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S. N. Coppersmith and P. B. Littlewood

A Tcf T Bell Laboratories, Murray Hill, We~ Jersey 07974
(Rcccivcd 10 April 1986)

%e study how a deformable charge-density wave in the presence of random impurities responds

to driving fields with both ac and dc components. Features in the differential resistivity are found

when an internal frequency proportional to the velocity is either a harmonic or subharmonic of the

driving frequency. Even infinitely large systems can exhibit true mode locking to the driving fre-

quency. The behavior cannot be described by an equation of motion for a single effective degree of
freedom.

PACS numbers: 72.15.Nj, 72, 1S.Eb

We study the competition of two frequencies in a
system with many interacting degrees of freedom and

compare the results to experiments on the charge-den-
sity-wave (CDW) system NbSe3. A CDW with wave

vector Q sliding at velocity v possesses an internal
"washboard" frequency coo=Q v. ' When an electric
field E with both dc and ac components [E(t)
= Eo+ Ei coscv„t] is applied to NbSe3, strong interfer-
ence features (peaks) appear in the differential resis-
tance d V/dl when coo is a harmonic or subharmonic of
the driving frequency ro„. Mode locking of these fre-
quencies occurs for small co„(& 10 MHz at 42 K),2

so that Q v= (p/q)m„ for a range of Eo, with pand q
integers.

Here we show that the classical model of deformable
CDW's, which has successfully accounted for many
other experiments, 3 is consistent with observations of
interference phenomena and mode locking. The

theory predicts peaks in dV/dl (but not locking) at
large ac driving amplitudes and frequencies, and true
mode locking when cu„ is small and Ei —Eo so that
significant relaxation takes place while the field is
below the threshold field ET. We find that subhar-
monic mode locking arises from the presence of many
pinned metastable states. W'e show explicitly that the
subharmonic mode locking of the model overdamped
deformable CDW to a nonsinusoidal driving cannot be
described by use of a single "effective" degree of free-
dom. 2 4 These results apply to the general question of
when macroscopic systems are accurately described by
equations of motion with a few degrees of freedom.

We use the model of a deformable CDW interacting
with random impurities introduced by Fukuyama, Lee,
and Rice (FLR)5 and extended to include dynamics by
Sneddon, Cross, and Fisher. 6 The equation of motion
for u(r, t), the CDW distortion at position r at time t,

is

A. du(r, t)/dt K'72u(r, t) —=p, E(t) +p(r) dU(r+ u(r, t) )/dz.

Here K is the elastic constant of the CD, coupled to
the electric field E(t) through the collective charge
density p, of the CDW, and to the random impurity
potential U(r) through the periodic CDW amplitude
p(r).

First we discuss the harmonic peaks in the differen-
tial resistance dV/dl when Q v= neo„ in the limit of
large ac frequency and amplitude. Sneddon, Cross,
and Fisher6 calculated harmonic interference features
in the FLR model for the case of the total field E(t)
always much greater than ET, but in this regime the
peaks are too small to be experimentally resolvable.
We extend their theory to the case of large ac driving
and compare the results to experiment. The impurity
potential is effectively weak if E )& ET. If the ac am-
plitude Ei and frequency co„are large enough, then
the total field is extremely large except for intervals of
duration —ET/Eicu„. The CDW lacks time to deform

before the field once again becomes large, and so
remains nearly undistorted. Expanding about the uni-
form state, we write

u(r, t) =uot+ v„since„t/co„+ u(r, t),
and determine ~0 and v„self-consistently to second
order in Qu ((1.7 In Fig. 1 our calculated dV/dl
(dotted line) is fitted to data on NbSe3 for two dif-
ferent ac amplitudes at 25 MHz (solid line)s; the
dashed line shows a fit to the single-particle model of
Gruner, Zawadowski, and Chaikin (GZC). 9 While
the GZC model exhibits true locking (plateaus ~here
d V/dl = p„, the normal resistivity) as well as "wings"
(regions where dV/dl is less than in the absence of
pinning), the perturbation-theory calculation of the
FLR model shows only peaks (increased dissipation)
when Q v = co„. (Mode locking does occur for other
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experimental conditions, as discussed below. ) The
peak locations as well as the shape of the features
agrees much better with the FLR result than that of
GZC. The FLR fit uses the measured values of p„and
Ei/Eo as well as one parameter, of order ETp, 0/
A. io„, 'o which is fixed for the two curves.

