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Geometrical Interpretation of Momentum and Crystal Momentum of Classical
and Quantum Ferromagnetic Heisenberg Chains
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A rotationally invariant translation-generating functional for the continuum model of a ferromag-
netic chain is found, resolving a long-standing paradox. The condition of rotational invariance
leads to a topological quantization in the continuum classical model that corresponds to spin quanti-
zation in the equivalent discrete quantum model. The relation between the classical continuum
model and the discrete quantum models is made precise.
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The classical continuum model of a one-dimensional
Heisenberg ferromagnet' is an integrable nonlinear
model exhibiting soliton solutions. As a continuum
model that is invariant under continuous translations,
it would normally be expected to have a well defined
momentum functional that is the generator of transla-
tions, and is a constant of the motion. Such a function
should also be fully rotationally invariant, but a long-
standing paradox has been that a functional satisfying
these criteria has not been found. In this Letter, I
resolve this paradox and report that the "momentum"
of this model is not a valid construction, but that a
discrete (topologically quantized) set of well defined
classical functionals analogous to the translation opera-
tor of a discrete quantum spin chain exist. The topo-
logical quantization of these classical functionals is
analogous to the quantization of the discrete spins in
the quantum models.

The continuum model describes a classical spin-
density field s(x) with spin-length-conserving dynam-
ics generated by the Poisson bracket algebra {s'(x),
sJ(x') }- e(t"sk(x) & (x —x'); the spin-density field
obeys the conserved constraint {s(x)~

= so, where so
has dimensions action/length. The equation of motion
is 8,s(x) = {s(x),H}, where H= fdxH(x) and H

Jl~.sl'; from this, s 8,sx8„s= s028„H.
Since a momentum functional P must rescale as

P A. 'Pif x A. x, it must have the general form

P=„~ A(s(x)) B„s(x)dr. (1)

where A(s) is a vector function of the spin field.
From the Poisson bracket algebra and the equation of
motion, we have

{P,s(x) }=8„s(x)+f A(s(x)) B„s(x),

8,P= J dx' f(A(s))(s B,sx8„s),
where

f(A(s)) =s xA(s) —1.
S

Equation (1) defines a true momentum functional only
if A(s) satisfies the condition f(A(s) ) = 0.

This condition may be recognized as requiring A to
be equivalent to the vector potential of a Dirac mag-
netic monopole, and strictly has no solution; thus a
true momentum functional does not exist! In the
literature, ' the commonly used expression for P is (1)
with A(s) given by

A(s)=0 xsj(Q s —s ), (5)

where s000 is an arbitrarily chosen vector in the
order-parameter space ~s~ = so. For this construction

f(A(s) ) = 4n 52(0,s/s ), (6)
A A

where 52(0, 0') is the Dirac delta function on the
unit sphere. The "vector potential" (5) thus has a
Dirac string along the direction 00, which breaks rota-
tional invariance. This expression for P has the equa-
tion of motion

B,P =4~soxio(t t, ) sgn[s(xi, tt) B—,s(xi, tt) x ri„s(xi, ti) ],

where (x, , t, ) are the space-time coordinates at which
00 s= so. The value of P defined with (5) jumps by
the discrete amount +4m so each time the motion of
the spin configuration s(x, t) sweeps across the singu-
lar point a=s000. The usual construction for P is
thus only a valid momentum functional if the addi-

tional constraint that s(x, t) never takes the singular
value s000 is imposed. This is satisfied by solutions
of the integrable model' corresponding to a single soli-
ton moving on the ordered background s(x) = —s000,
but is violated during the time evolution of general
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{Ts, s(x) }= —i(S/so) TsB„s(x). (10)

While Tii2 is a constant of the motion of the continu-
um classical model, there is a discrete set Ts- ( Ti/2)2s of other possible candidates for the funda-
mental translation-generating functional. It is natural
to anticipate that Ts is the analog in the classical con-
tinuum model of the lattice translation operator T of
the discrete spin-S quantum chain. In the classical
model, so is the magnitude of the spin density in the
fully aligned state, and corresponds to AS/a in the
spin-S quantum chain with lattice spacing a. The

(multisoliton) configurations.
The expression (1) for P can be reexpressed as an

integral around a closed path 1 in the order-parameter
Spscc:

P =()A(s) ds. (8)

Here I' is the curve in the order-parameter space
traced out by the instantaneous spin configuration, and
is closed if the usual boundary conditions [either peri-
odic, or s( —~)-s(+ ~) ] are imposed. If the form
(5) for A is used, P can be expressed by means of
Stokes's theorem as the functional soup({s(x) }),
where cup is the solid angle3 subtended by a surface in
order-parameter space bounded by I', which does not
include the singular point of (5).

