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The promise of the inflationary-Universe scenario is to free the present state of the Universe
from extreme dependence upon initial data. Paradoxically, inflation is usually analyzed in the con-
text of the homogeneous and isotropic Robertson-Walker cosmological models. We show that all
but a small subset of the homogeneous models undergo inflation. Any initial anisotropy is so
strongly damped that if sufficient inflation occurs to solve the flatness and horizon problems the

Universe today would still be very isotropic.
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The most attractive feature of the inflationary-
Universe scenario! is that it offers the possibility of
freeing the present state of the Universe, in regions as
large as our present Hubble volume ( H~1=10% cm),
from extreme sensitivity to the initial state of the
Universe. Since it is very unlikely that we will ever be
privy to the initial data for the Universe, this is indeed
a very attractive attribute of inflation (for an alterna-
tive point of view, see Hartle and Hawking?). This ex-
treme reliance upon initial data was emphasized by
Collins and Hawking,> who demonstrated that without
inflation the set of initial data which evolved into a
model universe which resembles ours at the current
epoch is of measure zero. While inflation holds the
potential to free us from the initial data, for simplicity
it is almost always analyzed within the context of an
isotropic and homogeneous Robertson-Walker (RW)
cosmological model. A key issue confronting inflation
then is which subset of initial data for Einstein’s equa-
tions undergo sufficient inflation to evolve to a model
universe with large regions which resemble our
present Hubble volume. Clearly not all the initial data
do. A trivial counterexample is a very closed RW
model which recollapses before it can inflate.

Here we consider all of the homogeneous models,
the nine Bianchi classes, and the Kantowski-Sachs cos-
mology. (The Kantowski-Sachs cosmology is the ex-
ceptional case to the Bianchi classification of the
homogeneous models; the topology of its spatial sec-
tions is $?x R.) Wald* has shown that with the excep-
tion of a subset of Bianchi-IX models and, of the
Kantowski-Sachs models, those which have very large,
positive spatial curvature, all the homogeneous models
with positive cosmological constant asymptotically
evolve to de Sitter space. Of course, in inflationary-
Universe models, the Universe does not in the
strictest sense have a true cosmological term. Rather
there is a vacuum energy density which depends upon
an order parameter ( usually the expectation value of
some scalar field). So long as the scalar field is dis-

placed from the zero-energy minimum of its potential
and is slowly evolving, the vacuum energy is approxi-
mately constant and behaves like a cosmological term.
The issue then is a dynamical one; does the Universe
evolve into a de Sitter state before the scalar field
reaches the minimum of its potential ?

Steigman and Turner’ have shown that anisotropy
does not hasten the evolution of the scalar field, and
so models which inflate in the absence of anisotropy
also inflate in the presence of anisotropy, regardless of
the amount of anisotropy present. Recently several
authors® have raised the possibility that, even though
inflation does occur in anisotropic models, if the
Universe were intitally sufficiently anisotropic, grow-
ing modes of anisotropy might restore the anisotropy
by the present epoch, thereby defeating the best ef-
forts of inflation. This is the issue we will address in
this Letter.’

We will show that while some homogeneous models
will indeed again become very anisotropic, inflation
postpones this event to an exponentially distant time
in the future and models which inflate sufficiently to
solve the horizon and flatness problems will today still
be very isotropic. In this regard it has been known for
a long while that inflation does not permanently render
the Universe smooth within our Hubble volume;
several authors have shown that if there were curva-
ture perturbations (i.e., scalar density perturbations)
present before inflation took place, then these pertur-
bations would enter the horizon with the same ampli-
tude as they would have in the absence of inflation,
but at a much later time.®? A finite epoch of inflation
does not smooth the Universe globally; rather it
creates large smooth patches, sufficiently large to en-
compass our Hubble volume at this late date in the
history of the Universe.

Bianchi inflation.—For a detailed discussion of the
Bianchi classification and models we refer the interest-
ed reader to Refs. 10-12 and for the Kantowski-Sachs
cosmology to Ref. 13. We denote the scale factors of
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the principal axes of the Universe by X;, i=1-3, the
expansion rates in these directions by = X,/ X;, the
proper volume of a unit comoving volume element by
V=X,X,X;, and the mean expansion rate by
H=R/R=LV/V=_h+hy+ h3)/3, where R= V'/3
is the mean scale factor of the Universe. We will as-
sume that the stress-energy in the Universe is
described by a perfect, isotropic, and homogeneous
fluid with energy density p and isotropic pressure
p=1vp. Such a fluid with y =0 corresponds to nonrel-
ativistic matter, with y = ¥ to a relativistic gas in ther-

mal equilibrium, and with y= —1 to vacuum energy.
It follows from the conservation of stress-energy that
p y—+y) 1)

In these space-times the equation of motion for a
homogeneous scalar field ¢ with Lagrangean density
L=3¢?—V(s)is

¢+3Hp+ V'=0, ()

where the overdot denotes a time derivative and the
prime a derivative with respect to ¢, and we use units
wherefi=c=87G=1.