The data of Fig. 1 were chosen to be within the re-

gime of validity of the second-order pertubation the-

ory, which applies for small Er/Oi„Ei, when the
subharmonic peaks (which are higher-order perturba-
tive effects) are small and there is no mode locking.
Higher-order perturbation theory yields subharmonic
interference features7" but not mode locking for the

FLR model. '2 The deformable-CDW model yields
peak widths and amplitudes that exhibit an oscillatory
dependence on Ei (not evident in Fig. 1), as obtained
for single-degree-of-freedom models. 2 However, the
detailed field and frequency dependence is different. 7

Experimentally, 2 mode locking is enhanced either by
a decrease in Oi„or by choice of Eo = Ei so that the
total field is below threshold long enough for signifi-
cant relaxation toward a pinned state to occur. To in-
vestigate this nonperturbative regime theoretically, we
have simulated numerically a simplified 1D version of
Eq. (I).

Our equation of motion for the local phase @;= Qu;
at the impurity site i is

$i= (it'i~i —@i)/ii —($; $( —i)/l, i+ Usin(8, +$,)+E(r)(l(+ I, i)/2,
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FIG. 1. Differential resistance dV/dl vs dc voltage Vo

near the first harmonic feature Q v —a&„ for NbSe3 with ac
frequency cv„=25 MHz and ac voltage amplitudes V~ —50
and 75 mV (Ref. 8), for a sample with VT —2 m&. Also
sho~n are theoretical fits using the FLR deformable-CD%
model (dotted line) and the Gzc one-degree-of-freedom
result (dashed line). For FLR, both curves are fitted by use
of a single parameter of order unity, as discussed in the text.
The tops of the peaks are not calculated because the pertur-
bation theory breaks down when the change in dV/dl is
large.

where 8i = QR, , and I, = R, + i
—R, . The impurity posi-

tions R, are randomly distributed. The approximations
involved in obtaining Eq. (2) from Eq. (1) and the nu-
merical methods of solution are standard. '3'4 Pinned
states have a characteristic correlation length Lo, 5 and
a sample of length L && Lo is expected to have
= exp(aL/Lii) metastable pinned states, with a —l.
In our simulations, typically U = 4, Lo —1, and we ex-
pect of order 10'o distinct metastable states in a system
with fifty impurities.

Rather than apply sinusoidal driving, we apply a
train of field pulses (from zero to above threshold) to
the system. '5 This alteration greatly simplifies the nu-
merical analysis and highlights the importance of re-
laxations below threshold. We vary the pulse height
E,„and duration t,„,but allow a long time t,rr between
pulses so that the CDW can approach a stationary con-
figuration before the next pulse. The pulses drive the
CDW into a sequence of metastable states; the nth
pulse maps the metastable state with configuration
(@,)„onto the configuration (@;j„+i. Since the
equations of motion are deterministic, if a metastable
configuration repeats once, the sequence repeats in-
definitely. The time-averaged current is I= (5@)/
(t,„+t,rr), where (A$) =lim„((@)„—($) i)/n,
with ($)„=N 'gP i/I"), the spatially averaged
phase before the nth pulse.

For large t,rr, the GZC model with any potential
with one minimum per period (even with inertia) ex-
hibits only harmonic locking ((A$)/2m is always an
integer). The FLR model does not suffer from this
limitation. In fact, it has so many metastable states
that one might think that enormously many pulses are
needed to have a configuration repeat. Remarkably,
following a short transient, the CDW always locks into
a finite sequence of states. The configurations repeat
periodically; after q pulses the CDW has moved every-
where by precisely p wavelengths, with p and q integers.
An example of this behavior is shown in Fig. 2, where
plots of the metastable phase configurations $(j)/2n
versus position jfor successive pulses are shown. The
curves are offset vertically to allow several pulses to be
plotted on the same graph. After a short transient,
every third pulse yields the same metastable configura-
tion. The current traces (similarly offset) exhibit the
same period-3 behavior. In order to repeat the same
states, the CDW must move an integral number of
wavelengths every three pulses, and direct calculation



VOLUME 57, NUMBER 15 PHYSICAL REVIEW LETTERS 13 OCTOBER 1986

4

0 5

Ct

UJ
lE

8
7

UJ
(I)

