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Adiabatic Expansion of a Strongly Correlated Pure Electron Plasma
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Adiabatic expansion is proposed as a method of increasing the degree of correlation of a magneti-
cally confined pure electron plasma. Quantum mechanical effects and correlation effects make the
physics of the expansion quite different from that for a classical ideal gas. The proposed expansion
may be useful in a current experimental effort to cool a pure electron plasma to the liquid and solid
(crystalline) states.

PACS numbers: 52,25.Kn, 52.25.%z

Recent experiments have involved the magnetic
confinement of an unneutralized collection of elec-
trons of sufficient density and volume to be called a

plasma, that is, a pure electron plasma. ' Since there
are negligibly few iona in the confinement region, such
a plasma may be cooled to very low temperature
without the occurrence of recombination. Theory
predicts that as the plasma is cooled the electrons be-
come strongly correlated, pass into a state which may
be described as a liquid, and ultimately experience a
phase transition to a solid (or crystalline) state. 2 The
particular state in which the plasma exists is deter-
mined by the parameter I =e2/akT, where T is the
temperature and a = (4rrn/3) 'i3 is a measure of the
interparticle spacing. The parameter regime I (& 1

corresponds to a weakly correlated plasma, the regime
2 & I' & 170 corresponds to a liquid, and the regime
I' & 170 to a crystal.

There is a current experimental effort to realize a
pure electron liquid and a pure electron crystal in prac-
tice." By simply allowing the electrons in a magnetical-
ly confined pure electron plasma (MCPEP) to radiate
away their thermal energy (cyclotron radiation), the
plasma temperature likely has been reduced to near
the 4-K temperature of the environment (walls of
the vacuum vessel). For the experimental density
achieved, this corresponds to a value of I at the lower
limit of the liquid regime (i.e., I = 2).

In this paper, we point out that the plasma tempera-
ture may be reduced further, and the value of I' in-
creased further, by adiabatic expansion of the plasma
along the direction of the magnetic field. As we will

see, the physics associated with such an expansion is
unusual.

To see why adiabatic expansion might be an effec-
tive method of increasing I, let us first consider the
expansion of an ideal gas of electrons. An ideal gas
corresponds to the limit of weak correlation (I 0).
In such an expansion, the final temperature and
volume are related to the initial temperature and
volume through the well-known relation T/To ——( Vo/
V)" ', which when combined with I —1/TV'l im-

Here, the parameter y is given by y = (f + 2)/f, where

f is the number of degrees of freedom that share the
thermal energy of an electron. For the usual case of
f= 3, adiabatic expansion is not a particularly effective
means of increasing I [i.e. , I /I 0= ( V/Vo)'l3]. How-

ever, if for some reason f= 1, then adiabatic expan-
sion is quite effective [i.e. , r/ra = ( V/ Vo) 'j.

Interestingly, for the cryogenic electron system, f
does have a value near unity. The confining magnetic
field is sufficiently large and the electron temperature
is sufficiently low that lr 0 ) kT, where II is the cyclo-
tron frequency. " Most of the electrons are in the
lowest Landau level and so the two degrees of freedom
that are perpendicular to the magnetic field do not
share the thermal energy. Thus, for a weakly correlat-
ed and cryogenic MCPEP, we conclude that adiabatic
expansion offers an effective method of increasing I .

The real question is whether or not this conclusion
also holds for a strongly correlated MCPEP. At first
glance one may worry that it does not hold. Equation
(1) is typically derived by use of the equation of state
for an ideal gas (p= nkT), and this equation is not
valid for a strongly correlated plasma. In fact, the
pressure for a strongly correlated plasma is negative. 3

Does this imply that the temperature increases during
expansion? We will see that the expansion always
leads to a reduction in temperature and an increase in
I . It turns out that for the parameter regime of
current experimental interest, adiabatic expansion
offers a reasonably effective method of increasing I .

We now turn to a derivation of the analog of Eq. (1)
for a strongly correlated MCPEP. The confinement
geometry is shown in Fig. 1. A conducting cylinder is
divided into a series of sections, and is immersed in a
uniform axial magnetic field. Initially the plasma re-
sides in section 2, which is grounded; radial confine-
ment of the plasma is provided by the magnetic field
and axial confinement by electrostatic fields (due to
negatively biased sections 1 and 3 ). As the potential
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FIG. 1. Confinement geometry.

on section 3 is raised to ground, the plasma gradually
expands into section 3. Next the potential on section 4
is raised to ground, and so on. In this way, the plasma
expands along the magnetic field against a moving
electrostatic piston. %e assume that the expansion is
quasistatic and that the plasma is thermally isolated.
The term "quasistatic" refers to an expansion which
occurs slowly enough that the plasma remains near
thermal equilibrium at all times. By "thermally isolat-
ed" we mean that negligible heat is transferred
between the plasma and the external world during the
expansion (although energy may be transferred
through work). These two conditions imply that there
is no net increase in entropy5; such an expansion is
called "adiabatic. "

It is well known that electrons confined in such a
geometry come into thermal equilibrium with each
other. The thermal-equilibrium plasma is character-
ized by various parameters: the total number of elec-
trons N, the voltages on the cylindrical sections, the
magnetic field strength, the temperature T, and the
plasma rotation frequency ~.

