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Anomalies in the Heterotic-String Theory
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It is known that anomalies can be expressed as a quantity in a short-time limit of the proper time
(Schwinger parameter) in point-particle field theories. A natural extension of these expressions for
the anomalies is given in the heterotic-string theory. It is sho~n that the gauge and gravitational
anomalies in the heterotic-string theory can be expressed as a surface integral over the Schwinger
parameter. The modular invariance of hexagon anomalies allows us to restrict the region of in-

tegration to the boundary of the fundamental region. This invariance also shows that the surface
integral vanishes, i.e. , hexagon gauge and gravitational anomalies are absent in the heterotic-string
theory.

PACS numbers: 11.17.+y, 12.10.6q

Heterotic-string theory' is now considered as one of
the most promising candidates for the unified theory
including gravity. We expect this theory to be finite to
all orders of perturbation. 2 It is indeed finite at one-
loop order. 3 The mechanism of finiteness in closed-
string theories is very different from those in point-
particle theories. The loop amplitude of a closed-
string theory is derived in the form4

2
F(r, 7'), (1)

Im7.

where the domain of integration is the following primi-
tive region

P: ——,
' ~ Re~ ~ —,', Im~ ~ 0.

If the amplitude is invariant under the modular
transformation

7.- (a~+ b)/c~+ d),

where a, b, c,dare integers satisfying ad —bc =1, we are
allowed to restrict the region of integration from P to
the fundamental region. One of the fundamental re-
gions is given by

—,
' ~Re~~ —,', 1m~~0,

in which the amplitude is expected to be finite except
for the infrared region. The infrared singularity must
be more seriously considered than that in point-
particle theories, since this singularity is connected
with the ultraviolet singularity by modular transforma-
tion. The singularity is absent in theories free from ta-
chyonic states. Therefore, type-II superstring theorys
and heterotic-string theory can be finite. In other fun-
damental regions, (I) takes a value identical to that
given in Fbecause of the modular invariance. The ob-
servation of modular invariance requires a certain
modification of the field-theoretical treatment based
on point-particle theories. So far we have discussed

the amplitudes and their finiteness, but it is unclear
how to deal with other quantum-theoretical effects
such as anomalies in order to be reconciled with the
invariance under the modular transformation. Our
purpose is to provide one such prescription in the case
of anomalies, which can be considered as a natural ex-
tension of the treatment in point-particle field
theories. A basic observation in our treatment is that
the loop amplitude in point-particle theories can be ex-
pressed as an integral over the proper time, whereas
the anomaly is expressed as a short-time limit of this
parameter. What we propose in this paper is to pro-
vide an extension of this observation to closed-string
theories. Let us consider an anomaly given as a sur-
face integral over the Schwinger parameter,

d7" F(r, r)~a~ (5)

We will postulate here the modular invariance of ex-
pression (5). Then we can reduce the integration re-
gion to the boundary of the fundamental region F. Be-
cause of the invariance under the modular transforma-
tion, (5) takes an identical value for any other funda-
mental region.

Moreover, the reduction of (5) to an integral over
the surface of the fundamental region leads to the fol-
lowing result: The surface integral (5) over the funda-
mental region vanishes. The line integral consists of
three parts: the integrals over lines Re7 = ——,',
Rev= —,', and ~r~ =1. The first line integral cancels
exactly the second one because of the invariance

~+ I. Vanishing of the integral over ~7~ =1 can
be obtained by the modular transformation 7 ——I/~,
which maps this line onto itself in the opposite direc-
tion. Therefore, if an anomaly is given in the form (5)
and turns out to be modular invariant, the anomaly is
absent. As we will see later, the gauge and gravitation-
al anomalies in the heterotic string can be expressed in
the form (5).
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We will consider the parity-violating part of the six-point amplitude in the heterotic string with external gauge
and gravitational fields:

1

d'Pp g Tr I „gFz, '.V (k 1), (6)
i=0 W Zi i=0

where the vertex operator and Lp, Lp, Fp are given in terms of string coordinates

