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Calculation of Thermodynamic Properties and Phase Diagrams of Binary
Transition-Metal Alloys
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A model tight-binding Hamiltonian including off-diagonal disorder and Hartree-Fock electronic
self-consistency is used to calculate the enthalpies of formation of the Mo-Cr, Mo-Nb, and Mo-Ta
alloys. The approach combines the coherent-potential approximation, the generalized perturbation
method, and the cluster-variation method. The model is also used to calculate the phase diagram
and the equilibrium activities for the Mo-Cr system.

PACS numbers: 81,30.8X, 64.10.+h, 64.75.+g

The calculation of thermodynamic potentials and
phase diagrams of binary alloys requires the precise
knowledge of the enthalpy of alloy formation b, Hand,
in particular, of the underlying interatomic interactions
(pair and many body). First-principles and microscop-
ic theories are available which can account for the gen-
eral trends observed in the enthalpy of formation of
binary alloys of transition metals. ' 5 It is generally
agreed, however, that most implementations of these
microscopic theories fall short of the required accuracy
for a phase-diagram computation. Thus, for the calcu-
lation of thermodynamic potentials and phase dia-
grams, a strictly phenomenological approach has been
preferred in the past. 6 7 The approach is based on a
physically reasonable model for the enthalpy of alloy
formation hH plus an accurate treatment of the con-
figurational entropy by means of the cluster-variation
method (CVM). For the reasons mentioned above,
the several parameters characterizing AH are not cal-
culated by use of microscopic theories, but instead are
determined from selected thermodynamic data. This
phenomenological approach has been successfully ap-
plied to the description of the equilibrium phase dia-
gram for several binary alloys6 7 and it has encoun-
tered a good measure of success in predicting, for ex-
ample, metastable states in Al-Li alloys. In addition
to its practical value as a semipredictive theory of alloy
phase diagrams, the phenomenological calculations
have also served to point out the crucial role played by
short-range order (SRO) in the details of the equilibri-
um and metastable phase diagram.

Several of the first-principles electronic theories of
binary alloys include SRO, either explicitly or implicit-
ly, in the calculation of the enthalpy of formation. For
example, Connolly and Williams' used ab initio results
for the cohesive energy of ordered compounds to esti-
mate pair and many-body interactions. These interac-
tions could then be used to describe the enthalpy of
formation of disordered alloys. This approach, which
relies strictly on localized interactions for the descrip-
tion of dH, has not been put to a quantitative test
against experimental thermodynamic data or phase-
diagram calculations.

An alternative approach, proposed by Bieber et al.
consists of calculating b, H for the alloy with SRO by
extrapolation from the random system (rather than ex-
trapolating from the ordered compounds as done by
Connolly and Williams). The method of Bieber et al.
is based on the calculation of d, H for a random alloy
using the coherent-potential approximation (CPA) fol-
lowed by a perturbation expansion of AH in terms of
short-range-order parameters. This technique, known
as the generalized perturbation method (GPM), is
used to calculate localized interactions (pair and many
body), which contribute to b, H in addition to the non-
local CPA energy of the random alloy. The GPM has
been studied extensively in the tight-binding (TB) ap-
proximation and has been very valuable in elucidating
general trends in the alloying behavior of the transition
metals. However, some of the additional approxima-
tions usually made in actual implementations of the
GPM, such as neglect of the effects of charge transfer
and the off-diagonal disorder in the TB Hamiltonian,
generally preclude a quantative comparison between
the calculated and the experimentally determined hH.
Thus, no phase-diagram calculations for real systems
have been attempted using the GPM.

Recently, the cluster-Bethe-lattice method (CBLM)
(Refs. 3-5) was used together with the CVM in order
to calculate the enthalpy of formation and the associat-
ed phase diagrams for Cr-Mo, Cr-W, and Mo-W
binary alloys. 4 5 These calculations were carried out by
use of a self-consistent Hartree-Fock Hamiltonian in
the TB approximation with a six-orbital basis per atom
(one s and five d orbitals). Despite the fact that the
CBLM relics on a rather severe topological approxima-
tion that replaces the real crystal lattice with a Cayley
tree, the results of the calculations were in general
agreement ~ith experiment. 4 5 The CBLM results also
sho~ed that in order to achieve the accuracy in AH
needed for phase-diagram calculations, one must in-
clude off-diagonal disorder in the TB Hamiltonian and,
in addition, carry out a self-consistent treatment of
charge transfer.

In this Letter, we present a microscopic theory based
on the TB approximation for the calculation of the
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TABLEABLE I. Bandwidths (Ref. 10) and on- '
e . 0 and on-site energies

Element

Molybdenum
Chromium
Niobium
Tantalum

d on-site energy

—3.95
—3.14
—3.22
—2.86

d band width

9.98
6.56
9.72

11.12
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U = 3 eV for all elements. In Eq. (1) we consider only

the intra-atomic effects of charge transfer on the on-

site energies. This is consistent with the fact that, in

our calculations, electronic self-consistency is only im-

plemented for the random alloy for which interatomic
corrections to the on-site energy vanish.

