
VQLUME 57, NUMBER 19 PHYSICAL REVIEW LETTERS 10 NOVEMBER 1986

Adverse Consequences of a Moving Vacuum-Plasma Boundary on Axisymmetric ac Helicity Injection
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The recent prediction of Liewer, Gould, and Bellan that a moving plasma-vacuum boundary signifi-

cantly lo~ers the effectiveness of ac helicity injection is generalized by resolution of the apparent
discrepancy between the helicity-conservation equations of Jensen and Chu and of Moffatt. It is shown

that, if there are axisymmetric circular flux surfaces and a moving vacuum-plasma boundary, then the
helicity injected by oscillating fields (if net injection occurs) is simply consumed by an increase in helici-

ty dissipation due to the same oscillating fields.

PACS numbers: 52.55.Dy, 52.30.Jb, 52.35.Mw, 52.50.Gj

Magnetic helicity is a measure of the linking of mag-
netic flux tubes; this linking occurs whenever there are
force-free currents (currents that flow along magnetic
field lines). Bevir and Grey, ' Schoenberg et al. , and
Jensen and Chu3 suggested that a steady-state toroidal
current could be generated by injection of magnetic heli-

city into a toroidal plasma; this would be accomplished
by the modulation of both toroidal and poloidal fields in

quadrature at very low frequencies (ca« ta„).This pro-
cess has been interpreted by the author4 as a beating
between resistive diffusion and compressional Alfven
modes.

In Refs. 1-3 it was implicitly assumed that plasma
filled the vacuum chamber right up to the wall through-
out the modulation [cf. Fig. 1(a)]. Yet Ref. 4 showed
that toroidal modulation should compress the plasma
minor radius, so that the plasma should become separat-

ed from the wall, leaving a vacuum region behind [cf.
Fig. 1(b)l. Recently, Liewer, Gould, and Bellans investi-
gated ac helicity injection with slab and axisymmetric
plasma models in which the plasma-vacuum boundary
moved and plasma was conserved during the modulation.
They found that if the boundary motion is properly taken
into account, then the driven current has a different and
significantly smaller scaling than predicted by Refs. 1-4.
Thus, the analysis of Liewer, Gould, and Bellan contra-
dicts the predictions of the helicity-conservation equation
of Jensen and Chu.

The purpose of this paper is to show that the essence of
the contradiction lies in a difference between the heli-
city-conservation equation presented by Jensen and Chu,

dK/dt+ dS (yB+ExA) —
2& riJ Bd r, (1)

I and that presented by Moffat, s

dK/dt+ dS B(y —A U) ri d3r(8 V A+A V 8)4

Even though Eqs. (1) and (2) obviously differ, for both
the helicity is defined as

K A Bdr. (3)

This definition for helicity is gauge invariant provided
that 8 d S 0, which is assumed both by Jensen and Chu
(for ac helicity injection) and by Moffatt. With
8 dS 0 these equations become respectively

dK/dt+ dS ExA —2 riJ Bd r, (4)

and
t ~

dK/dt rt„dr (8 V A+ A V28). (5)

ac helicity injection' results from the inductive part
( —BA/Bt) xA of the term ExA in Eq. (4); this term
does not exist in Eq. (S).

In this paper the discrepancy between the Jensen-Chu
and the Moffatt equations will be resolved, and the fol-
lowing important results will be derived: (i) If there is a
moving vacuum-plasma interface then no dc current can
be driven in an axisymmetric plasma having circular flux

(2)

moving
interface

(a)
wol I
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FIG. 1. (a) Plasma continuously filling up to its container so
that there is no plasma-vacuum interface; (b) plasma with con-
servation of particles undergoing compression, so that a moving
plasma-vacuum interface exists.

surfaces. This is true despite the possibility of a net heli-
city injection because it is found that any net helicity in-
jection is exactly balanced by an increase in helicity dissi-
pation. (ii) If plasma nonconservation destroys the mov-
ing plasma-vacuum interface then dc currents can be
driven as in Ref. 3. These results represent a generaliza-
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tion of the predictions of Rcf. 5.
The discrepancy between Eqs. (1) and (2) occurs be-

cause the respective assumptions made by Jensen and
Chu and by Moffatt are different. Specifically, Jensen
and Chu manipulate Faraday's law to obtain a local con-
servation cquatlon for hcllclty density,

From a mathematical point of view, Jensen and Chu
use the MHD Ohm's law right up to the wall and assume
that d r =const so that