1 1 i i 1X"= —x" + p"—lnz—+ — —~„"z",
2 2 2 2„~0n

Ramond's 1"

1 1 i . i 1&"= —x~+ —p"—lnz + — —cx„"z"'
2 2 2 2 „„0n

n&0

and ghosts c„, e„, as follows:

(8)

Lp= —,
' p2+ goi" „n„"+ g nd" „d~i'+ g n(c' „c„+c „c„')+g n(e' „e„+e „e„'),

n=l
OO OO OO

Fp —
i (y ' p) +ptt $A ndn

—2 $ c nen+ 2 $ nc nen
n&0 n= -oo n= -~

Lp= —,
' p2+ $n" „u„"+—,

' Pz+ gal „n„—1+ X n(c' „c„+c „c„"),
n=l n=l

Vit (k,z) = [g„'I'i'(z) T'+ i„7„l"(z)P"( z)] epxiik [X(z)+X(z')])
= [q I &(z) T +q „1&(z)P"(z')] V (k z).

The I'» is chosen in order to anticommute with I" as
i

OO

I'((=yt(exp iver $ (d" „d„"+e' „e„—e „e„')+epep' '.
n= 1

The matrix T' is defined by

P'(z=1) = P'+ gn' „, for the diagonal component,
n&0

exp[2iK' X'(z = 1) ] C(K'), for the off-diagonal component with a root vector K',
(12)

where C(K') is the operator one-cocyciez.
The amplitude (6) can be rewritten, by use of the cancelled propagator argument for the propagators i = 1-5, as$2
„d' p I ], 2

Tr I ((Fpzp zp Vit, (kp, I) ] [z; z; Vi(, (k;, 1),
i=0~ Zi i=0

where

Vi(, (k;,z) = [Fp, V, , (kp, z) )
—q„'(P~+ , I~ ,

' k I ) T'V, (—kz)—+q„„(P&+—,'I ~ —,
' k 1.)P"(z') V, (k,,).

The chiral current is defined as a coefficient of polarization vector q„(kp) in the effective action:

1( f d Zi
5

j„'(k ) =„td' p„l g ' Tr I „Fp 0' 0' VT'I Vp(kp, 1)ff,. ', V (k, , 1) .
i=p & zi i=1

The divergence of this current k„jI';can be evaluated, by use of a relation

k„l"Vp(k, 1) =2&2i[F0, Vp(k, 1)], (16)
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5 2

ko„jf't' —Jtd"pJl ],[,Tr I tizo'zo' T'Lo Vo(ko, 1) g[z, 'z; '
Vg (k, 1)

i=o zi i=1
L

—Tr r„z,"z,'"PF, V, (k, , 1)Fo][[z,"z,'"V, (k, , 1),
i=1

(17)

We now adopt a regularization that the integration over zo is responsible for all the singularity of the function.
After integration over variables other than zo, we have a singular behavior in the zo integration. This prescription
prevents us from utilizing the cancelled-propagator argument in the zo integration. Therefore, the first term of
(17) does not vanish. The second term of (17) turns out to be equal to the first term when we shift Fo by using
cancelled-propagator argument for i = 1-5.

Introducing new variables
2% iP

P = e = g1 ' ' ' gi, QJ = e = Z1
' ' ' +5+0—P6, (18)

and using a relation

p 'p ' V(k 1) = V(k p) p 'p '
we obtain

5 5

k,„j&'—Jl d"pJ d' J[ ] )'d'v, Tr r„L ' ' 7 V(k, , l),[V, (k;, p, ) .
i=1 i=1

Lo LpBecause of an identity Loco '= co des '/des, we have

5 . 5

ko~jfi J[d pJ' d~"J", 'd i iTr I'ttoi '&u ' P Vo(ko 1), V~, (k;, p;) .
i=1 i= 1

(20)

The corresponding expression for the gravitational anomaly is obtained in a form similar to that of the gauge
anomaly. The energy-momentum tensor is defined as a coefficient of the polarization tensor q„„(ko) in (13):