The rotational flow is characterized by a single fre-
quency since there can be no shear in a thermal-
equilibrium flow. It is rotation through the magnetic
field which provides a radial confimng force to balance
the electrostatic force of expansion. In this sense, ro-

tation through a magnetic field is equivalent to neu-
tralization by a positive charge. In fact, the W-electron
thermal distribution for the magnetically confined
electrons differs only by rotation from that for elec-
trons confined and neutralized by a cylinder of positive
charge. 2 6

For the case of a weakly correlated plasma, it has
been shown that the electrons match their density to
the density of the effective positive charge out to some
surface of revolution where the supply of electrons is
exhausted. At this surface, the electron density drops
off exponentially on the scale of a Debye length. For a
strongly correlated plasma, one expects the density to
drop off on the scale of the interparticle spacing. We
assume that both these scale lengths are small com-
pared to the dimensions of the plasma; so the bulk
plasma is characterized by a nearly uniform density n

and a well-defined volume V.

The density and the rotation frequency are related
through the equation co~2 = 2co ( D —~ ), where co~2

=47re2n/m is the plasma frequency. ' For typical ex-
perimental conditions, ~ the density is sufficiently low
that co~ && 0, which implies that cu = au~2/ 20 && D.

The low density also means that certain quantum ef-
fects are relatively unimportant. It is typically the case
that tao~ && kT, even though tQ & kT, and that
Xz « a, where Xz ——f/(mkT)' is the thermal de
Broglie wavelength and a is the interparticle spacing.
In a previous paper, 6 the free energy was calculated to
order (tru~/kT)2 and (kd/a)2. The derivation allows
for full quantization of the cyclotron and spin dynam-
ics, but other quantum effects are neglected complete-
ly or are treated only approximately. In particular, ex-
change effects are neglected; they enter as an ex-
ponentially small correction at order t . Also, diamag-
netic and relativistic effects are very small and are
neglected.

The other thermodynamic functions follow from the
free energy. Here, we need the entropy S=SI+Sz,
where

S Wk 1
27') N tanhx ~„p ( ))(rI —QJ) v(27rm kT)' (2)

is the ideal-gas contribution and
r

s, =-jr (dr/r)eke„, (r) (3)
is the correlation contribution. In these expressions
we have used the definitions

11 (0 —cu)

2kT
(4)

a(x) =x[cothx —tanhx] —I.
The plasma volume, V, is assumed to be well defined
in the sense mentioned previously. Of course, Vis ul-
timately expressible in terms of primary variables,

such as the voltages on the various cylindrical sections.
The quantity NkCocp(r) which aPPears in Eq. (3) is

the specific heat at constant density for a classical one
component plasma (OCP). An OCP is a system of
like-point charges embedded in a rigid neutralizing
background charge. This system is a favorite theoreti-
cal model for the study of correlation effects, and
Cocp(I ) is known from extensive Monte Carlo calcu-
lations. 3 It is not surprising that this quantity enters
here; recall the previously mentioned equivalence
between a MCPEP and a system of electrons confined
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and neutralized by a cylinder of uniform positive
charge.

Equations (2) and (3) can be derived from the free
energy of Ref. 5 after some work. However, the form
of the expressions shouM be intuitively obvious: Sl is
the contribution to the entropy of an ideal gas of elec-
trons in a magnetic field characterized by a Doppler-
shifted cyclotron frequency II —r0 (the Doppler shift
occurs because the plasma is rotating with frequency
cu), while the remaining contribution, Sc, is due to in-
terelectron correlations which tend to increase the or-
der (i.e., decrease the entropy) of the plasma. The
magnetic field appears only through quantum effects;
if such effects are negligible the entropy reduces to
that of a classical OCP. Note that there is no explicit
contribution to the entropy from the mean (or Vlasov)
field. This mean field has a significant effect on the
internal energy and on the free energy, but only af-

fects the entropy through the self-consistent balance of
forces which determines the plasma volume. This is
because the mean field can transfer no heat energy
from the plasma to the external world during a quasi-
static change of state (although it may perform a sub-
stantial amount of work).

In the expression for the entropy, the variables T
and r0 can be eliminated in favor of I and V by use of
the relations or ——2rre2N/m Q V and kT = (e2/I )
&& (4m N/3 V) '~3. During the expansion, N and 0 are
unchanged; so the entropy can be written as
S = S(I, V). The desired analog of Eq. (1) is simply
the statement that the entropy is unchanged during the
expansion, S(I', V) =S(I'o, Vo), which when written
out takes the form

r
I'

ln(I /I"o) +2J (dl"/I") Cocp(I") = —,
'

ln Y,

where

Vp

tanhxp
exp[n(x) —n(xo) ]0 —o)p tanhx

r

6/S

(6)

At first glance it looks as though Eq. (5) is not written in a convenient form, since x depends on I . However,
the value of x increases during an expansion. If the expansion is substantial and if xo 1, we may use the large-x
asymptotic forms tanhx = 1 and a (x ) = —1 when evaluating Y. Thus, Y is determined by V/ Vo and initial param-
eters:

V O)pY= 1+ 1—
Vo, ,

n
i

Vp

V
tanhxo exp[ —I —~(~o) j

6/5

(7)

For the interesting case where xp && 1, Y is approxi-
mately V/ Vo.

By taking the derivative of Eq. (5) with respect to V,

it is not difficult to show that I is a strictly increasing
function of V. However, as correlations increase, the
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rate of change of I" decreases. This is borne out in Fig.
2, where I is plotted versus Y for various values of I p.
Here we have used the expression for Cocp given by
Slattery, Doolen, and Dewitt. For a strongly correlat-
ed MCPEP adiabatic expansion is not as effective as it
is for a weakly correlated MCPEP. Nevertheless, for
the parameter range of current interest, adiabatic ex-
pansion does offer a reasonably effective method of
increasing I'. For example, an expansion from Yo= 1

to Y = 20 changes the state of correlation from I = 5
to I' = 40.
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FIG. 2. Plot of I vs Yfor I ()
——1, 2, . . . , 10.
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