This last condition uniquely fixes the surface in-
tegral in order-parameter space, but if it is relaxed,
topologically different choices of the surface bounded
by I' lead to alternative values of co& differing by mul-
tiples of 4n . Consider now the functional

Ts = exp( —is(al p),

where 2S is integraL This is uniquely defined by the
configuration I', independent of how the surface
bounded by I' is chosen. Furthermore, this is an expli-
citly rotationally invariant geometrical construction,
and has no jumps in value as I' sweeps though the
singular point, and so it is a true constant of the
motion. The functional Ts obeys the Poisson-bracket
algebra

where periodic boundary conditions on a chain of N
spins is assumed. R(S) is a (2S+1)&& (2S+1) ma-
trix operator with elements R,(S) =

l m & ( m'l,

where l m& is an orthonormal basis of states of a sin-
gle spin (e.g., eigenstates of S'). Following BB, I
describe the spin chain in terms of the overcomJilete
basis of coherent spin states l Qi, 02, . . . , 0~&,
where lO) is the coherent state of a single spin, satis-
fying 0 S{0&=is{0&. In the coherent-state basis,
any operator is fully specified in terms of its diagonal
matrix elements. For example, BB showed that taking
the continuum limit of the diagonal coherent-state ma-
trix element of the quantum-spin operator equation of
motion yields the classical equation of motion of the
continuum model. Applying this technique to powers
of the translation operator gives

(12)

The coherent state l 0 & can be represented in terms of
the orthonormal basis of eigenstates l m & of S' through

2S!&= (s+ ) (s- ).

' 1/2

~s+ mps- m (13)

where (o.', P') =g' are spinor coordinates satisfying
(g', g) =1, (f'„a'f) - 0', a'being the Pauli matrices.
The overlap (Oi 1 02& is given by (gi, g2)2S. If g„ is
represented by a continuous function g(x„), where
x„=na, and then a gradient expansion is made, we ob-
tain

quantum lattice translation operator obeys the commu-
tation relation [T,S„]= (S„+i—S„)T, application of
the correspondence principle and comparison with
(10) leads to the identification of Twith Ts.

A more precise derivation can be constructed by use
of the continuum limit of the coherent-state descrip-
tion of the quantum chain discussed by Balakrishnan
and Bishop (BB).4 The translation operator of the
quantum chain is not given by a simple expression, but
can be explicitly written as

T=Tr[R (Si)R (S2) R (S~)],

({0(x) } I T"I {O(x) }& =exp[ —2sm„dx(('(x), 8„$(x))+0(a) ]. (14)

If the explicit representation ('=(cos( —,8), sin( —,&)
xexp( —iP)) is substituted into (14), as a 0 the
right-hand side of (14) becomes exp( —iSmP/so)
where P is defined with use of the vector potential (5)
with 00 s= —socose; other representations of g re-
lated to this one by a gauge transformation

exp( iX)g change P P+ 2sofdx 8„X. Periodic
boundary conditions on g(x) require periodic boun-
dary conditions on exp(iX), and so the gauge transfor-

lim ( {0 (x„)} l T l {0 (x„)}&
= ( Ts),a~o (15)

independent of gauge transformations of g.
Since a coherent state is not an eigenstate of the

translation operator, it is a superposition of crystal-

mation can only change the value of P by a multiple of
4'll go. ThU$
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momentum eigenstates characterized by the distribu-
tion

1
+Do

einAa( Pn)
2m

The relation (15) implies that in the continuum limit
when the coherent-state variables A„vary infinitely
slowly on the scale of the lattice spacing, (P")

((T)), and the crystal momentum distribution
p(ka) of the coherent state becomes a periodic delta
function with its weight at ka = Soip plus multiples of
211'.