5 2

T „(ko)= —,'Jtd' pJt ~[ Tr I'iiFozo zo VT'(f P" +f'"p ) Vo(ko, 1) jp[z,. z; V~ (k, , 1) . (22)
i=o i i=1

Then k„ri'" is evaluated by the relation (16) and

k„Pi' Vo( k, 1)= —,
' k2 Vo(k, 1) + 2[Lo, Vii(k, 1) 1 (23)

k „P'"(k ) — d'opJ d "
]p d;T«» ' ' P" Vo(ko 1) I.[~R, (k p)'
i= 1 i=1

(24)

Note that (21) and (24) are expressed as surface integrals over the Schwinger parameter. This situation is com-
mon to point-particle theories, in which the Schwinger parameter is one dimensional and the surface integral
reduces to a point. It was already shown that the anomalies (anomalous vacuum expectation values) can be ex-
pressed as a short-time limit of the proper time (Schwinger parameter). 6

Our procedure of obtaining anomalies is also justified by its application in the derivation of the triangle anomaly
of local field theories and the hexagon gauge anomaly in type-I superstring theory7: The results so acquired are in
agreement with the ones obtained by the Pauli-Villars regularization. Therefore, our procedure can be regarded as
a natural extension in string theories of the conventional regularization.

Now we evaluate the expressions (21) and (24) explicitly. Note that the gauge anomaly coming from the diago-
nal component of T' resembles the gravitational anomaly. %'e first evaluate the gauge anomaly coming from the
off-diagonal component of the external gauge fields. It is not difficult to derive the following form of anomaly in
the case of the off-diagonal component of the external gauge fields8:

k„j f' —(k, g) C(K ) C(K )Jl d7 "J ][Idzv, II [x(pJ//p', cu) ]
in~~~, o i(, 5

x(~ ) 'f( ')
O~i&1~5

[P (p"/p", o)') ] ' ', (25)
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where the functions in (25) have already appeared in the four-point amplitude in the new formalism, 2 and

We will evaluate the behavior of (25) under the modular transformation. This transformation is generated by

7 v+1, r —I/r (26)

The invariance under the first transformation is easily learned. We will investigate the invariance under the

second transformation r r'= —I/r, with v, v,'= v&/r. The integral measure transforms as

d7'
l d P
i= 1 i=1 T'' 7"

and one can derive

(27)

O~i&j~5

5

[p(p~'/p", ~')] ' ' =r"sexp —gk2 ln( —r") J '

2 ' —p o~i&j~~5
(28)

for the gauge group with self-dual root lattices, namely, the spin(32)/Z2 and Fs 8 Es groups. On the other hand,
%e have

5

ln~ctf~ p«(( ' «s

& 5

).&('/ ' )) ' '=I '~"
]In(~'~ p

( /;, )
)((/2)(k, . ~ kj) (29)

and the transformation property of f(ru') is well known;

( ")-'f( ')-"=(.")-"( ")-'f( ")-".
The result is that (25) is invariant under the modular
transformation.

Next we consider the anomaly other than the case of
(25). The functions and the methods required for the
evaluation have already appeared in an earlier attempt
to derive the anomalies by use of the Pauli-Villars reg-
ularization. 9 The result is that the quantities P", PI,
and exp(2iKI Xr) produce the factor (r") under
7 —1/7. In the evaluation of anomalies, these
equally produce the factor (r')6, which plays the same
role as

l

exp —$ K,' ln( r")—
in (28). Therefore, the expressions of anomalies (21)
and (24) are invariant under the modular transforma-
tion. Evaluation of the behavior of P", P', and
exp(2iK'X') under the modular transformation is
simplified by the method of Clavelli and Shapiro, 'P

which will be reported elsewhere. As has been stated,
the modular invariance of (21) and (24) leads to the
absence of gauge and gravitational anomaly in
he tefotlc-stf(ng theory.

The mechanisms of finiteness and the cancellation
of gauge anomaly were shown to be identical in type-I
superstring theory. In heterotic-string theory, the
origins of these two are attributed to one important

(30)

property of closed strings: This is due to the modular
invariance of amplitudes and anomalies.
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