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We analyze numerical studies of the harmonic measure of diffusion-limited aggregates in two
dimensions by modeling this measure by a fractal set of singularities. We discuss the relationship
between the dimension of this fractal set and the strength of the singularities, and the implications
of these ideas both for the dimension of the entire aggregate and also for a more complete theory of

diffusion-limited aggregation.
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The nature of the surfaces of growing diffusion-
limited aggregates must play an important role in
determining the long-time structure of these aggregat-
ing clusters.!”> The harmonic measure affords a
method of quantitatively characterizing the relevant
properties of the surfaces of such clusters. This mea-
sure is defined (with respect to a particular cluster) as
the probability p (r)dr of a random walker approaching
the cluster from infinity first striking the cluster
between the points r and r + dr along the boundary of
the cluster.® We have generated harmonic measures
for typical two-dimensional diffusion-limited aggrega-
tion (DLA) clusters via numerical simulation. The
primary result of this Letter is that this measure has it-
self a nontrivial scaling structure, and consists of a
fractal set of power-law singularities. Furthermore, we
are able to relate the dimension of the fractal set of
singularities to the power law of the singularities, and
both to the geometry and to the radius-of-gyration ex-
ponent of a growing cluster.

Consider the probability p; for a walker to land
within an interval € about the point r;, on the boundary
9Q of a cluster (1. From these {p;(e¢)} we can con-
struct an infinite hierarchy of generalized dimensions
D, which describe the harmonic measure,”?

Ni)p,-q (e)

i=1

Dq=li_r}10(q—1)"log /log(e). §))

Here N (e) is the number of intervals of size e needed
to cover the boundary. The Hausdorff dimension of
dQ is given by lim, — ¢D,, and the information dimen-

sion of the harmonic measure by’

lim D, = lim
g— 1+ e— 0
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D, is related to the scaling of the two-point correlation
function on the harmonic measure, and the higher D,
are related to higher correlations on the measure.’ It
can easily be shown that for’ ¢ > ¢, D, < D,. 1t has
been shown recently by Makarov that D, the informa-
tion dimension, is exactly 1 for the harmonic measure
of any connected object in two dimensions.!°

The probabilities p; are related to the Green’s func-
tion g (r) for the Laplace equation with the boundary
conditions that g (co) is a constant and g (r) =0 along
the boundary of the cluster. The probability to land in
the ith interval of size € will be proportional to the nor-
mal derivative of g (r;), for some r; in that interval, so
that p;(e) =9,8(r;) €.

We can quite simply obtain a value for D_
=lim, — .D,. From the definition (1) of the D, we
have

Ndig)
D= lim lim log[ ﬁ [g’(z,-)e]"l

g0 i=1
x[(g—1)logel™'. (3a)

For very large ¢ we assume that the sum will be dom-
inated by its largest term, so that

D, = limolog{sup[g; (z)el}/log(e), (3b)

where g, represents the average of g’ over an interval
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FIG. 1. A typical determination of a D,. Here log[ 3 p>(e)] is plotted vs log(e).

€. If we imagine that the strongest singularity in the
harmonic measure along the boundary has the power-
law form (s —s¢)®~ !, then D, = &.

The quantities D, are thus bounded for ¢ =1 by
a<D,=<1. If we assume that there is only one type
of singularity on the measure, then we can calculate all
of the D,. Of course, such an assumption must be jus-
tified a posteriori, which we do by examining numerical
calculations of the D,. Suppose that there are power-
law singularities of the type (s —s,)*~ ! sitting on a set
of fractal dimension f, and that the nonsingular por-
tion of the harmonic measure sits on a one-
dimensional set. Since the measure must be integra-
ble, =1 and by definition f < 1. It is now straight-
forward to calculate the D;. Two types of terms con-
tribute to the sum in (2): e~ ! terms of strength &’
from the nonsingular background, and e~ terms of
strength €7 from the singularities. Thus,

N{s)
log E pi(e) =log(e? '+ €92~ /).
i=1
Since 3,p; = 1+ €*~/, normalizability of the measure
requires that « > f. Taking the limit e — 0, we have

Dq=—l—min(q —l,ga—f)
qg—1

1————“’““”]. @)
q

This formula is in agreement with the above results for
Dl and Dw.