For all the Bianchi models except IV and VII, the
equations for the evolution of the scale factors can be
written as!'0-11.14

h+3Hh=F+(p—p)/2, (3)
VIV=F+F,+F+3(p—p)/2, (4)

where the F; depend upon the scale factors X;. For our
purposes the crucial feature of the F; is the fact that
they decrease at least as fast as ¥~%3. That is the only
property of the F; that we will use. Physically, that
corresponds to an effective energy density associated
with anisotropy which decreases at least as fast as
V=23 (or R~2), which means that the fastest-growing
mode of anisotropy grows at the same rate as a curva-
ture perturbation in a RW model. For Bianchi-I
models the F,=0; for Bianchi II, VI, VII, VIII, and IX
the Fj= V=23, For the Kantowski-Sachs cosmology
there are only two independent scale factors: the ra-
dius of the two-sphere (= Y= Z) and the scale factor
of the ;]at dimension (=X), and F,=0, F,=F,
=—Y 4

For the Bianchi-IV and -VII, models the equations
cannot be put into diagonal form; there is an additional
term on the right-hand side of Eq. (3), G,;(4,X;) (see
Refs. 11 and 12). The G, decreases at least as fast as
R~ " (n=1). For simplicity we will not specifically
consider these terms, as they do not qualitatively alter
our analysis.

Except for the F; terms in Egs. (3) and (4), these
equations are identical to those for the isotropic
Robertson-Walker cosmology (where X=Y=Z, and
h=H), and in the presence of stress-energy (with
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p#p) the different expansion rates rapidly become
equal if the F;=0. For this reason we will use the F;
to quantify the degree of anisotropy. To this end we
will denote the typical size of the F; as F and will as-
sume that Fe V~%3 taking into account the most
slowly decaying mode of anisotropy. We will denote
the relative size of the anisotropy by

e=F/p. (5)

We will also assume that initially ¢ is displaced from
the minimum of its potential (e.g., as a result of initial
conditions or thermal effects), and that, in the absence
of anisotropy during the time it takes ¢ to evolve to
the minimum of its potential, the scale factor of the
Universe grows by a factor of exp(N), ie., the
Universe inflates by N e-folds. We will not need to
know the detailed evolution of ¢ here. We should
emphasize that we are not addressing the question of
the initial value of ¢; we assume, as is done in the
usual RW inflationary analysis, that ¢ is not initially at
the zero-energy minimum of its potential. Indeed,
one of the key unresolved issues confronting inflation
is what determines the initial value of ¢. For all viable
models of inflation the scalar field ¢ is so weakly cou-
pled that thermal effects do not serve to determine its
value (see, e.g., Turner, Ref. 1).

For all but the subset of very highly positively
curved Bianchi-IX models and Kantowski-Sachs mod-
els, the anisotropy increases the mean expansion,
thereby increasing the 3H¢ friction term in Eq. (2).
For all but the aforementioned models the work of
Wald* and Steigman and Turner’ implies that the
Universe will become dominated by vacuum energy
(and become de Sitter type) before ¢ evolves appreci-
ably from its initial value. Once the Universe is de
Sitter type it will take ¢ the usual N Hubble times to
evolve to the minimum of its potential, during which
time the mean scale factor grows by a factor of
exp(N).

Wald’s result implies that asymptotically e — 0; for
our purposes we will denote the beginning of inflation
to be the time when e is sufficiently small, say
€, =0.1, so that Fcan be treated as a perturbation in
Egs. (3) and (4). During inflation we have

p=Xx*3=V(¢$)= M, (6a)
y=-1 (6b)
V/v=x2 (6¢)
Vaexp(Xt), (6d)
b+ X b= F+Xx%3, (6e)

where as usual we have ignored the Kkinetic term
(+¢?) as it is much smaller than V(¢) during infla-
tion. Taking F to vary as V=3« exp(—2Xx¢/3) and
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solving for A; and X; to order € we obtain
h=1[1+3e,exp(—2x1/3)1X/3 +constxexp(—Xt), (7a)
X, explXt/3—1.5¢,exp(—2x1t/3) —constxexp( —X¢)/X], (7v)

where ‘‘const’’ is an irrelevant integration constant. I
As the Universe inflates, all the A approach the usu- Given e at the end of inflation, how does the aniso-
al RW inflationary value of X/3 exponentially fast, and tropy of the Universe then evolve? To answer this we
F decreases as exp(—2X/3t). Steigman and Turner’ shall assume that after inflation p=vyp with y= —1
have shown that inflation will last at least the usual and that the Universe goes through three subsequent
number of e-folds, and so at the end of inflation phases: a postinflation phase where the energy density
- i _ is dominated by coherent oscillations of the ¢ field
€e<minley, €;]exp(—2N), ®) during which y = 0; a radiation-dominated phase which
begins when the ¢ particles decay, thereby reheating
the Universe (to a temperature Try); and finally the

since p remains constant during inflation and F de-
creases at least as fast as ¥~%3. Note that the value of

