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Breakdown of Eliashberg Theory for Two-Dimensional Superconductivity
in the Presence of Disorder
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%e have performed tunneling measurements on ultrathin, homogeneous, strong-coupled super-
conducting Pb films in the regime where T, varies with sheet resistance. The energy gap dk and the
strong-coupling corrections to the density of states have been measured as functions of the sheet
resistance Rcl. %e conclude that the standard picture of enhanced Coulomb repulsion with increas-
ing sheet resistance is too naive and that, in the presence of disorder, an analysis more sophisticat-
ed than Eliashberg theory is necessary.

PACS numbers: 74.70.0g

Superconductivity in the presence of disorder in two
and three dimensions is of considerable intrinsic in-
terest and offers the opportunity to investigate the na-
ture of transport and Coulomb interactions in this lim-
it. ' 9 If we write the superconducting pair wave func-
tion f = b e '~, where 5 is the amplitude of the order
parameter and @ is the phase, it is apparent that we can
destroy superconductivity in two ways, either by
breaking the phase coherence (qb) or by suppressing
the amplitude h. The sample morphology plays an im-
portant role in determining which of these two regimes
dominates. With use of thin-film deposition tech-
niques, the two limiting cases can be studied: pure
phase breaking~ (the film consists of small —30-50-A.
grains weakly connected) or amplitude suppression
(the film is microscopically homogeneous). In this
Letter we report a study of the limit in which 5 is
varied. This is accomplished via the deposition of ul-
trathin homogeneous films which are uniform down to
thicknesses of a few atomic layers. In such films it has
previously been demonstrated5 6 s that the supercon-
ducting transition temperature T, decreases with in-
creasing Rci in the weakly localized regime for reasons
that are still not clear.

Conventional superconductivity results from a bal-
ance between attractive binding via the electron-pho-
non interaction X and the repulsive Coulomb term p, '.
The value of A, —p,

' determines T, and /L through the
Eliashberg equations. Ordinarily, A, is obtained from
the integral h. =I dE a2(E) F(E)/E, where F(E) is the
phonon density of states and a (E) is the strength of
the electron-phonon coupling. This function a2(E)
x F(E) can be obtained from a tunneling measure-
ment ill the strong-coupll1lg case by careful determina-
tion of the density of states over the energy range ap-
propriate to the phonons of the materiaL'n These ef-
fects show up as deviations from the BCS form of the
electronic density of states Nq(E), and the strength of
these deviations reflects the coupling strength &.
Through a well-established inversion process, M these
measurements yield the resultant a2(E)F(E) along

with A. and p, . Our expectation was that, with increas-
ing disorder, the enhancement of the Coulomb in-
teraction would be reflected by an increase of the
Coulomb pseudopotential p, '.

Using electron tunneling, we have studied the varia-
tion of T„ the superconducting energy gap 5, the den-
sity of states N(E), and the parameters p,

' and A.

which measure the strength of the electron-electron
repulsion and the electron-phonon coupling. Lead was
chosen because, in the low-Ro limit, these parameters
are all well known. '0 From our measurements, we
conclude that (1) the ratio 2(h/kT, ) remains constant
(at the bulk value) and strong coupled over a range of
T, from 2 to 7 K, (2) N(E) retains its (BCS-like)
form with no indication of a distortion of the excita-
tion spectrum or states appearing below the energy
gap, and (3) an analysis of the tunneling data using the
Eliashberg equations'a breaks down with increasing
Rci, indicating that it is not proper to think of the
electron-phonon and electron-electron interactions as
separable in this dirty limit. We find that the
electron-phonon renormalizations of N(E) decrease
rapidly with increasing RD.

