetic Ising model in a
weak + h random field it is easy to show that my treat-
ment of the Bethe lattice leads to a ferromagnetic crit-
ical transition shifted down from the pure critical point
at K tanh( J/ T ) = 1 by an amount proportional to h 2,

as was found in an earlier paper by Bruinsma. The
spin-glass model with + J coupling and constant field h

has a lower critical temperature with a quite different
field dependence. It is therefore clear that the method
I use is not invariant under the type of gauge transfor-
mation given in Eq. (2) of Bruinsma's Comment.

One important difference between a finite Cayley
tree and a Bethe lattice is that for a Cayley tree the
number of sites and bonds is essentially equal. For a
Bethe lattice the ratio of sites to bonds is 2/(K+1)
since each bond connects two sites, while each site has
K+1 bonds. This ratio has to be used, for example,
in the calculation of the relative contributions of sites
and bonds to the internal energy. A recent careful
treatment using this approach can be found in a paper
by Peruggi, di Liberto, and Monroy. 6 The equality of
sites and bonds for the finite Cayley tree allows the
random-bond problem to be transformed into a
random-field problem by this gauge transformation ap-
plied to the sites, but the excess of bonds over sites for
the infinite Bethe lattice means that a gauge transfor-
mation applied to the sites does not have enough de-
grees of freedom to do this.

If the Bethe lattice is to be regarded as the limit of a
finite Cayley tree, the boundary conditions used are
not general boundary conditions, but only those which
could be proved by an embedding of the tree in a simi-

lar but larger tree. The boundary conditions must
therefore satisfy a generalization of the criterion origi-
nally used by Bethe. 7 From this approach also the
random-field and the random-coupling models are dif-
ferent. Stability of the solution means that sma11 per-
turbations of the boundary conditions lead to the same
solution, but it does not imply that almost all boundary
conditions lead to that solution. I am sorry if a remark
I made in my paper gave that impression. We have
prepared a much longer discussion of the effect of
boundary conditions on such problems. s

Since I do not accept that the gauge transformation
can be applied to the Bethe lattice I do not agree with
the other conclusions dragon by these authors.

I am grateful to Dr. J. Chayes and Dr. L. Chayes for
helpful conversations on this question. This work was
supported in part by the U.S. National Science Foun-
dation under Grant No. DMR 83-19301.

D. J. Thouless
Department of Physics FM-15
University of %ashington
Seattle, Washington 98195

Received 28 April 1986
PACS numbers: 75.50.Kj, 75.10.Hk

tY. Shapir, second preceding Comment [Phys. Rev. Lett.
57, 271 (19&6)].

2R. Bruinsma, preceding Comment [Phys. Rev. Lett. 57,
272 (1986)].

3Among others, D. S. Huse and R. Singh (private com-
munication) .

4D. J. Thouless, Phys. Rev. Lett. 56, 1082 (1986).
5R. Bruinsma, Phys. Rev. B 30, 289 (1984).
F. Peruggi, F. di Liberto, and G. Monroy, J. Phys. A 16,

811 (1983).
7H. A. Bethe, Proc. Roy. Soc. London, Ser. A 150, 552

(1935).
SJ. Chayes, L. Chayes, J. Sethna, and D. J. Thouless, to

be published.

Qc 1986 The American Physical Society