4
' 3 ~ Q

12
~11 m
&o

U

~8
7 2'.
~6 Q
5 I-

2
Z'

1 o

13
8

8Q~1—
-30 )y

i9

25b
15

+~CXKO— I

0.67

0
i I I I~l I i I i I i I I I i i I I i i i I

~a 20 SO 4O

FIG. 2. Plots of metastable phase configurations Q(j )/2n.
vs position index j for a system with fifty degrees of free-
dom, with configurations before successive pulses offset
vertically. After a short transient, the configurations repeat
every third pulse. Inset: Current traces for successive
pulses (again offset vertically), which display the same
period-3 behavior after a short transient. 0
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indeed yields (b$)/2~ = —", .
When either the pulse amplitude E,„or pulse length

t,„ increases, the CDW moves farther per pulse. Fig-
ute 3 shows (5p)/2m as a function of the pulse dura-
tion t,„ for fixed pulse height E,„.'6 The CDW is al-
ways locked; both harmonics ((d,$) =2p~) and sub-
harmonics ((b,P) =2p~/q) are observed. Subhar-
monics appear as a consequence of the many degrees
of freedom; the inset of Fig. 3 compares a portion of
the plots for systems with 10 and 55 impurities.
High-order subharmonics are only observed for the
larger system. '~ The natural description of the locking
process is a cycle among a finite sequence of pinned
states. Locking of b,$ occurs because a state can re-
peat only after a displacement of an integral number of
wavelengths.

We now examine if the locking can be described
with an equation of motion for a single degree of free-
dom, the most natural being the spatially averaged
phase (@).'8 For an effective equation of motion for
(@) to exist, knowing only (@)„ for the nth pulse in
the stable periodic sequence must be sufficient infor-
mation to determine ($)„+i for the (n+ I)th pulse.
We have found a stable nineteen-cycle with E,„=8,
t,„=1.5347, and t,tr=10. In this sequence there are
two similar states with values of (@)/2n differing by
less than 0.0035. The metastable configurations for

FIG. 3. Number of wavelengths moved per pulse
(AQ)/2vr vs the pulse duration t,„with a fixed E,„=16 for
two systems with U = 4, one with 55 degrees of freedom and
the other with 10. Locking is demonstrated because (0 P)/
2~ is always a rational fraction. Inset: Magnified portion of
the plot, demonstrating that increasing the number of de-
grees of freedom causes the appearance of high-order
subhar monies.

the pulses following these two are substantially dif-
ferent, having (@)/2m's differing by &0.055. Any
function of ($) alone that describes our data must
vary extremely rapidly and have regions with large neg
ative slope, and so the utility of a one-degree-of-
freedom description is doubtful.

The mode locking in our simulations does not mere-
ly reflect finite-size limitations. We have studied
mode locking in systems ranging from 10 to 55 de-
grees of freedom and found no tendency for the lock-
ings to disappear as the system size increases (see Fig.
3). The number of transient pulses remains small
(&10) for the low-order subharmonics even in the
largest systems. Also, one can show rigorously that
true harmonic and mode locking occurs even in infi-
nitely large systems if E,„»U » 1.'9 This special
case is useful to show that true mode locking is possi-
ble even in an infinite system, although real CDW's
are described by the weak-pinning limit U « 1.
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In summary, we have shown that the model of ex-
tended deformable charge-density waves is consistent
with experimental observations of harmonic and
subharmonic interference effects in NbSe3. We sys-

tematically predict harmonic peak shapes and the rela-
tive sizes of the subharmonics in dV/dI curves for
large frequency and amplitude sinusoidal driving, and
we demonstrate mode locking for pulsed driving when
the CDW relaxes substantially between pulses. Mode
locking is expected to be enhanced when there is signi-
ficant relaxation while the total field is below thresh-
old, a point stressed by Brown, Gruner, and Mihalyts

from their study of pulsed forcing. Very small samples
with few metastable states are expected to lack high-
order subharmonic structure. A simple description of
the model's mode-locking behavior by an equation
with one degree of freedom does not appear to be pos-
sible.
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R. Fleming, P. Hohenberg, L. Mihaly, J. Stokes, and
C. Varma for many useful discussions and S. Brown
and G. Gruner for providing us with previously un-
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