The experiments were performed in an ultrahigh-
vacuum (UHV), low-temperature thin-film evaporator
described previously. "12 The tunnel junctions were
fabricated by first evaporating an Al elec&rode on a
glass substrate in a conventional evaporator, allowing
it to oxidize in air, and then transferring it to the low-

temperature evaporator. The apparatus was cooled to
1.6 K and then the counterelectrode of Pb was deposit-
ed. The uniforixl thickness of the Pb was achieved by
first depositing —1 monolayer of Ge immediately pri-
or to the first Pb deposition. 6 Using this procedure,
which presumably reduced the surface mobility of the
Pb, we found that we could reproducibly deposit ul-
trathin films ( ( 10 A) with R~ = 2000-3000 Q. The
T, of the resultant film was measured, and tunneling
characteristics in the superconducting and normal state
were obtained. Following this, an additional few
angstroms of Pb was deposited and the measurement
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FIG. l. (a) Superconducting transition temperature T, of
Pb films as a function of the sheet resistance RD. A mono-
layer of Ge has been deposited in advance. Typical film
thicknesses are plotted at the top of the figure. (b) The ratio
2h/kT, of Pb films as a function of sheet resistance Ro.
The BCS weak-coupling value of 3.53 is indicated.

procedure was repeated. This sequence was iterated
until Rci was reduced to a few ohms at which point T,
and the energy gap LL reached their respective bulk
values. The advantages of this technique are the lack
of contamination during measurement (due to UHV
conditions) and the ability to use the same tunnel bar-
rier for all values of Rci in the sequence.

In Fig. 1(a) we show a plot of the variation of T,
(measured resistively at the midpoint) as a function of
Rci for several experiments. These data are in agree-
ment with earlier measurements6 and illustrate the ex-
perimental reproducibility. The film thickness is indi-
cated at the top of the figure. It is worth noting that
the resistive transition widths remain narrow for all
films (increasing from 0.03 to 0.15 K for the thinnest
ease). This is quite different from the case where su-
perconductivity is destroyed by breaking the phase
coherence of the wave function. 4 There T, (onset)
does not change, but the transition gradually broadens
until such time as the material no longer supercon-
duets.

Tunneling measurements on these samples provide
a clear description as to how the reduction in the am-
plitude of the pair wave function proceeds. We have

extracted b, and the density of states N(E) for these
samples. The current-voltage characteristic of a nor-
mal-metal-superconductor tunnel junction at finite T
is given by

I( V) = C„( V) J Ns(E) If(E)—f(E+ V)] dE,

(1)
where C„( V) is the voltage-dependent normal-state
conductance (logarithmic in this case because of
electron-electron interactions), f(E) is the usual Fer-
mi function, and Ns(E) is the superconducting density
of states. For a BCS superconductor the latter assumes
the form Nq(E) = E/(E2 —h2) t~2. From a measure of
the conductance of the tunnel junction in the super-
conducting state, normalized by the conductance in
the normal state, one obtains a thermally smeared
density of states

Ns(E) =
J Ns(E') If(E) f(E+E')] dE'. —(2)

Using this expression and adjusting 5, we obtain a
very high quality fit to the data. Examples of the fit
are shown in Fig. 2. We conclude from this that the
density of states continues to be of the BCS form for
reduced T, films with little or no modification of this
shape. We do not observe any states appearing in the
gap or any additional gap broadening. However, 5
does change with changing T, and R~. The extracted
value for b, from these measurements can be com-
pared with the associated T, and the 2hjkT, for a
series of samples is illustrated in Fig. 1(b). This ratio
in the weak-coupling limit should be 3.53 and devia-
tions from this give a traditional measure of the elec-
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tron-phonon coupling strength. Although T, has de-
creased by a factor of —4, the ratio 2b,jkT, remains
=4.4—well above the weak-coupling limit of 3.53.

Taken alone, this result suggests that the strength of
the electron-phonon coupling remains unchanged even
though T, is strongly suppressed.

Our expectations following this result were that the
reduction in T, could be simply described by enhanced
Coulomb interactions which could, in turn, be de-
scribed by an enhanced Coulomb pseudopotential p, '.
The existence of this enhancement is suggested by the
multitude of evidence that Coulomb interactions be-
come more important with increasing Rcj.' ' lt is
now well established that a logarithmic correction to
the normal-state density of states results from
Coulomb interactions in two dimensions. '4 Indeed,
such a correction is clearly seen in the background
conductances of these tunnel junctions.