We have studied the D, numerically for the har-
monic measure for large off-lattice DL A clusters. One
hundred clusters were grown to a size of 50000 parti-
cles by use of recently developed fast off-lattice algo-
rithms.!! The probabilities to land at various sites on
these clusters were obtained by the successive launch-
ing of 100000 random walkers at each cluster and the

recording of the point of first contact (while not allow-
ing the cluster to grow further). The values of the D,
were obtained by examination of the scaling behavior
of 3,p7(e) vs e. In this way we obtained values for D,
for ¢ =2 through 8. A log-log plot illustrating the
determination of a typical D, is displayed in Fig. 1.
Unfortunately, the direct determination of D, by this
method is cumbersome for numerical reasons. How-
ever, all D, determined are less than D, =1, which we
expect from the general properties of the D,. In Table
I we show the determined values of the D, with their
estimated errors. We also show the best fit by a for-
mula of the form of (4), for values of «=0.705 and
f=0.42. This fit is quite good; we are able to fit the
determined dimensions almost within the statistical er-
rors (see Table I). We should note that the deviations
of the numerical values from the best fit, although
small and generally within the statistical error bars, are
systematic. We expect that the representation of the
harmonic measure in terms of singularities of one type
superimposed on a nonsingular background, although
a good approximation, will not be exact.!? The dimen-
sions satisfy the inequalities D, BDq, for ¢ < q’ and
D, > a. We thus conclude that the harmonic measure

TABLE 1. Values of D, obtained from the numerical
simulations, and the results of the theoretical fit, Eq. (4),
with the best values « =0.705 and f=0.42. The uncertain-
ties in the simulation column are only statistical.

q D, (simulation) D, (theory)
2 0.980 +0.010 0.990
3 0.856 + 0.005 0.848
4 0.810 + 0.006 0.800
5 0.782 £ 0.006 0.776
6 0.763 £ 0.008 0.762
7 0.748 £0.010 0.753
8 0.735+0.012 0.746
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is well described in terms of singularities of the form
(s —5;) 792 with the positions of the singularities
{s;} forming a set of dimension 0.42, superposed on a
nonsingular background.

These values of « and f have some immediate im-
plications for the geometry of the surface layer of the
cluster. It is a simple exercise in conformal mapping
to find the Green’s function around the tip of a wedge
of included angle 8. If the tip is at sq, the singularity
in the harmonic measure near the tip is of the form
(s—s5¢)*7 !, with a given by a=u/(2mr—g). The
value of 8 corresponding to a=0.705 is g=105°. Of
course, we do not see in the DLA cluster actual solid
wedges including this angle; we instead expect to see
ramified, low-density wedges at the largest length scale
including this angle, with smaller wedges arranged on
this wedge, yet smaller wedges on those wedges, and
so forth in a self-similar manner, so that the fractal
dimension of the set of wedge tips is /£ =0.42. Wedge
models of the surface of DLA aggregates have also
been proposed recently by other authors.!> 14

If we require that these wedges now grow in such a
way that their internal angles are conserved by the
growth process, we can obtain a dynamical relation
between « and f. In Fig. 2 we display a wedge on a
large length scale, whose sides are occupied by a suc-
cession of wedges on smaller length scales. Consider
the growth of the wedge shown into the larger wedge
shown by the dashed lines. Clearly the smaller wedges
at the front of the large wedge must grow more quickly
than the side wedges if the angle is to be preserved. In
fact, the ratio of the tip growth rate to the side growth
rate is

G,/ Gy =1/sin(+R). (5)

Since the large wedge only grows when particles enter-
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FIG. 2. The growth of a wedge that is formed from a frac-
tal set of subwedges. The requirement that the shape
remains unchanged by the growth leads to a dynamical rela-
tion between the dimension of the set of singularities and
their strength. Shown are three lengths used in the theory:
the ultraviolet cutoff a, the large scale E, and the intermedi-
ate scale /.
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ing its area strike one of its subtips, the rate of growth
in the tip region (between — E and E) can be estimat-
ed as G, = f,p%/n,, where f, is the total flux arriving in
the tip region, p°® is the probability to hit one of the
subtips in the large-tip region, and »n, is the total
number of subtips in the large-t[i:p region. The total
flux arriving is proportional to 2f0 x* " Vdx =2E* The
density p, of smaller wedges falls off as one moves
away from the tip as p,(x) = (x)/~!. Thus the total
number of subtips is 2E/, and the average distance
between them 2E/n,. A particle approaching a wedge
of size !/ has a probability to land on the tip of that
wedge, which is given by

e i St 0

where a is the size of the particles, which here serves
as the ultraviolet cutoff. Thus we have that