€ is independent of the initial value of €=e¢;, provid-  cyrrent matter-dominated phase which begins when
ed that the initial value was larger than about 0.1 or so. the Universe has a temperature of about 10 eV and is
If ¢,=<0.1, then €, depends upon ¢, and is even small- about 1010 sec old.

er, €,=¢;exp(—2N). (Note that the exponentially After inflation € << 1 so that the Universe is very
rapid approach to de Sitter type also justifies the fact nearly RW, and the F; can be treated as small pertur-
that the dynamics of inflation is usually analyzed in the bations. If we work to lowest order in €, and take the

context of a RW background). | Fee V=23 itis simple to solve Egs. (3) and (4):

VIV=3(1—y)p/2 => Vo Z1+7) (©)]
B+ 2ht™ Y (1+y)=F+(1—y)p/2 (10)
= h=[271/ B +3y) {1+ [6€y/ (5+3y)1(1/15) 2+»/G+39) ) (11)
where the subscript 0 refers to the value of the quanti- |
ty at the reference time r=1¢. From Eq. (11) it is anisotropy is at most
clear. that € grows as ¢ (or R?) during a radiation- emdayzminll,e,]exp(~—2N)10‘“’M{‘.{3 T#. (12)
dominated epoch and #3 (or R) during a matter- The isotropy of the microwave background

dominated epoch. This is just as one would expect
since the fastest-growing mode of anisotropy varies as
R—z» while ppgx R~*and Pmatter™ R™3.

We are now ready to compute the present ansitoropy
in the expansion of the Universe. At the end of infla- N=57.5+In(MfyTy0)/3, (13)
tion € is of order exp(—2N) or €,exp(—2N) if the which is precisely the amount of inflation required to
Universe was never dominated by anisotropy. While solve the horizon and flatness problems (see Turner,
the energy density of the Universe is dominated by in Ref. 1). This is not surprising as the fastest-growing
coherent oscillations, from p=M* to p= Tgy, € mode of anisotropy varies as R~2, just as the curva-
grows as R or by a factor or M*3/T#3. During the ture of the Universe does. [Eor Bianchi IV and VII,
subsequent  radiation-dominated  phase, from the effect of the G; terms modifies Eq. (13):
T=Tgu—10 eV, € grows as R% or by a factor of N=243/n—64+ (4/n— 5) In(M,) +1n(Ty)/3.]
1067}y, where Try=Tio% (10'° GeV). Finally, in  If there are growing modes of anisotropy, then the
the current matter-dominated phase which began when Universe will ultimately become very anisotropic
the Universe had a temperature of about 10 eV, € has  again. If we assume that the Universe continues to be
grown by a factor of about 30000. Bringing all of  matter dominated and recall that ex R /3 when the
these factors together we find that the present level of l Universe is matter dominated, it follows that € will be

of order unity when ¢ = ¢,,;,, where

tanis =min[1, ;12 M72T5! exp(3N —159)10!° yr. (14)

Because of the interrelation between the isotropy and flatness problems, at about the same time, one would expect
the Universe to become curvature dominated, i.e., Q to deviate significantly from unity.

Summary.—We have shown that all the homogeneous models, except for the subset of Bianchi-IX and
Kantowski-Sachs models which recollapse before they inflate, will undergo inflation and in the process become

(37/T<10"*) constrains €4, to be less about 10~%;
sufficient inflation to guarantee this level of isotropy
implies that
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highly isotropic. As in the RW inflationary model of
inflation, we have assumed that the scalar field respon-
sible for inflation is initially displaced from the
minimum of its potential. Regardless of the initial lev-
el of anisotropy, all models will be isotropic today pro-
vided that sufficient inflation occurred to solve the
flatness and horizon problems. In the exponentially
distant future the Universe may again become aniso-
tropic provided that initially there were growing modes
of anisotropy. As with the horizon and flatness prob-
lems, inflation merely postpones the inevitable.

Now that the homogeneous models seem to be in
hand, the more difficult case of inhomogeneous
models must be addressed. In this regard, it has al-
ready been shown that small inhomogeneities are no
obstacle to inflation,®® and recently the analogue of
Wald’s result* for inhomogeneous models has been
proven.!3:16
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