(I d

(8/8( )A. 8+ V (&pB+ E x A) = —2E 8, (6) whereas Moffatt (using Lagrangean variables) assumes
that d rAconst, but rather that pd r =const so that

then use the magnetohydrodynamic (MHD) Ohm's law
E+Ux 8 = riJ to eliminate E from the right-hand side,
obtaining

(8/(l( )A 8+ V (yB+ Ex A) = —2 r)J 8, (7)

and finally, integrate up to a fixed wall to obtain Eq. (1).
The critical assumption here is that plasma exists right
up to the wall at all rimes [cf. Fig. 1(a)] so that Ohm's
law is always valid right up to the wall. [Note that the
Ux8 term in Ohm's law is annihilated in this substitu-
tion, so that (i) plasma motion does not explicitly appear
in Eq. (7), and (ii) any relation of the form E+QxB
-r)J, where Q is an arbitrary vector, would give the
same result. For example, the nonMHD Ohm's law

E —JxB/ne riJ relevant to the rotomak would also
give Eq. (7).]

Unlike Jensen and Chu, Moffatt does not assume that
the plasma is enclosed by a vacuum chamber, but rather
picks (in analogy to Ref. S) the outer limit of his volume
integral fo be a surface which moves in such a way that
the number of particles enclosed is constant. This sur-
face then would be the plasma-vacuum boundary of an
isolated plasma undergoing compression [Fig. 1(b)].

"„,&AB "„„A.,
|lr p dr ««)

In Eq. (8) V,),rbmis the volume of the vacuum chamber
(this voiume is constant in time); in Eq. (9) V(r) is the
time-dependent volume of the plasma undergoing com-
pression.

I will show here how to make the transition directly
from Eq. (1) to Eq. (2) by appropriately changing Jensen
and Chu's assumptions. This change is motivated by the
fact that a compression of the plasma minor radius (as
described in Ref. 4) should —if plasma is conserved—
produce a vacuum layer between the plasma and the
wall. In vacuum there are no currents, and so in vacuum
it is not permitted to use the MHD Ohm's law to elim-
inate E in favor of riJ as was done in going from Eq. (6)
to Eq. (7). Instead, one may only use Eq. (7) in the plas-
ma and then must revert to use of Eq. (6) for the vacuum
layer between the plasma and the wall.

Thus, instead of integrating Eq. (7) over volume all the
way up to the wall as in Ref. 3, one may integrate it only
up to the plasma-vacuum boundary which, because of

l compression, is moving. One obtains

d r A 8+ dS (pB+ExA) = —2 rlJ Bd r,~ v(r) ~ S(t) & v(t)
(io)

where all integrals are over the plasma volume up to the moving boundary S(r). It is clearly not permissible to pull the
partial time derivative out of the first term because the volume is changing.

For an arbitrary scalar ()r, the correct relation between a d/dt outside an integral having a moving boundary and a
()/Br inside is

d r (lr dS U()r+ d r
g] & v{t) & s{t) & v(r) (lr

where U is the velocity of the boundary. Setting @=A.8 gives

d drAB ~ dS UA 8+ dr A B.J] "v(t) 4 S(t) ~ v(r)

The integrand on the right-hand side of the first term can be rewritten as

U(A 8) Ax(UxB)+8(A. U) Axr)J —AxE+8(A. U),

where the MHD Ohm s law has been used to eliminate Uxa. Thus, the total time derivative of helicity is

Jl d'r A. B= ' dS. [8(A.U)+AxriJ —AxE]+ d'r A. B,
v(t) ~ 5(t) dt

which is significantly different from Eq. (8). If Eq. (14) is combined with Eq. (10), one obtains

d
Ji d"A 8+ dS [8(v —A. U)+~JxA] = —2 ~J.Bd"

V(t) ~ S(t) ~ v(t)

(14)

(i5)
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Finally, if we assume that q =const and the gauge is

such that V A 0, then Moffatt's Eq. (2) results. Of
particular importance is the fact that the —A& E term of
Eq. (14) cancels an identical term in Eq. (7). Since this

term provided the ac helicity injection of Refs. 1-4, this

analysis shows that if there is a moving plasma-vacuum

boundary (such that plasma is conserved) then the term
which produced ac helicity injection in Jensen and Chu's