G,=2E*(2E’a/2E)*(1/2E"), )

and by exactly the same arguments, we obtain for the
growth rate of the side region (between E and 3E, or
between — E and — 3E),

a

1
EY—-ES

[BE) ~Ela

G,=(3E)*— E?] o

Since sin(B/2) =sin(m/2a), we have finally that

l-a
12 W=
sin(-n'/2a)_[3“—1“ 2 I ' ®)

This determines o as a function of f, given the re-
quirement of self-consistent growth on all length
scales. The assumption that the tip grows straight for-
ward, while the side regions grow perpendicularly to
the wedge, is rather crude. In reality, there will be a
gradual modulation of the growth direction over the
entire large wedge. However, we do believe that (8)
offers a reasonable approximation to the true relation-
ship between o and f, and this approximate relation is
certainly physically informative. In particular, observe
that three length scales were necessary in formulating
this argument: the ultraviolet length scale a, the
large-wedge length scale E, and the intermediate
length scale of the subwedges /, which was allowed to
vary.

We display in Fig. 3 the relation between « and f
determined by (8). For f < 0.296, the only solution is
a =1, which corresponds to the case of a uniformly
growing smooth surface. For f > 0.296, there is a
solution with a < 1, in which a(f) continuously de-
clines until it reaches a=0.59 at f=1. Note, howev-
er, that we required above that o > f for normalizabili-
ty of the measure. Thus the part of the curve to the
right of a(f) = f=0.64 is not physically relevant. We
have also indicated the numerically obtained values of




VOLUME 56, NUMBER 8

PHYSICAL REVIEW LETTERS

24 FEBRUARY 1986

FIG. 3. The strength of the singularities plotted vs their
fractal dimension f, as determined by the requirement of
self-consistent growth. The dotted portion in the curve cor-
responds to a < f and is therefore unphysical. From this
curve one can bound the dimension of two-dimensional
DLA aggregates from below by about 1.64.

a and f on the graph. The relation (8) gives
«(0.42) =0.75, which is within about 5% of the nu-
merical result. Given the approximations entering
into our relation, we believe that this is a reasonable
error.

This model can be used to justify a relation between
« and the radius-of-gyration exponent of the aggregate
that has been obtained previously by Turkevich and
Scher.!3 The arguments above assume that after initial
transients have decayed, the cluster grows in a com-
pletely self-similiar manner. The number of largest
features will be conserved by such a self-similiar
growth process, which serves only to decorate these
large wedges with wedges of smaller and smaller
length scales. Using this fact, we can relate the dimen-
sion associated with the radius of gyration of the clus-
ter to the exponent «. If we call the number of largest
wedges n;, then the length scale of these largest
wedges will be £=R/n;, where R is the size of the
cluster. The rate of growth of the largest wedges is
also the rate of growth of the radius of the entire clus-
ter. Using formula (6) above for the probability of a
particle hitting the tip of a wedge, we thus have for the
derivative of the radius of the cluster with respect to
the total number of particles N

dR/dN = (a/E)*= (an; /R )" (9

Since dR /dN is proportional to Rl_dG, where d;; is the
dimension of the cluster as estimated from the radius-
of-gyration exponent, we predict d; =1+ a=1.705, in
excellent agreement with the numerical result of
dg =1.71 for large off-lattice simulations. Given the
one-singularity approximation used in the analysis of
the D,, the accuracy of this agreement is probably,
however, fortuitous. The same relation between dg

and « has been found in Ref. 13. Note that the result
a(0.64) =0.64 effectively bounds d; from below by
1.64.

The ideas presented in this Letter do not constitute
a complete scaling theory of DLA in two dimensions.
Given any one of «, f, or d;, we are able to estimate
the other two. However, we still need some numerical
or experimental input. It is clear that the understand-
ing of the harmonic measure in terms of its scaling
structure does provide an important clue to the growth
mechanism of DLA clusters, and may well be the
foundation of a complete theory. We have argued that
such a theory must deal self-consistently with three
length scales, the ultraviolet cutoff, the infrared cut-
off, and an intermediate running length scale.
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