The local densities of states for the pure metals are
obtained by use of five levels of the recursion method,
which guarantee that the first eleven moments of the

density of states are reproduced exactly. '4" For a
random alloy, the local densities of states are obtained
with the CPA. In general, the total energy of the alloy

is given by three terms: (i) the one-electron energy,
obtained from the calculated density of states; (ii)
intra-atomic and interatomic electron-electron ener-

gies, which are subtracted from the energy of the alloy

since they are counted twice in the one-electron term;
and (iii) the ion-ion electrostatic energy. For a ran-

dom alloy, however, the ion-ion energy and the intera-

tomic electron-electron correction cancel each other,
and, thus, these terms do not appear explicitly in b H.
The enthalpy of formation AHis obtained, as usual, by
subtracting from the total energy of the alloy the ener-

gies of the pure elements weighted by their concentra-
tions.

The effect of SRO on the enthalpy of alloy forma-

tion is described in terms of first- and second-neighbor
effective-pair interactions (EPI) calculated with the
GPM. 2 In the alloy with SRO, we also include a small

contribution to the EPI arising from the electrostatic
interaction between the different atomic species as a

result of the net charge transfer. '6

We report in this Letter the results obtained for the

nearly half-filled d-band systems Mo-Cr, Mo-Nb, and

Mo-Ta, for which detailed experimental data are avail-

able. The calculations are done in a bcc lattice. The
TB Hamiltonian parameters which are used, namely,

the on-site energies and d-band widths, are given in

Table I. A comparison of the calculated enthalpy of
formation of the random alloys with high-temperature
experimental measurements'8 2' is given in Figs.
1(a)-1(c) for Mo-Cr, Mo-Nb, and Mo-Ta, respective-

ly. Also shown in Fig. 1 are the predicted EPI for first

( V, ) and second (V2) neighbors. It should be noted
that, at these high temperatures, the SRO contribution
to the enthalpy of formation (arising from the EPI) is

approximately —,', of the AH for the random alloy. For
the three alloys investigated, the EPI are almost con-
centration independent because the difference in the
number of d electrons of the components in the alloys

is small. The slight asymmetry found in the experi-
mental enthalpy of formation is explained well by the
small decrease in the magnitude of the EPI as the con-
tent of Mo increases. The EPI of Mo-Cr are negative
which indicates, as found experimentally, a segrega-
tion tendency, whereas the EPI of Mo-Nb and Mo-Ta

1250 '

1000

LLJ

750 '

500 .

250

0
0. 0 G. 1 0. 2 0. 3 0. 4 0. 5 0. 6 0. 7 0. 8 G. 9

CONCENTRATION GF Mo

FIG. 2. Comparison of the predicted (soHd lines) and pre-
viously assessed (dashed lines, Ref. 18; dot-dashed lines,
Ref. 19) solid-state phase diagram for the Cr-Mo system.

are positive, indicating an ordering tendency. In fact,
our results predict the existence of a stable B2 ordered
phase below 1040 and 830 K for Mo-Ta and Mo-Nb,
respectively. To the best of our knowledge, however,
no experimental evidence is currently available con-
cerning the existence of the B2 phase.

We have also calculated the solid-state equilibrium
phase diagram for the Mo-Cr system using the predict-
ed enthalpy of formation of the random alloy and the
pair interactions given in Fig. 1(a). The configuration-
al entropy for this system was calculated with the
tetrahedron approximation of the CVM. The vibra-
tional entropy of formation, 4S„;b, was determined by
comparison of the calculated configurational free ener-

gy with the total free energy of formation measured at
1471 K for an alloy of atomic composition 50o/o Mo,
50'/o Cr. '8 The adopted form for hS„;b, which is con-
sistent with the experimental results and also accounts
for the effect of SRO in the vibrational entropy, is

b, S„;b=C($2 —1), (2)

where C = 1.06 x 10 2 meV/[K (g atom)] and $2 is the
pair-correlation function defined in Refs. 6 and 7.

In Fig. 2, we compare the calculated phase diagram
with previous experimental assessments by Ku-
baschewski and eo-workers. '8'9 In Fig. 3, we also
compare the predicted Cr and Mo activities with exper-
imental data obtained at 1471 K.'s As can be seen,
good agreement with experiment is obtained for both
the calculated equilibrium phase diagram and the cal-
culated activities in the solid phases.

In conclusion, we have shown that the enthalpy of
formation of the isomorphic bcc alloys can be accu-
rately calculated from a simple model based on (i) a
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] Q calculations will be reported in a forthcoming publica-
tion.
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making available his extensI ve generalized-per-
turbation-method calculations prior to publication.
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FIG. 3. Comparison of the predicted (solid lines) and ex-
perimental (lozenges, Ref. 18) activities for the Cr-Mo sys-

tem at 1471 K.

tight-binding approximation for the Hamiltonian of the
alloy; (ii) the coherent-potential approximation; and

(iii) the generalized perturbation method. The success
of these calculations depends critically on the accurate
choice of on-site energies and d-band widths for the
pure elements. In addition, our calculations showed
that off-diagonal disorder and the self-consistent treat-
ment of charge transfer are significant. In the case of
the Mo-Cr system, for which an estimate of the vibra-
tional entropy could be made from experimental mea-
surements, the results of the electronic calculation
combined with the CVM give an accurate description
of the phase diagram and thermodynamic potentials.

Finally, we note that we have neglected s and p elec-
trons in the calculation of bH. This approximation is

expected to work relatively well for the half-filled d
band systems studied here. The contribution of b 0of
s and p electrons should be more significant for alloys
involving elements near the end of the transition
series. Nevertheless, we have also applied the model
to alloys of Ti, Zr, and Hf, with Ni, Pt, and Pd, which
have large negative enthalpies of formation, and found
good agreement with experiment. The results of these
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