Eq. (1) is cancelled by an equal and opposite term associ-
ated with the moving plasma-vacuum boundary. It
should be noted that the argument presented here affects
only ac helieity injection; dc helicity injection3 which

occurs if fdS Sa0 is allowed by both Eqs. (1) and (2),
I

(rA.)—8d vJ d [(R+r cos8)A„],
r dt R+r cos8 dt

[(R+r cos8)A~],R+r cos8 r

Bd, r '8(rA e)//Br,

8, =0, Be

and U Ur". With these relations the MHD Ohm's law
becomes

although there is a factor of 2 difference in the coeffi-
cient. Furthermore, there is now a new helicity flux in

Eq. (15), namely rtJx A.
It is straightforward to evaluate this new helicity flux

in toroidal geometry for the special case of axisymmetric
circular flux surfaces. In this situation

where d/dt 8/8t +U V. Thus, the helicity flux at the moving surface becomes

d
~ S&t)

dS rtJxA I d8 d(t3 rA(3 [(R+rcos8)A„]—(R+rcos8)A„(rA()),
dt dt

s)

(i 7)

where the 8,()2 integrals are from 0 to 2tr and dS rr d8(R+r cos8)d((2 has been used.
If the motion is such that d(rAJJ)/dt 0 at the moving surface (i.e., conservation of total toroidal flux in the moving

plasma, as assumed in Ref. 4 and in the slab model of Ref. 5) then

rBr

dS rtJxA d8 dv)(rAe)((d/dt)[(R+r cos8)A„])=0,

where angular brackets denote time average over one period of oscillation in the moving frame. Similarly the helicity
flux vanishes if d[(R+r cos8)A„]/dt 0 (conservation of poloidal flux). These results are just a generalization of the
results of Ref. 5.

Now suppose that neither total toroidal nor total poloidal fluxes are conserved during the oscillatory motion, but both
are bounded, i.e., d(rAB)/dt -sintJJt, d [(R+r cos8)A„]/dt -costJJt, where quadrature phasing has been chosen to pro-
vide a net helicity injection. The most general functions having this property are

rA e -Ce(&) +D B(&)eos [a)t —a(g) ],

(R +r cos8)A~ C„(&)+D„(&)sin [t(Jt —a(&)], (18)

(
( rB(0) t r —a + d—2„0J.Bdsr 2 „dssf dd ds (rAs) [( '+r ))&) clos— Ar(R(+r co)sd)A (rAs) )~ V(I) ~0 dt ri "dt

-tu„d8„dvDe(rs(0))Dv (rs(0)). (20)

where g(r, t) r —f U(r(t'), t')dt' is a constant of the motion (i.e., d(/dt 0). Inserting Eq. (18) in Eq. (17) and

averaging over time gives

~

~

~ ~ ~

dB 0JxB) soJ d&„doDs(rs(0))Dr(rs(0)). (i9)

Here rs(t) is the position of the moving surface and use has been made of the relation 4(rs(t) t ) =rs(0) =const Equa
tion (19) gives a net helicity injection (unlike Ref. 5).

However, consider the time-averaged helicity dissipation as given by the right-hand side of Eq. (15):

[Here both De(0) =0 and g(0,t) -0 have been used;
these relations hold because both rAq and U vanish at
r =0.] Equation (20) shows that the entire injected heli-

city [cf. Eq. (19)] is consumed by an increase in helicity
dissipation due to the oscillating fields themselves. There
is no uncommitted helicity flux remaining that could be
used to drive dc currents and fields.

It is possible that this argument breaks down when
there is a lack of axisymmetry and/or a velocity with

nonzero curl. Also, in a real plasma the moving-bound-

ary model is probably an excessive idealization because
ionization and cross-field transport would tend to popu-
late with new plasma the vacuum layer left behind by
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compression of the original plasma. The important quan-

tity will be the rate at which resistivity (i.e. , temperature)
diffuses. If the new plasma filling up the vacuum layer is

much colder than the plasma moved out by compression,
then the incoming plasma will have a much larger resis-

tivity and so not be much different from a vacuum. In
this case, Eq. (15) would provide the correct description
and so, as discussed by Liewer, Gould, and Bellan, ac hel-

icity injection ~ill not cwork as envisaged in Refs. 1-4.
On the other hand, if the incoming plasma is the same
temperature as the plasma moved out by compression,
then there wiii effectively be uniform resistivity plasma
right up to the wall at all times. In this case Jensen and
Chu's assumption would be correct and ac helicity injec-
tion would work as predicted in Refs. 1-4.
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