Turning now to the strong-coupling corrections to
the BCS density of states, we examine the results of a
set of conductance measurements on a series of films
as is shown in Fig. 3. The T, of these films varies
from 7.28 down to 3.25 K. The highest- T, case is for a
film of very low Rcj, and is consistent with results ob-
tained for bulk disordered Pb. The deviations from
the BCS shape for transverse and longitudinal phonons
are clearly evident. Using the McMillan inversion pro-
gram, we obtain values of )I =1.77 and jw,

' 0.107 for
our thickest film, which are reasonable for bulk-
disordered Pb. However, the thinner films in the
same experiment show a systematic and marked de-
crease in the strength of the deviations from BCS. It
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FKJ. 3. Normalized density of states in the energy region
where renormalizations due to the electron-phonon interac-
tion are seen. This is for five films with the same tunnel
junction. The transverse and longitudinal phonon structure
at 5 and 10 meV is clear in the highest T, film but dimin-
ishes rapidly with decreasing T,.

should be reemphasized that the results presented in
Fig. 3 represent one experiment in that the differences
observed are solely due to a change in the Pb film
thickness (all use the same Al electrode and tunnel
barrier). This decrease in the apparent electron-
phonon coupling strength is substantially larger than
would be expected from the T, decrease alone.

A quantitative analysis of the data of Fig. 3 (and ad-
ditional data from other measurements) reinforces this
qualitative discussion. In fact, the A. extracted from
this data decreases so rapidly with decreasing film
thickness that the Eliashberg equations do not con-
verge for the data of films with a T, & 4.5 K. Even
those fits to data with 7.2 K & T, & 4.5 K yield the
surprising result that p,

' decreases and eventually goes
negative with decreasing T, .

We believe that this result signals a breakdown of
this Eliashberg analysis. A fundamental assumption in
the analysis is that the energy scale of the Coulomb in-
teractions is so much greater than that of the electron-
phonon interactions that the two contributions are
separable. This is clearly implied in labeling the two
interaction parameters A. and p,

' as electron-phonon
and electron-electron. It has been pointed out ' '
that in the presence of sufficient disorder the dynamics
of the electron-electron interaction becomes important
and affects the final pairing so that such a distinction is
no longer possible. The fact that we observe Coulomb
corrections to the normal-state density of states on an
energy scale comparable to the effects due to
a2(E)F(E) further substantiates this. If indeed the
two contributions are not separable, thinking of the
destruction of superconductivity as being due to either
a reduced A. or an enhanced p,

'
is too naive. These

tunneling results demonstrate that a more sophisti-
cated treatment of the renormalization of the electron
propagator with both time-retarded electron-phonon
and electron-electron effects is necessary. '5'6 Only
then will we be in a position to analyze quantitatively
data of the type shown in Fig. 3 to extract the relevant
parameters,

It is worth contrasting these results with those in the
pure phase-breaking (inhomogeneous) limit. 4 In this
limit the resistive T, onset does not change with in-
creasing Rcj, while the transition width broadens until
such time as the material ceases to conduct. Further-
more, while the measured energy gap remains con-
stant, substantial lifetime broadening is observed with
increasing disorder. This broadening is consistent with
enhanced inelastic scattering.

In summary, we have performed superconducting
tunneling measurements on ultrathin films of Pb, a
strong electron-phonon-coupled superconductor, in
the homogeneous limit. With increasing R~ (decreas-
ing thickness) both T, and 5 decrease monotonically.
Surprisingly, the ratio 2h/kT, remains at the strong-
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coupled value of 4.4, suggesting no fundamental
change in the nature of the electron-phonon coupling.
The density of states in the region of the gap retains its
BCS shape with no evidence for gap smearing or ex-
cess states appearing in the gap. Finally, an analysis of
the tunneling-conductance curves indicates that the
deviations from BCS at higher energies associated with

the electron-phonon function n2(E) F(E) are substan-
tially weaker than expected. The usual Eliashberg
analysis fails for relatively small values of T, suppres-
sion. This implies that an analysis of these supercon-
ductors using existing Eliashberg theory is inadequate
and the dynamics of the Coulomb interactions must be
taken into account.
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