I note in passing that in their recent Letter, ~ BB did
not consider the quantum translation operator T, but
introduced an ad hoc Ansatz for a "quantum analog of
momentum":

(~n 8+ 1 SN + 1Sn )/y. + H c

where y„= [S(S+1)]'i2+ S„'. This quantity is not ro-
tationally invariant (it does not commute with the total
spin operators S ~ ) and the ordering of y„' is ambigu-
ous; furthermore, it is quite unrelated to the rotation-
ally invariant translation operator T. The apparent
motivation of this Ansatzis that in the continuum limit
and the limit S ~, its coherent-state expectation
value reduces to the usual expression for P, using (5)
with QD= —z. Taking the continuum limit of its
coherent-state expectation value, but keeping S finite,
and evaluating this expression for a soliton solution of
the classical model, BB claim to obtain finite-S "quan-
tum corrections" to the soliton dispersion of the quan-
tum chain. In fact, the correct treatment of the con-
tinuum limit of the translation operator given here in-
dicates that the only S dependence in the continuum
limit is that the crystal momentum ka is Scop. A vari-
ant of the spin-S Heisenberg chain is exactly solvable
by the Bethe Ansatz, 5 and the dispersion relations of
the single-soliton excitations do not exhibit the "nov-
el features" claimed by BB, which appear to be purely
the result of an invalid construction of a "quantum
analog of momentum" for the spin chain.

For S & —,', the dispersion relation of the semiclassi-
cally quantized single-soliton excitations parametrized
by cup or Tii2 spans 2S consecutive Brillouin zones,
without a gap at the intervening zone boundaries. This
feature is also found in the exactly solvable quantum
model, 6 but in general umklapp processes which are
lost in the continuum limit will open gaps at the zone
boundaries, and only Ts, not Tii2, will correspond to a
conserved quantity of the quantum chain. In addition,
a restriction that soliton solutions of the continuum
model that vary on length scales smaller than the ef-
fective lattice spacing a =O'S/so are not physical must
be imposed. As I have noted some time ago, i a soliton

carrying spin deviation mf can be regarded as a bound
state of m elementary solitons, each carrying spin devi-
ation t, and can be associated with a "wave number"
parameter g=socop/mh. The physical restriction is
then equivalent to the selection rule I 0 I

» 1r/a on
physical soliton states. This means that while the gen-
eral soliton dispersion covers 2S consecutive Brillouin
zones, the solitons with m & 2Shave a dispersion cov-
ering only m consecutive zones, consistent with the
identification of the m =1 soliton with the elementary
magnon of the spin chain. This prediction7 was subse-
quently verified6 in the spectrum of the solvable spin-S
model. '

The classical continuum description of single-soliton
states will be valid in the long-wavelength limit,
I ga I

= IS&up/m I &( 1, where Imp l » 21r. Trivially,
this is satisfied in the small-spin-deviation limit,
IcupI &( 21r. More generally, it is always satisfied in
the "semiclassical limit" m » 2S; the semiclassically
quantized model7 and the Bethe Ansat-z solva-ble
model have identical spectra in this limit, but quanti-
tative deviations are important for m & 2S.

In conclusion, I have resolved a long-standing para-
dox involving the nonexistence of a rotationally invari-
ant momentum functional for the classical continuum
model of a one-dimensional Heisenberg ferromagnet
by showing that there is no such quantity in either the
classical model or the equivalent discrete-spin quan-
tum chain. Instead, the conserved quantity associated
with translational invariance of the classical model is
an analog of the quantum lattice translation operator,
and has a rotationally invariant geometrical interpreta-
tion in terms of the solid angle subtended by the spin-
density field in the order-parameter space. This quan-
tity exhibits a topological quantization parametrized by
an integer or half-integer number Swhich corresponds
to the spin quantum number of the associated quan-
tum spin chain. "Novel S.dependent quantum correc-
tions" to the soliton excitations of the quantum chain
reported in a recent Letter4 are found to be artifacts of
the use of an invalid Ansatz for an analog of "momen-
tum" in the quantum chain. The classical continuum
model is identified precisely as the model defined by
the equations obtained by taking a continuum limit of
diagonal matrix elements of operator equations of the
discrete quantum model in the overcomplete spin-
coherent state basis, rather than involving a classical
limit S ~. It is an accurate description of "semic-
lassical" soiiton states where the spin-deviation quan-
tum number m is much larger than 2S. "Quantum
corrections" to the semiclassically quantized solutions
of the continuum model must be sought in terms
(such as umklapp processes) that do not survive the
continuum limit.
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